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Rotation is used in many manufacturing processes. The photo shows an artist throwing a clay pot on a rotating potter’s wheel. In 
Exercise 6.2.87 we explore the mathematics of designing a terra-cotta pot. 
Rock and Wasp / Shutterstock.com 


Applications of Integration 


IN THIS CHAPTER WE EXPLORE some of the applications of the definite integral by using it to 
compute areas between curves, volumes of solids, and the work done by a varying force. The com- 
mon theme is the following general method, which is similar to the one we used to find areas 
under curves: We break up a quantity Q into a large number of small parts. We next approximate 
each small part by a quantity of the form f(x;*) Ax and thus approximate Q by a Riemann sum. 
Then we take the limit and express Q as an integral. Finally we evaluate the integral using the 
Fundamental Theorem of Calculus or the Midpoint Rule. 
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6.1 


FIGURE 1 
S= {(x,y)|a Sx b, 
g(x) S y Sfx} 


FIGURE 2 


Areas Between Curves 


In Chapter 5 we defined and calculated areas of regions that lie under the graphs of func- 
tions. Here we use integrals to find areas of regions that lie between the graphs of two 
functions. 


E Area Between Curves: Integrating With Respect to x 


Consider the region S shown in Figure 1 that lies between two curves y = f(x) and 
y = g(x) and between the vertical lines x = a and x = b, where f and g are continuous 
functions and f(x) = g(x) for all x in [a, b]. 

Just as we did for areas under curves in Section 5.1, we divide S into n strips of equal 
width and then we approximate the ith strip by a rectangle with base Ax and height 
f(x¥) — g(x¥). (See Figure 2. If we like, we could take all of the sample points to be 
right endpoints, in which case x¥ = x;.) The Riemann sum 


> Leet) — g(a] Ax 


is therefore an approximation to what we intuitively think of as the area of S. 


(a) Typical rectangle (b) Approximating rectangles 


This approximation appears to become better and better as n — %. Therefore we 
define the area A of the region S as the limiting value of the sum of the areas of these 
approximating rectangles. 


m A= iim Š [G - g0®]Ax 


We recognize the limit in (1) as the definite integral of f — g. Therefore we have the 
following formula for area. 


[2] The area A of the region bounded by the curves y = f(x), y = g(x), and the lines 
x = a, x = b, where f and g are continuous and f(x) = g(x) for all x in [a, b], is 


A = | Lf) = g(Xlax 


Notice that in the special case where g(x) = 0, S is the region under the graph of f and 
our general definition of area (1) reduces to our previous definition (Definition 5.1.2). 
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In the case where both f and g are positive, you can see from Figure 3 why (2) is true: 


A = [area under y = f(x)] — [area under y = g(x)] 
= [re dx — I g(x) dx = l [ f(x) — g(x)] dx 


EXAMPLE 1 Find the area of the region bounded above by y = e*, bounded below by 
y = x, and bounded on the sides by x = 0 and x = 1. 


SOLUTION The region is shown in Figure 4. The upper boundary curve is y = e* and 
the lower boundary curve is y = x. So we use the area formula (2) with f(x) = e’, 
g(x) = x,a = 0, andb = 1: 


1.5 a 


In Figure 4 we drew a typical approximating rectangle with width Ax as a reminder of 
the procedure by which the area is defined in (1). In general, when we set up an integral 
for an area, it’s helpful to sketch the region to identify the top curve yr, the bottom curve 
yg, and a typical approximating rectangle as in Figure 5. Then the area of a typical rect- 
angle is (yr — yg) Ax and the equation 


n b 
A= lim > (yr — ys) Ax =| (yr — ys) dx 
i=l . 


no 


summarizes the procedure of adding (in a limiting sense) the areas of all the typical 
rectangles. 


Notice that in Figure 5 the left-hand boundary reduces to a point, whereas in Figure 3 
the right-hand boundary reduces to a point. In the next example both of the side boundar- 
ies reduce to a point, so the first step is to find a and b. 


EXAMPLE 2 Find the area of the region enclosed by the parabolas y = x” and 
y= 2x -— x’. 


SOLUTION We first find the points of intersection of the parabolas by solving their 
equations simultaneously. This gives x? = 2x — x’, or 2x? — 2x = 0. Thus 
2x(x — 1) = 0, so x = 0 or 1. The points of intersection are (0, 0) and (1, 1). 

We see from Figure 6 that the top and bottom boundaries are 


yr = 2x - x? and ye = x? 


The area of a typical rectangle is 
(yr — ys) Ax = (2x — x? — x7) Ax = (2x — 2x7) Ax 


and the region lies between x = 0 and x = 1. So the total area is 


a= (2x — 2x7) dx = 2 |" (x — x?) dx 
0 0 


L2 x]! 1 1l 1 
=2 =2 = E 
2 3h 3 3 3 
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Sometimes it’s difficult, or even impossible, to find the points of intersection of two 
curves exactly. As shown in the following example, we can use a graphing calculator or 
computer to find approximate values for the intersection points and then proceed as 
before. 


EXAMPLE 3 Find the approximate area of the region bounded by the curves 
y =x//x2 + Landy = xf — x. 


SOLUTION If we were to try to find the exact intersection points, we would have to 
solve the equation 


This looks like a very difficult equation to solve exactly (in fact, it’s impossible), so 
instead we graph the two curves using a computer (see Figure 7). One intersection 
point is the origin, and we find that the other occurs when x ~ 1.18. So an approxima- 
tion to the area between the curves is 


1.18 | % | 
aal war Io 


To integrate the first term we use the substitution u = x? + 1. Then du = 2x dx, and 


FIGURE 7 when x = 1.18, we have u = 2.39; when x = 0, u = 1. So 
1 [239 du pie 4 
A~35 j Er i (xt — x) dx 
ae 3 a 1.18 
= ./u ces 
i | | 5 2 | 
— (1.185 (1.18)? 
= /2.39 — 1 + 
v 5 2 
= 0.785 a 
y If we are asked to find the area between the curves y = f(x) and y = g(x) where 
y= Q(x) f(x) = g(x) for some values of x but g(x) = f(x) for other values of x, then we split the 
ED given region S into several regions S1, S2, . . . with areas A, Az, . . . as shown in Figure 8. 
We then define the area of the region S to be the sum of the areas of the smaller regions 
y= f(x) Si, S2, . . . , that is, A = A; + A. + ---. Since 
0) a b E 
| _ Jf) — g(x) when f(x) > g(x) 
| FO) — g@)| = 2 
FIGURE 8 g(x) — f(x) when g(x) > f(a) 


we have the following expression for A. 


[3] The area between the curves y = f(x) and y = g(x) and between x = a and 
x = bis 


A= [']fQ) -= g(a) [dx 
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When evaluating the integral in (3), however, we must still split it into integrals cor- 
responding to Aj, Ao,.... 


EXAMPLE 4 Find the area of the region bounded by the curves y = sin x, y = cos x, 
x = 0, and x = 7/2. 


SOLUTION The points of intersection occur when sin x = cos x, that is, when x = 77/4 
(since 0 < x < 7/2). The region is sketched in Figure 9. 

Observe that cos x = sin x when 0 < x < 7/4 but sin x = cos x when 
a/4 < x < 7/2. Therefore the required area is 


A 


II 


Tm/2 . 
f |cos x — sin x| dx = Ai + Ap 
0 


II 


7/4 1/2 
(" (cos x — sin x) dx + |" (sin x — cos x) dx 
J0 T/4 


FIGURE 9 
m/4 T, 
= [sin x + cos al, + | -cos x — sin d 
=(4+4-0-1)+(-0-14+ 4+) 
a B E 
=2/2-2 
In this particular example we could have saved some work by noticing that the 
region is symmetric about x = 77/4 and so 
YA 


A=2A,= a” (cos x — sin x) dx a 


E Area Between Curves: Integrating With Respect to y 

Some regions are best treated by regarding x as a function of y. If a region is bounded by 
curves with equations x = f(y), x = g(y), y = c, and y = d, where f and g are continu- 
ous and f(y) = g(y) forc <S y < d (see Figure 10), then its area is 


0 x 
d 
A= | IFO) ~ go] ay 
FIGURE 10 j 
i If we write xz for the right boundary and xz for the left boundary, then, as Figure 11 
7 illustrates, we have 
d 4+ 


A= i (xp na Xz) dy 


Here a typical approximating rectangle has dimensions xr — x, and Ay. 


EXAMPLE 5 Find the area enclosed by the line y = x — 1 and the parabola 
> y? =2x+ 6. 


SOLUTION By solving the two equations simultaneously we find that the points of 
FIGURE 11 intersection are (—1, —2) and (5, 4). We solve the equation of the parabola for x and 
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FIGURE 12 


YA 


y=-\2x+6 


FIGURE 13 


FIGURE 14 


FIGURE 15 


notice from Figure 12 that the left and right boundary curves are 
x= ty? -3 and Xr=ytl 


We must integrate between the appropriate y-values, y = —2 and y = 4. Thus 


= E (xr — x1) dy = L o + 1) — ($y? — 3)| dy 


1 3 2 4 
= Z| sp Se ay 
2\ 3 2 -2 


= —4(64) + 8 + 16 - (5 + 2 - 8) = 18 E 


NOTE We could have found the area in Example 5 by integrating with respect to x 
instead of y, but the calculation is much more involved. Because the bottom boundary 
consists of two different curves, it would have meant splitting the region in two and 
computing the areas labeled A; and A2 in Figure 13. The method we used in Example 5 
is much easier. 


EXAMPLE 6 Find the area of the region enclosed by the curves y = 1/x, y = x, and 
y= tx, using (a) x as the variable of integration and (b) y as the variable of integration. 


SOLUTION The region is graphed in Figure 14. 


(a) If we integrate with respect to x, we must split the region into two parts because the 
top boundary consists of two separate curves, as shown in Figure 15(a). We compute the 
area as 


A=A, + Ar = [e = +x) dx + F(z = L) dx 


= [3x7], + [in x — Le] =]n2 


(b) If we integrate with respect to y, we also need to divide the region into two parts 
because the right boundary consists of two separate curves, as shown in Figure 15(b). 
We compute the area as 


1 
asasan ioa f(y) 
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O0 2 4 6 8 10 12 14 16 t 


(seconds) 


FIGURE 16 


FIGURE 17 
Measles pathogenesis curve 


Source: J. M. Heffernan et al., “An 
In-Host Model of Acute Infection: 
Measles as a Case Study,” Theoretical 
Population Biology 73 (2008): 134-47. 
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Areas Between Curves 


E Applications 


EXAMPLE7 Figure 16 shows velocity curves for two cars, A and B, that start side by 
side and move along the same road. What does the area between the curves represent? 
Use the Midpoint Rule to estimate it. 


SOLUTION We know from Section 5.4 that the area under the velocity curve A repre- 
sents the distance traveled by car A during the first 16 seconds. Similarly, the area 
under curve B is the distance traveled by car B during that time period. So the area 
between these curves, which is the difference of the areas under the curves, is the 
distance between the cars after 16 seconds. We read the velocities from the graph and 
convert them to feet per second (1 mi/h = 325° ft/s). 


2 4 6 8 10 12 14 16 
34 54 67 76 84 89 92 95 


We use the Midpoint Rule with n = 4 intervals, so that At = 4. The midpoints of 
the intervals are ft; = 2, h = 6, 4; = 10, and t, = 14. We estimate the distance between 
the cars after 16 seconds as follows: 


$ wa — vg) dt = At[13 + 23 + 28 + 29] 
0 
= 4(93) = 372 ft s 
EXAMPLE 8 Figure 17 is an example of a pathogenesis curve for a measles infection. 


It shows how the disease develops in an individual with no immunity after the measles 
virus spreads to the bloodstream from the respiratory tract. 


NA 
1500 + 
1000 + 
Number of 
infected cells 
per mL of 
blood plasma 
500 + 
Symptoms Pathogen 
appear is cleared 
0 -— > 
i 10-11 12 17-18 21 t (days) 
f f 
Pathogen Infectiousness Infectiousness 
enters plasma begins ends 


The patient becomes infectious to others once the concentration of infected cells 
becomes great enough and remains infectious until the immune system manages to 
prevent further transmission. However, symptoms don’t develop until the “amount of 
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infection” reaches a particular threshold. The amount of infection needed to develop 
symptoms depends on both the concentration of infected cells and time, and corresponds 
to the area under the pathogenesis curve until symptoms appear. (See Exercise 5.1.15.) 
(a) The pathogenesis curve in Figure 17 has been modeled by f(t) = —¢(t — 21)(t + 1). 
If infectiousness begins on day ¢; = 10 and ends on day t2 = 18, what are the corre- 
sponding concentration levels of infected cells? 


NA (b) The level of infectiousness for an infected person is the area between N = f(t) and 
the line through the points P; (tı, f(t:)) and Po(t2, f(t2)), measured in (cells/mL) + days. 
(See Figure 18.) Compute the level of infectiousness for this particular patient. 


f SOLUTION 

(a) Infectiousness begins when the concentration reaches f(10) = 1210 cells/mL and 
ends when the concentration reduces to f(18) = 1026 cells/mL. 

(b) The line through P, and P, has slope we = hu = 84 = —23 and equation 

N — 1210 = —23(t- 10) <> N= -23t + 1440. The area between f and this 
line is 


> 


0 10 18 t 18 18 
(days) I [FO — (23t + 1440)] dt = i (=£ + 2022 + 21t + 23t — 1440) dt 


FIGURE 18 


II 


"(—# + 2022 + 44t — 1440) dt 
10 


II 


t* P r s 
—— + 20 — + 44 — — 1440t 
4 3 2 


10 


= —6156 — (—80334) ~ 1877 


Thus the level of infectiousness for this patient is about 1877 (cells/mL) - days. a 


6.1 | Exercises 


1-4 5-6 Find the area of the shaded region. 
(a) Set up an integral for the area of the shaded region. 
(b) Evaluate the integral to find the area. 


@ yA 2. 


5. yA 


= 0 YA 
4 YA 8 PA 3y=2x+16 
x=y°— 4y 
3, 3) -> 
y=—2x+8 
> 
x 
> 
x=2y-y? 0 x 
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7-10 Set up, but do not evaluate, an integral representing the area 
of the region enclosed by the given curves. 


y= 2 yo’, x= 1 


8. y= Inx, y= ln’), x=2 


9. y=2-—x, y=2x- x 


10..x=y', x=2-y? 


11-18 Sketch the region enclosed by the given curves. Decide 
whether to integrate with respect to x or y. Draw a typical 
approximating rectangle and label its height and width. Then 
find the area of the region. 


y=x°+2, y x-1, x=0, x=1 


12. y=1 +x, y=2-x%, x l, x=0 
@ y= ix, y=1/x?, x=2 

@B y= cosx, y=e*, x= 7/2 

15. y=(x-— 2), y=x 

16. y =x? — 4x, y=2x 

D: =1-y, x=y -1 


18. 4x + y°=12, x=y 


19-36 Sketch the region enclosed by the given curves and find its 
area. 


19. y=12- x’, y=x?-6 


20. y=x?, y=4x- x 
Mex=2y?, x=4+y’ 
22. y vx—1, x-y=1 
23. y= 2x, y= hx 


24. y=x°, y=x 


25. y = Vx, y= 4x, 0<x<16 
26. y = cosx, y=2 — cosx, 0OSx<27 


27. y 


cosx, y=sin2x, 0<x< 7/2 
28. y = cosx, y= 1l — cosx, 0Sx<7 
2 
GB y = sec’r, y=8cosx, —T/3 < x< 70/3 
30. y = xt — 3x2, y=x? 


32 33 . TX 
. y=sin—, =X 
+4 i ad 


31. y=x*, y=2-|x| 


3 


32. y=x7, y= 


34. y = 4 — 2 cosh x, y =} sinhx 
35. y=1/x, y=x, y= qx, x>0 


36. y = Fx’, y=2x", xty=3, x20 
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37. The graphs of two functions are shown with the areas of the 
regions between the curves indicated. 
(a) What is the total area between the curves for 0 < x < 5? 
(b) What is the value of [> [ f(x) — g(x)] dx? 


YA 


38-40 Sketch the region enclosed by the given curves and find its 
area. 


x x 
38. y= >; y= , x20 
1+ x? V9 — x? 

39 x x 
Apa l FE 
40. y LEJ (In x)? 
x x 


41-42 Use calculus to find the area of the triangle with the given 
vertices. 


@ 0,0), Bd, a2) 
42. (2,0), (0,2), (—1,1) 


43-44 Evaluate the integral and interpret it as the area of a 
region. Sketch the region. 


43. [7 |sinx — cos 2x| dx 44. i |3 = 2*| dx 
JO =] 


[Ñ 45-48 Use a graph to find approximate x-coordinates of the 


points of intersection of the given curves. Then find (approxi- 
mately) the area of the region bounded by the curves. 
45. y=xsin(x’), y=x', x20 

x 


46. y G+? y=x*-x, x20 


47. y = 3x? — 2x, y=xi-3x+4 
48. y = 1.35, y=2y/x 


49-52 Graph the region between the curves and compute the area 


correct to five decimal places. 


2 2 
49. y=>—__, y=x 


-, 50. y=e', i 
1+x* y 
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51. 


52. 


CHAPTER6 Applications of Integration 


y= tanx, y= Vx 


y=cosx, y=x+2sin'x 


53. 


54. 


55. 


56. 


57. 


58. 


59. 


Use a computer algebra system to find the exact area 
enclosed by the curves y = x? — 6x* + 4x and y = x. 


Sketch the region in the xy-plane defined by the inequalities 
x — 2y? =0,1 — x — |y| = 0 and find its area. 


Racing cars driven by Chris and Kelly are side by side at 
the start of a race. The table shows the velocities of each 
car (in miles per hour) during the first ten seconds of the 
race. Use the Midpoint Rule to estimate how much farther 
Kelly travels than Chris does during the first ten seconds. 


if Uc UK t Uc UK 

0 0 0 6 69 80 
1 20 22 7 75 86 
2 32 37 8 81 93 
3 46 52 9 86 98 
4 54 61 10 90 102 
5 62 71 


The widths (in meters) of a kidney-shaped swimming pool 
were measured at 2-meter intervals as indicated in the fig- 
ure. Use the Midpoint Rule to estimate the area of the pool. 


A cross-section of an airplane wing is shown. Measure- 
ments of the thickness of the wing, in centimeters, at 
20-centimeter intervals are 5.8, 20.3, 26.7, 29.0, 27.6, 
27.3, 23.8, 20.5, 15.1, 8.7, and 2.8. Use the Midpoint Rule 
to estimate the area of the wing’s cross-section. 


< 200 cm >| 


If the birth rate of a population is b(t) = 2200e°°™’ people 
per year and the death rate is d(t) = 1460e°"'* people per 
year, find the area between these curves for 0 < ¢ < 10. 
What does this area represent? 


In Example 8, we modeled a measles pathogenesis curve by 
a function f. A patient infected with the measles virus who 


61. 


62. 


FY 63. 


has some immunity to the virus has a pathogenesis curve 
that can be modeled by, for instance, g(t) = 0.9f (£). 

(a) If the same threshold concentration of the virus is 
required for infectiousness to begin as in Example 8, on 
what day does this occur? 

Let P; be the point on the graph of g where infectious- 
ness begins. It has been shown that infectiousness ends 
at a point P, on the graph of g where the line through 
P;, Ps has the same slope as the line through P), P in 
Example 8(b). On what day does infectiousness end? 
(c) Compute the level of infectiousness for this patient. 


(b) 


. The rates at which rain fell, in inches per hour, in two 


different locations ¢ hours after the start of a storm 

were modeled by f(t) = 0.73? — 2t? + t + 0.6 and 

g(t) = 0.17t? — 0.5t + 1.1. Compute the area between the 
graphs for 0 < ¢ < 2 and interpret your result in this 
context. 


Two cars, A and B, start side by side and accelerate from 

rest. The figure shows the graphs of their velocity functions. 

(a) Which car is ahead after one minute? Explain. 

(b) What is the meaning of the area of the shaded region? 

(c) Which car is ahead after two minutes? Explain. 

(d) Estimate the time at which the cars are again side by 
side. 


v 


> 
0 1 2 t (min) 


The figure shows graphs of the marginal revenue function 
R’ and the marginal cost function C’ for a manufacturer. 
[Recall from Section 4.7 that R(x) and C(x) represent the 
revenue and cost when x units are manufactured. Assume 
that R and C are measured in thousands of dollars.] What 
is the meaning of the area of the shaded region? Use the 
Midpoint Rule to estimate the value of this quantity. 


The curve with equation y? = x?(x + 3) is called Tschirn- 
hausen’s cubic. If you graph this curve you will see that 
part of the curve forms a loop. Find the area enclosed by the 
loop. 
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64. 


65. 


66. 


67 


68. 


YA 


Find the area of the region bounded by the parabola y = x’, 
the tangent line to this parabola at (1, 1), and the x-axis. 


Find the number b such that the line y = b divides the region 
bounded by the curves y = x? and y = 4 into two regions 
with equal area. 


(a) Find the number a such that the line x = a bisects the 
area under the curve y = 1/x?, 1 <x <4. 

(b) Find the number b such that the line y = b bisects the 
area in part (a). 


Find the values of c such that the area of the region bounded 
by the parabolas y = x* — c? and y = c? — x? is 576. 


Suppose that 0 < c < 7/2. For what value of c is the area of 
the region enclosed by the curves y = cos x, y = cos(x — c), 
and x = 0 equal to the area of the region enclosed by the 
curves y = cos(x — c), x = 7, and y = 0? 
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69. The figure shows a horizontal line y = c intersecting the 
curve y = 8x — 27x°. Find the number c such that the areas 
of the shaded regions are equal. 


at y = 8x— 27x? 


70. For what values of m do the line y = mx and the curve 
y = x/(x* + 1) enclose a region? Find the area of the 
region. 


APPLIED PROJECT | THE GINI INDEX 


How is it possible to measure the distribution of income among the inhabitants of a given 


(0.8, 0.485) 


(0.4, 0.114) 


i 4 } t —> 
| @2 o4 @ 08 i * 
FIGURE 1 
Lorenz curve for the United States in 
2016 
YA 
14 


country? One such measure is the Gini index, named after the Italian economist Corrado Gini, 
who first devised it in 1912. 

We first rank all households in a country by income and then we compute the percentage of 
households whose total income is a given percentage of the country’s total income. We define 
a Lorenz curve y = L(x) on the interval [0, 1] by plotting the point (a/100, b/100) on the 
curve if the bottom a% of households receive b% of the total income. For instance, in Figure 1 
the point (0.4, 0.114) is on the Lorenz curve for the United States in 2016 because the poorest 
40% of the population received just 11.4% of the total income. Likewise, the bottom 80% of 
the population received 48.5% of the total income, so the point (0.8, 0.485) lies on the Lorenz 
curve. (The Lorenz curve is named after the American economist Max Lorenz.) 

Figure 2 shows some typical Lorenz curves. They all pass through the points (0, 0) and 
(1, 1) and are concave upward. In the extreme case L(x) = x, society is perfectly egalitarian: 


the poorest a% of the population receives a% of the total income and so everybody receives 


Income 
fraction 


the same income. The area between a Lorenz curve y = L(x) and the line y = x measures how 
much the income distribution differs from absolute equality. The Gini index (sometimes 
called the Gini coefficient or the coefficient of inequality) is the area between the Lorenz 
curve and the line y = x (shaded in Figure 3) divided by the area under y = x. 


(1, 1) ye 


=y 


0 i > 
Population fraction x 
FIGURE 2 FIGURE 3 
(continued ) 
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1. (a) Show that the Gini index G is twice the area between the Lorenz curve and the line 
y = x, that is, 


G= fi lee = ee 
0 
(b) What is the value of G for a perfectly egalitarian society (everybody has the same 


income)? What is the value of G for a perfectly totalitarian society (a single person 
receives all the income)? 


2. The following table (derived from data supplied by the US Census Bureau) shows values of 
the Lorenz function for income distribution in the United States for the year 2016. 


x 0.0 0.2 0.4 0.6 0.8 1.0 


L(x) 0.000 0.031 0.114 0.256 0.485 1.000 


(a) What percentage of the total US income was received by the richest 20% of the 
population in 2016? 
(b) Use a calculator or computer to fit a quadratic function to the data in the table. Graph 
the data points and the quadratic function. Is the quadratic model a reasonable fit? 
(c) Use the quadratic model for the Lorenz function to estimate the Gini index for the 
United States in 2016. 


3. The following table gives values for the Lorenz function in the years 1980, 1990, 2000, 
and 2010. Use the method of Problem 2 to estimate the Gini index for the United States 
for those years and compare with your answer to Problem 2(c). Do you notice a trend? 


xX 0.0 0.2 0.4 0.6 0.8 1.0 


1980 0.000 0.042 0.144 0.312 0.559 1.000 


1990 0.000 0.038 0.134 0.293 0.533 1.000 


2000 0.000 0.036 0.125 0.273 0.503 1.000 


2010 0.000 0.033 0.118 0.264 0.498 1.000 


4. A power model often provides a more accurate fit than a quadratic model for a Lorenz 
function. Use a calculator or computer to fit a power function (y = ax*) to the data in 
Problem 2 and use it to estimate the Gini index for the United States in 2016. Compare 
with your answer to parts (b) and (c) of Problem 2. 


6.2 | Volumes 


In trying to find the volume of a solid we face the same type of problem as in finding 
areas. We have an intuitive idea of what volume means, but we must make this idea pre- 
cise by using calculus to give an exact definition of volume. 


E Definition of Volume 


We start with a simple type of solid called a cylinder (or, more precisely, a right cylin- 
der). As illustrated in Figure 1(a), a cylinder is bounded by a plane region B,, called the 
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FIGURE 1 


FIGURE 2 
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base, and a congruent region B; in a parallel plane. The cylinder consists of all points on 
line segments that are perpendicular to the base and join B; to Bo. If the area of the base 
is A and the height of the cylinder (the distance from B; to B2) is h, then the volume V of 
the cylinder is defined as 


V=Ah 
In particular, if the base is a circle with radius r, then the cylinder is a circular cylinder 
with volume V = mr7h [see Figure 1(b)], and if the base is a rectangle with length / and 


width w, then the cylinder is a rectangular box (also called a rectangular parallelepiped ) 
with volume V = lwh [see Figure 1(c)]. 


| l 
| 
By | l 


| h 
=| h A O —e 
E “= =. | / w 
l B, | & BA | / 
l 
(a) Cylinder V = Ah (b) Circular cylinder V = mr’h (c) Rectangular box V = lwh 


For a solid S that isn’t a cylinder we first “cut” S into pieces and approximate each 
piece by a cylinder. We estimate the volume of S by adding the volumes of the cylinders. 
We arrive at the exact volume of S through a limiting process in which the number of 
pieces becomes large. 

We start by intersecting S with a plane and obtaining a plane region that is called a 
cross-section of S. Let A(x) be the area of the cross-section of S in a plane P, perpendic- 
ular to the x-axis and passing through the point x, where a S x S b. (See Figure 2. Think 
of slicing S with a knife through x and computing the area of this slice.) The cross- 
sectional area A(x) will vary as x increases from a to b. 


= V 


Let’s divide S into n “slabs” of equal width Ax by using the planes P,,, Px, . . . to slice 
the solid. (Think of slicing a loaf of bread.) If we choose sample points x¥ in [x;-, x; ], 
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we can approximate the ith slab S; (the part of S that lies between the planes P,,_, and P,) 
by a cylinder with base area A(x¥) and “height” Ax. (See Figure 3.) 


Ya YA 
N Pe 
R >) 
— ee eo a 
> * * + 2 + - > 
0 ¥ O| a=x x Xp X3 X4 Xs Xs 45b Xx 
FIGURE 3 
The volume of this cylinder is A(x¥) Ax, so an approximation to our intuitive concep- 
tion of the volume of the ith slab S; is 
V(S;) = A(x*) Ax 
Adding the volumes of these slabs, we get an approximation to the total volume (that is, 
what we think of intuitively as the volume): 
V= X, A(x*) Ax 
i=1 
This approximation appears to become better and better as n — ~. (Think of the slices 
as becoming thinner and thinner.) Therefore we define the volume as the limit of these 
sums as n — ©, But we recognize the limit of Riemann sums as a definite integral and so 
we have the following definition. 
It can be proved that this definition is Definition of Volume Let S be a solid that lies between x = a and x = b. If the 
independent of how S is situated with cross-sectional area of S in the plane P,, through x and perpendicular to the x-axis, 
respect to the x-axis. In other words, is A(x), where A is a continuous function, then the volume of S is 
no matter how we slice S with parallel n 
planes, we always get the same V= lim D A(x*) Ax = P A(x) dx 
answer for V. noo G a 


When we use the volume formula V = ii A(x) dx, it is important to remember that 
A(x) is the area of a moving cross-section obtained by slicing through x perpendicular to 
the x-axis. 

Notice that, for a cylinder, the cross-sectional area is constant: A(x) = A for all x. 
So our definition of volume gives V = i A dx = A(b — a); this agrees with the formula 
V= Ah. 


EXAMPLE 1 Show that the volume of a sphere of radius r is V = far’. 


SOLUTION If we place the sphere so that its center is at the origin, then the plane P, 
intersects the sphere in a circle whose radius (from the Pythagorean Theorem) is 
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YA y = yr? — x’. (See Figure 4.) So the cross-sectional area is 
A(x) = wy? = T(r? — x’) 


Using the definition of volume with a = —r and b = r, we have 


V= F Aw dx = a 


a(r? — x7) dx 


= 27 iN (r? — x?) dx (The integrand is even.) 
3. i 3 
= 27 pea = 27 EA =tor || 
3. lo 3 
FIGURE 4 Figure 5 illustrates the definition of volume when the solid is a sphere with radius 


r = 1. From the result of Example 1, we know that the volume of the sphere is $m, 
which is approximately 4.18879. Here the slabs are circular cylinders, or disks, and the 
three parts of Figure 5 show the geometric interpretations of the Riemann sums 


> AG) Ax = X (1? — x?) Ax 
i=1 


i=1 


when n = 5, 10, and 20 if we choose the sample points x;* to be the midpoints x;. Notice 
that as we increase the number of approximating cylinders, the corresponding Riemann 
sums become closer to the true volume. 


f \ d A 


Wy A Y \\ v 
AAS’ Ss 


(a) Using 5 disks, V ~ 4.2726 (b) Using 10 disks, V = 4.2097 (c) Using 20 disks, V = 4.1940 


FIGURE 5 Approximating the volume of a sphere with radius 1 


E Volumes of Solids of Revolution 

If we revolve a region about a line, we obtain a solid of revolution. In the following 
examples we see that for such a solid, cross-sections perpendicular to the axis of rotation 
are circular. 


EXAMPLE 2 Find the volume of the solid obtained by rotating about the x-axis the 
region under the curve y = yx from 0 to 1. Illustrate the definition of volume by 
sketching a typical approximating cylinder. 


SOLUTION The region is shown in Figure 6(a) on the following page. If we rotate 
about the x-axis, we get the solid shown in Figure 6(b). When we slice through the 
point x, we get a disk with radius yx . The area of this cross-section is 


A(x) = myx) = TX 
radius 
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and the volume of the approximating cylinder (a disk with thickness Ax) is 
A(x) Ax = ax Ax 


The solid lies between x = 0 and x = 1, so its volume is 


Did we get a reasonable answer in 
Example 2? As a check on our work, 
let’s replace the given region bya 
square with base [0, 1] and height 1. 
If we rotate this square, we get a 
cylinder with radius 1, height 1, 

and volume 7 » 1? + 1 = m. We com- 
puted that the given solid has half 
this volume. That seems about 

right. 


= 
RY 


FIGURE 6 (a) (b) H 


EXAMPLE3 Find the volume of the solid obtained by rotating the region bounded by 
y = x°, y = 8, and x = 0 about the y-axis. 


SOLUTION The region is shown in Figure 7(a) and the resulting solid is shown in 
Figure 7(b). Because the region is rotated about the y-axis, it makes sense to slice the 
solid perpendicular to the y-axis (obtaining circular cross-sections) and therefore to 
integrate with respect to y. If we slice at height y, we get a circular disk with radius x, 
where x = ¥/y. So the area of a cross-section through y is 


A(y) = a(x)” = my — Ty? 


radius radius 


FIGURE 7 
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and the volume of the approximating cylinder pictured in Figure 7(b) is 
A(y) Ay = ary? Ay 
Since the solid lies between y = 0 and y = 8, its volume is 


V= T A(y) dy = F ry?” dy = my] = = 


In the following examples we see that some solids of revolution have a hollow core 
surrounding the axis of revolution. 


EXAMPLE 4 The region R enclosed by the curves y = x and y = x’ is rotated about 
the x-axis. Find the volume of the resulting solid. 


SOLUTION The curves y = x and y = x” intersect at the points (0, 0) and (1, 1). 

The region between them, the solid of rotation, and a cross-section perpendicular 

to the x-axis are shown in Figure 8. A cross-section in the plane P, has the shape of 

a washer (an annular ring) with inner radius x° and outer radius x [see Figure 8(c)], so 
we find the cross-sectional area by subtracting the area of the inner circle from the area 
of the outer circle: 


A(x) = Ta)? - Ta’) = m(x? =x) 


outer inner 
radius radius 


Therefore we have 


v= i A(x) dx = i a(x? — xt) dx 


YA 


FIGURE 8 (a) (b) (c) E 


The next example shows that when a solid of revolution is created by rotating about 
an axis other than a coordinate axis, we must determine the radii of cross-sections 
carefully. 
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EXAMPLE 5 Find the volume of the solid obtained by rotating the region in Example 4 
about the line y = 2. 


SOLUTION The solid and a cross-section are shown in Figure 9. Again the cross- 
section is a washer, but this time the inner radius is 2 — x and the outer radius 
is2 — x’. 


BY 
= 
RY 


FIGURE 9 
The cross-sectional area is 


A(x) = m(2 — x”)? — w(2 — x)? 
ae 


—— 
outer inner 
radius radius 


and so the volume of S is 


v= i A(x) dx 


ian [(2 — x’? — (2 — x) ] dx 


= m f (xt — 5x? + 4x) dx 
0 


=n|—-5—+4 = m 
5 3 2h 15 


NOTE In general, we calculate the volume of a solid of revolution by using the basic 
defining formula 


y= EO dx or v= f A(y) dy 


and we find the cross-sectional area A(x) or A(y) in one of the following ways: 


e If the cross-section is a disk (as in Examples 1-3), we find the radius of the disk (in 


terms of x or y) and use 
A = m(radius)* 
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e If the cross-section is a washer (as in Examples 4 and 5), we find the inner radius rin 
and outer radius rou from a sketch (as in Figures 8, 9, and 10) and compute the area 
of the washer by subtracting the area of the inner disk from the area of the outer 
disk: 

A = (outer radius)” — ~ (inner radius)* 


Tout 


FIGURE 10 
The next example gives a further illustration of the procedure. 
EXAMPLE 6 Find the volume of the solid obtained by rotating the region in 
Example 4 about the line x = —1. 
SOLUTION Figure 11 shows a horizontal cross-section. It is a washer with inner radius 
1 + y and outer radius 1 + y/y , so the cross-sectional area is 
A(y) = (outer radius)” — ~ (inner radius)? 
=n(1+ Jy)? - wl +y’ 
The volume is 
1 1 —)\ 5 2 
v=['Av)ay=a['[(L + vy) — 0 + 9? Jay 
3/2 2 3 |! 
1 = 2 y. y y T 
= — y — y?) dy = = = = 
rh Qvy —» ~y")ay abe 2 a) 2 
FIGURE 11 g m 
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FIGURE 12 
Computer-generated picture 
of the solid in Example 7 


FIGURE 13 


E Finding Volume Using Cross-Sectional Area 


We now find the volumes of solids that are not solids of revolution but whose cross- 
sections have areas that are readily computable. 


EXAMPLE 7 Figure 12 shows a solid with a circular base of radius 1. Parallel cross- 
sections perpendicular to the base are equilateral triangles. Find the volume of the solid. 


SOLUTION Let’s take the circle to be x? + y* = 1. The solid, its base, and a typical 
cross-section at a distance x from the origin are shown in Figure 13. 


(a) The solid (b) Its base (c) A cross-section 


Since B lies on the circle, we have y = y1 — x? and so the base of the triangle ABC 
is |AB| = 2y = 2/1 — x?. Since the triangle is equilateral, we see from Figure 13(c) 
that its height is /3 y = /3 ah 1 — x?. The cross-sectional area is therefore 


A(x) =} 2,1 — x? - /3/1 — y? =43(1 — x?) 
and the volume of the solid is 


y= f Aow dx = t, vA — x?) dx 


-afi ia -a= a] -4 E 


0 


EXAMPLE 8 Find the volume of a pyramid whose base is a square with side L and 
whose height is A. 


SOLUTION We place the origin O at the vertex of the pyramid and the x-axis along its 
central axis as in Figure 14. Any plane P, that passes through x and is perpendicular to 


YA yA 
P 
h l L 
e > > 
O | X O | x 
< h 
FIGURE 14 FIGURE 15 
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the x-axis intersects the pyramid in a square with side of length s, say. We can express s 
in terms of x by observing from the similar triangles in Figure 15 that 


x 872-8 


h L2 L 


and so s = Lx/h. [Another method is to observe that the line OP has slope L/(2h) and 
so its equation is y = Lx/(2h).] Therefore the cross-sectional area is 


» DP 
V= Í A(x) dx = i yet a 
L x| Lh 
l “ae Sl. oe z 
h 0 
f NOTE We didn’t need to place the vertex of the pyramid at the origin in Example 8; we 
= did so merely to make the equations simple. If, instead, we had placed the center of the 
May base at the origin and the vertex on the positive y-axis, as in Figure 16, you can verify 
/ that we would have obtained the integral 
ORR N 
4 ae Lh 
/ o = S _ { l 27, — 
Á x V oh 2 (h 7 ) dy 3 
FIGURE 16 


EXAMPLE 9 A wedge is cut out of a circular cylinder of radius 4 by two planes. 
One plane is perpendicular to the axis of the cylinder. The other intersects the first 
at an angle of 30° along a diameter of the cylinder. Find the volume of the wedge. 


SOLUTION If we place the x-axis along the diameter where the planes meet, then 
the base of the solid is a semicircle with equation y = V16 — x, -4< x <4. 
A cross-section perpendicular to the x-axis at a distance x from the origin is a 
triangle ABC, as shown in Figure 17, whose base is y = 16 — x? and whose 
height is |BC| = y tan 30° = ./16 — x?/,/3. So the cross-sectional area is 


= i 
A(x) = 5/16 — x? - 16 — x? 


— 16 — x? 
24/3 


and the volume is 


4 r4 16 — x? 
V= f AW dx = r ae 
1 m 1 L 128 
= (16 — x°) dx = 6: | = 
4 JB f f3 3h. 3v3 
A y B 
FIGURE 17 For another method see Exercise 77. E 
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456 CHAPTER6 Applications of Integration 


6.2 | Exercises 


1-4 A solid is obtained by revolving the shaded region about the 17. y =x°, y = 2x; about the y-axis 
specified line. 

(a) Sketch the solid and a typical disk or washer. 
(b) Set up an integral for the volume of the solid. 19. y = x°, y= /x; about the x-axis 
(c) Evaluate the integral to find the volume of the solid. 


18. y=6-— x’, y=2; about the x-axis 


@ x= 2- y, x= yf; about the y-axis 


1. About the x-axis 2. About the x-axis 21. y=x2,x=y% abouty= 1 
YA 22. y =x, y=1, x=2; abouty = —3 
2245 @ -= | + secx, y= 3; about y = 1 
24. y = sinx, y = cosx, 0<x<7/4; about y= —1 
2 25. y=x*, y=0, x= 1; aboutx=2 
r > 26. xy = 1, y=0, x=1, x=2; aboutx = —1 


@B =y, x=1-y; aboutx=3 


4. About the y-axis 28. y= x, y=0, x=2, x =4; aboutx = 1 
yA 29-40 Refer to the figure and find the volume generated by 
rotating the given region about the specified line. 
YA 
C(0, 1) Bil, 1) 
y= x- 
5-10 Set up, but do not evaluate, an integral for the volume of the 
solid obtained by rotating the region bounded by the given curves 
about the specified line. O A(l, 0) x 
5. y=Inx, y=0, x =3; about the x-axis 
29. KR, about OA 30. KR, about OC 
6. x= /5 —y, y=0, x =0; about the y-axis 
31. KR, about AB 32. KR, about BC 
7. 8y =x’, y = Vx; about the y-axis 
33. R about OA 34. R about OC 
8. y = (x — 2)”, y=x + 10; about the x-axis 
35. R, about AB 36. R about BC 
9. y= sinx, y=0,0<x<7; about y = —2 
. ~ 37. R, about OA 38. R, about OC 
10. y= yx, y=0, x =4; aboutx = 6 
Jae oe 39. R about AB 40. R about BC 


11-28 Find the volume of the solid obtained by rotating the 
region bounded by the given curves about the specified line. 
Sketch the region, the solid, and a typical disk or washer. 


41-44 Set up an integral for the volume of the solid obtained by 
rotating the region bounded by the given curves about the speci- 
fied line. Then use a calculator or computer to evaluate the integral 


11. y=x+ 1, y=0, x= 0, x= 2; about the x-axis correct to five decimal places. 

12. y= 1/x, y=0, x = 1, x = 4; about the x-axis 41. y= e™, y=0, x 1, x=1 

we y JET. y=0, x=5; about the x-axis (a) About the x-axis (b) About y = —1 
14. y= e% y=0,x 1, x= 1; about the x-axis 42. i n ear nog a =] 
15. x= 2y, x =0, y=9; about the y-axis 43. x? bay =A 

16. 2x = y’, x =0, y =4; about the y-axis (a) About y = 2 (b) About x = 2 
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44. y=x7,0°+y=1, y>0 are listed in the table. Use the Midpoint Rule with n = 5 to 
(a) About the x-axis (b) About the y-axis estimate the volume of the log. 

45-46 Use a graph to find approximate x-coordinates of the x (m) A (m°) x (m) A (m°) 
points of intersection of the given curves. Then use a calculator 0 0.68 6 0.53 
or computer to find (approximately) the volume of the solid 

: . : ; 1 0.65 7 0.55 
obtained by rotating about the x-axis the region bounded by 
2 0.64 8 0.52 
these curves. 
3 0.61 9 0.50 
45. y = Inx + 2), y= v3 — x 4 0.58 10 0.48 
46. y= 1 +xe™, y= arctan x? 5 0.59 


57. (a) If the region shown in the figure is rotated about the 
x-axis to form a solid, use the Midpoint Rule with 
n = 4 to estimate the volume of the solid. 


47-48 Use a computer algebra system to find the exact 
volume of the solid obtained by rotating the region bounded 
by the given curves about the specified line. 


47. y = six, y=0,0<x<7; abouty = —1 y 
4 
48. y =x, y = xe; about y = 3 
2 
49-54 Each integral represents the volume of a solid of 
revolution. Describe the solid. 
0 2 4 6 8 10 x 
m/2 , 2 In2 2x 
a49. : ne 50. m l eae (b) Estimate the volume if the region is rotated about the 
y-axis. Again use the Midpoint Rule with n = 4. 
1 1 od 
51. 7 f (x* = x°) dx 52. 7 i (1 — y* dy [T] 58. (a) A model for the shape of a bird’s egg is obtained by 
rotating about the x-axis the region under the graph of 
4 4055 —\2 = 
53. n f ydy 54. r f |3? -63 -vx) Jax f(x) = (ax? + bx? + ex + d1 — x? 
Use a computer algebra system to find the volume of 
55. A CAT scan produces equally spaced cross-sectional views such an egg. 
of a human organ that provide information about the organ (b) For a red-throated loon, a 0.06, b = 0.04, c = 0.1, 
otherwise obtained only by surgery. Suppose that a CAT and d= 0.54. Graph f and find the volume of an egg of 
scan of a human liver shows cross-sections spaced 1.5 cm this species. 
apart. The liver is 15 cm long and the cross-sectional areas, 59-74 Find the volume of the described solid S. 
in square centimeters, are 0, 18, 58, 79, 94, 106, 117, 128, i i f 
63, 39, and 0. Use the Midpoint Rule to estimate the volume 59. A right circular cone with height / and base radius r 
of the liver. 60. A frustum of a right circular cone with height h, lower base 


radius R, and top radius r 


m 


61. A cap of a sphere with radius r and height h 


<>! 
—_- 
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56. A log 10 m long is cut at 1-meter intervals and its cross- 
sectional areas A (at a distance x from the end of the log) 
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62. A frustum of a pyramid with square base of side b, square top 


of side a, and height h 


What happens if a = b? What happens if a = 0? 


63. A pyramid with height h and rectangular base with dimen- 
sions b and 2b 


64. A pyramid with height / and base an equilateral triangle with 


side a (a tetrahedron) 


65. A tetrahedron with three mutually perpendicular faces and 


three mutually perpendicular edges with lengths 3 cm, 4 cm, 


and 5 cm 


66. The base of S is a circular disk with radius r. Parallel cross- 
sections perpendicular to the base are squares. 


67. The base of S is an elliptical region with boundary curve 
9x? + 4y? = 36. Cross-sections perpendicular to the x-axis 
are isosceles right triangles with hypotenuse in the base. 


68. 


The base of S is the triangular region with vertices (0, 0), 
(1, 0), and (0, 1). Cross-sections perpendicular to the y-axis 
are equilateral triangles. 


69. 


The base of S is the same base as in Exercise 68, but cross- 
sections perpendicular to the x-axis are squares. 


70. 


The base of S is the region enclosed by the parabola 
y = 1 — x’ and the x-axis. Cross-sections perpendicular to 
the y-axis are squares. 


71 


The base of S is the same base as in Exercise 70, but cross- 
sections perpendicular to the x-axis are isosceles triangles 
with height equal to the base. 


72. The base of S is the region enclosed by y = 2 — x? and 
the x-axis. Cross-sections perpendicular to the y-axis are 
quarter-circles. 


73. The solid S is bounded by circles that are perpendicular 
to the x-axis, intersect the x-axis, and have centers on the 
parabola y = $(1 — x”), -1 Sx <1. 


74. Cross-sections of the solid $ in planes perpendicular to the 
x-axis are circles with diameters extending from the curve 
y = 5y*x to the curve y = yx for 0 <x < 4. 


T) (a) Set up an integral for the volume of a solid torus (the 
donut-shaped solid shown in the figure) with radii r 
and R. 
(b) By interpreting the integral as an area, find the volume of 
the torus. 
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76. The base of a solid S is a circular disk with radius r. Parallel 
cross-sections perpendicular to the base are isosceles triangles 
with height / and unequal side in the base. 

(a) Set up an integral for the volume of S. 
(b) By interpreting the integral as an area, find the volume 
of S. 


77. Solve Example 9 taking cross-sections to be parallel to the 
line of intersection of the two planes. 


78-79 Cavalieri’s Principle Cavalieri’s Principle states that if a 
family of parallel planes gives equal cross-sectional areas for two 
solids Sı and Sz, then the volumes of Sı and S» are equal. 


78. (a) Prove Cavalieri’s Principle. 
(b) Use Cavalieri’s Principle to find the volume of the 
oblique cylinder shown in the figure. 


j 


h 


a x | 


79. Use Cavalieri’s Principle to show that the volume of a solid 
hemisphere of radius r is equal to the volume of a cylinder 
of radius r and height r with a cone removed, as shown in 
the figure. 


80. Find the volume common to two circular cylinders, each with 
radius r, if the axes of the cylinders intersect at right angles. 


81. Find the volume common to two spheres, each with radius r, 
if the center of each sphere lies on the surface of the other 
sphere. 


82. A bowl is shaped like a hemisphere with diameter 30 cm. A 
heavy ball with diameter 10 cm is placed in the bowl and 


83 


84 


85 


86 


87 


SECTION 6.2 Volumes 459 


water is poured into the bowl to a depth of h centimeters. 
Find the volume of water in the bowl. 


A hole of radius r is bored through the middle of a cylinder 
of radius R > r at right angles to the axis of the cylinder. 
Set up, but do not evaluate, an integral for the volume that 
is cut out. 


A hole of radius r is bored through the center of a sphere of 
radius R > r. Find the volume of the remaining portion of 
the sphere. 


Some of the pioneers of calculus, such as Kepler and Newton, 
were inspired by the problem of finding the volumes of wine 
barrels. (Kepler published a book Stereometria doliorum in 
1615 devoted to methods for finding the volumes of barrels.) 
They often approximated the shape of the sides by parabolas. 
(a) A barrel with height h and maximum radius R is con- 
structed by rotating about the x-axis the parabola 
y = R — cx’, —h/2 < x < h/2, where c is a positive 
constant. Show that the radius of each end of the barrel is 
r = R — d, where d = ch?/4. 
(b) Show that the volume enclosed by the barrel is 


V = 47h(2R? + r? — 2d?) 


Suppose that a region % has area A and lies above the x-axis. 
When & is rotated about the x-axis, it sweeps out a solid with 
volume V;. When & is rotated about the line y = —k (where 
k is a positive number), it sweeps out a solid with volume V5. 
Express V in terms of V, k, and A. 


A dilation of the plane with scaling factor c is a transforma- 
tion that maps the point (x, y) to the point (cx, cy). Applying 
a dilation to a region in the plane produces a geometrically 
similar shape. A manufacturer wants to produce a 5-liter 
(5000 cm*) terra-cotta pot whose shape is geometrically 
similar to the solid obtained by rotating the region Rı shown 
in the figure about the y-axis. 

(a) Find the volume V; of the pot obtained by rotating the 
region KR. 

Show that applying a dilation with scaling factor c 
transforms the region %R, into the region R2. 

(c) Show that the volume V, of the pot obtained by rotating 
the region Rs is c*V,. 

Find the scaling factor c that produces a 5-liter pot. 


yA (cm) 


y=8c 


0 x (cm) 0 x (cm) 
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6.3 


FIGURE 1 
A e 
f ia a F "4 
b D 
Bi | 
| | 
| | 
| | BB 
| | 
g = ~ J 
( JD 
-o 
FIGURE 2 


FIGURE 3 


Volumes by Cylindrical Shells 


Some volume problems are very difficult to handle by the methods of the preceding 
section. For instance, let’s consider the problem of finding the volume of the solid 
obtained by rotating about the y-axis the region bounded by y = 2x* — x° and y = 0. 
(See Figure 1.) If we slice perpendicular to the y-axis, we get a washer. But to compute 
the inner radius and the outer radius of the washer, we’d have to solve the cubic equation 
y = 2x° — x? for x in terms of y; that’s not easy. 


0 
a 


E The Method of Cylindrical Shells 


There is a method, called the method of cylindrical shells, that is easier to use in a case 
like the one shown in Figure 1. Figure 2 shows a cylindrical shell with inner radius rı, 
outer radius 72, and height h. Its volume V is calculated by subtracting the volume V; of 
the inner cylinder from the volume V2 of the outer cylinder: 


V=V.- Vi 


r 
= nr h— nrêh= n(r? — rh 


= m(n + riı)(r2 — rı)h 


+ 
= 2T £ 5 m hlr — r) 


If we let Ar = r, — r (the thickness of the shell) and r = Hn + rı) (the average radius 
of the shell), then this formula for the volume of a cylindrical shell becomes 


[1] V = 2mrh Ar 


and it can be remembered as 
V = [circumference] [height] [thickness] 
Now let S be the solid obtained by rotating about the y-axis the region bounded by 
y = f(x) [where f(x) = 0], y = 0,x = a, and x = b, where b > a = O. (See Figure 3.) 


YA 
y=f(x) 


=y 
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FIGURE 4 


FIGURE 5 
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We divide the interval [a, b] into n subintervals [x;-1, x;] of equal width Ax and let x; 
be the midpoint of the ith subinterval. If the rectangle with base [x;-1, x; ] and height f(x;) 
is rotated about the y-axis, then the result is a cylindrical shell with average radius x;, 
height f(x;), and thickness Ax. (See Figure 4.) So by Formula 1 its volume is 


Vi = (2r x)[ f(%:)] Ax 


a 
© 
=y 


Therefore an approximation to the volume V of S is given by the sum of the volumes of 
these shells: 


n n 


V= X V= Ù 2mx: f(x) Ax 


i=1 i=1 


This approximation appears to become better as n — %. But, from the definition of an 
integral, we know that 


iin Se fae = f ” omx f(x) dx 


no . 


Thus the following formula appears plausible: 


[2] The volume of the solid in Figure 3, obtained by rotating about the y-axis the 
region under the curve y = f(x) from a to b, is 


b 
v= 2x f(x) dx whereO Sa<b 


The argument using cylindrical shells makes Formula 2 seem reasonable, but later we 
will be able to prove it (see Exercise 7.1.81). 
The best way to remember Formula 2 is to think of a typical shell, cut and flattened as 
in Figure 5, with radius x, circumference 27rx, height f(x), and thickness Ax or dx: 
v=) Qr) [fW] dx 


circumference height thickness 


YA 


x 27x 
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This type of reasoning will be helpful in other situations, such as when we rotate 
regions about lines other than the y-axis. 


EXAMPLE 1 Find the volume of the solid obtained by rotating about the y-axis the 
region bounded by y = 2x” — x° and y = 0. 
SOLUTION From the sketch in Figure 6 we see that a typical shell has radius x, circum- 
ference 27x, and height f(x) = 2x” — x°. So, by the shell method, the volume is 

V= i (2arx) (2x* — x°) dx 


circumference height thickness 


= 97 ie (2x3 _ x‘) dx = an Lx _ esi 


FIGURE 6 
= 2n(8 - 2) = $r 


It can be verified that the shell method gives the same answer as slicing. E 


Figure 7 shows a computer-generated 
picture of the solid whose volume we 
computed in Example 1. 


FIGURE 7 


NOTE Comparing the solution of Example 1 with the remarks at the beginning of this 
section, we see that the method of cylindrical shells is much easier than the washer 
method for this problem. We did not have to find the coordinates of the local maximum 
and we did not have to solve the equation of the curve for x in terms of y. However, in 
other examples the methods of the preceding section may be easier. 


EXAMPLE 2 Find the volume of the solid obtained by rotating about the y-axis the 
region between y = x and y = x’. 


YA SOLUTION The region and a typical shell are shown in Figure 8. We see that the shell 
has radius x, circumference 27rx, and height x — x7. So the volume is 


Shall V= f (Qax)(x — x°) dx = 2r | (x? — x3) dx 
height = x — x? 3 2 


x a 3 4]! 
0 H x = 2m X Xx = 7 = 
S 3 4|, 6 
FIGURE 8 As the following example shows, the shell method works just as well if we rotate a 
region about the x-axis. We simply have to draw a diagram to identify the radius and 


height of a shell. 
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EXAMPLE3 Use cylindrical shells to find the volume of the solid obtained by rotating 
about the x-axis the region under the curve y = x from 0 to 1. 


SOLUTION This problem was solved using disks in Example 6.2.2. To use shells we 
relabel the curve y = Vx (in the figure in that example) as x = y° in Figure 9. For 
rotation about the x-axis we see that a typical shell has radius y, circumference 27y, 
and height 1 — y’. So the volume is 


shell height = 1 — y? 


shell 
radius = y 


| ia s) 4 |! 
S -az-a 


FIGURE 9 In this problem the disk method was simpler. E 


V= | CTU -y)dy = 27 | (y — y)dy 


EXAMPLE 4 Find the volume of the solid obtained by rotating the region bounded by 
y =x — x’ and y = 0 about the line x = 2. 


SOLUTION Figure 10 shows the region and a cylindrical shell formed by rotation about 
the line x = 2. It has radius 2 — x, circumference 27r(2 — x), and height x — x’. 


BY 


FIGURE 10 


The volume of the given solid is 


V= a 2m(2 — x)(x — x°) dx 


= 2m f (x? — 3x? + 2x) dx 


E Disks and Washers versus Cylindrical Shells 


When computing the volume of a solid of revolution, how do we know whether to use 
disks (or washers) or cylindrical shells? There are several considerations to take into 
account: Is the region more easily described by top and bottom boundary curves of the 
form y = f(x), or by left and right boundaries x = g(y)? Which choice is easier to work 
with? Are the limits of integration easier to find for one variable versus the other? Does 
the region require two separate integrals when using x as the variable but only one inte- 
gral in y? Are we able to evaluate the integral we set up with our choice of variable? 

If we decide that one variable is easier to work with than the other, then this dictates 
which method to use. Draw a sample rectangle in the region, corresponding to a cross- 
section of the solid. The thickness of the rectangle, either Ax or Ay, corresponds to the 
integration variable. If you imagine the rectangle revolving, it becomes either a disk 
(washer) or a shell. Sometimes either method works, as in the next example. 
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x=-1 74 


| 


CHAPTER 6 Applications of Integration 


EXAMPLE 5 Figure 11 shows the region in the first quadrant bounded by the curves 
y = x° and y = 2x. A solid is formed by rotating the region about the line x = —1. 
Find the volume of the solid using (a) x as the variable of integration and (b) y as the 
variable of integration. 


SOLUTION The solid is shown in Figure 12(a). 


(a) To find the volume using x as the variable of integration, we draw the sample rect- 
angle vertically, as in Figure 12(b). Rotating the region about the line x = —1 produces 
cylindrical shells, so the volume is 


Ži x V= i 2m(x + 1)(2x — x°) dx = 2m 4 (x? + 2x — x3) dx 
FIGURE 11 x, xt]? 16m 
= 2r FX = 
3 4 |, 3 
(b) To find the volume using y as the variable of integration, we draw the sample rect- 
angle horizontally as in Figure 12(c). Rotating the region about the line produces 
washer-shaped cross-sections, so the volume is 
4 = 4 = 
v= [Trl + 1)? - (Sy + 1)" dy = [vy S- ty?) ay 
4.3 13 _ lon 
A er lg 
x=-1 YA x=-1 Yh 
~ aE imi D c|> 
W A 
\ \ “7 4 / 
\ / J 
\ / 
\ / y 
\ / yur : — 
\ / ` 
\ i 
ee | / 
€ gs } > 
=1 0 2 x =] 
(a) (b) (c) 
FIGURE 12 a 
6.3 | Exercises 
1. Let S be the solid obtained by rotating the region shown in the 2. Let S be the solid obtained by rotating the region shown in the 


figure about the y-axis. Explain why it is awkward to use the 
washer method to find the volume V of S. Sketch a typical 
approximating shell. What are its circumference and height? 


Use shells to find V. 


y=x(x—-1)° 


figure about the y-axis. Sketch a typical cylindrical shell and 
find its circumference and height. Use shells to find the vol- 
ume of S. Is this method preferable to using washers? 


yA 


> 
x 


va 
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3-4 A solid is obtained by rotating the shaded region about the 21-22 The region bounded by the given curves is rotated about the 
specified line. specified axis. Find the volume of the resulting solid using (a) x as 
(a) Set up an integral using the method of cylindrical shells for the variable of integration and (b) y as the variable of integration. 


the volume of the solid. 


: : 21. y= x°, y= 8x; about the y-axi 
(b) Evaluate the integral to find the volume of the solid. PBS vx ge eae 


22. y = x°, y = 4x’; about the x-axis 


3. About the y-axis 4. About the x-axis 
yA yA ae ; F : 
: YA y=2-x yar 23-24 A solid is obtained by rotating the shaded region about the 
1 specified axis. 


(a) Sketch the solid and a typical approximating cylindrical shell. 

(b) Use the method of cylindrical shells to set up an integral for 
the volume of the solid. 

(c) Evaluate the integral to find the volume. 


23. About x = —2 24. About y = -1 


> t 


0 fnj2 * 0 1 2 


RY 


yA y=4x-x° 
5-8 Set up, but do not evaluate, an integral for the volume of the 
solid obtained by rotating the region bounded by the given curves 
about the specified line. 


5. y= Inx, y=0, x = 2; about the y-axis 


6. y= x°, y= 8, x =0; about the x-axis 


7. y=sin 'x, y= 7/2, x =0; about y = 3 


25-30 Use the method of cylindrical shells to find the volume 
generated by rotating the region bounded by the given curves 
about the specified axis. 


8. y=4x — x’, y=x; aboutx =7 


9-14 Use the method of cylindrical shells to find the volume 


25. y =x, y=8, x =0; aboutx =3 
generated by rotating the region bounded by the given curves nae = eae 


about the y-axis. 26. y= 4-— 2x, y=0, x =0; aboutx = -1 
9. y= vx, y=0, x=4 GB yy = 4x - x, y =3; about x = 1 
10. y=x°, yoo, x=1, x=2 28. y = Vx, x= 2y; aboutx = 5 
11. y=1/⁄x, =O, x=1, x=4 29. x= 2y?, y=0, x=2; abouty = 2 
@yae", y=0, x=0, x=1 30. x= 2y*, x=y + 1; abouty = —2 
13. y J5 + x?, y=0, x=0, x=2 
, 31-36 
@B y = 40 - x’, y=x 


(a) Set up an integral for the volume of the solid obtained by 
rotating the region bounded by the given curve about the 


15-20 Use the method of cylindrical shells to find the volume of specified axis. 

the solid obtained by rotating the region bounded by the given (T) (b) Use a calculator or computer to evaluate the integral correct to 
curves about the x-axis. five decimal places. 

15. xy=1, x=0, y=l, y=3 Em y=xe*, y=0, x=2; about the y-axis 

16. y= Vx, x=0, y=2 32. y = tanx, y=0, x = 7/4; about x = 7/2 

©. =x? y=8 x=0 33. y = cos*x, y = —cos*x, —T/2 Sx S m/2; aboutx = m 
18. x 3y? + 12y- 9, x=0 34. y =x, y = 2x/(1 + x°); about x = —1 

19. x=1+(y-27, x=2 G= Vsiny, 0S y< 7m, x=0; abouty = 4 

20. x+y=4, x=y —4y+4 36. x? — y? =7, x=4; abouty=5 
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37. Use the Midpoint Rule with n = 5 to estimate the volume 47. About the y-axis 48. About the x-axis 
obtained by rotating about the y-axis the region under the 


curve y = y1 +x3,0 S xS1. 


38. Ifthe region shown in the figure is rotated about the y-axis 
to form a solid, use the Midpoint Rule with n = 5 to esti- 
mate the volume of the solid. 


yA 


y=2-x 


yA 
4 ; . 
49. About the x-axis 50. About the y-axis 
yA yA 
2 ee y=4x-x 
y=vsin x pay 
> 
0 2 4 6 8 10 ¥ 
39-42 Each integral represents the volume of a solid. Describe 
. > 
the solid. 0 ao > 


39. { * dmx? dx 
0 51. About the line x = —2 52. About the line y = 3 


40. f 2r y lny dy yA 


ay +2 
a1. 20 |’ "dy 


y 


42. f 27 (2 — x)(3* — 2*) dx 


43-44 Use a graph to estimate the x-coordinates of the points of 


intersection of the given curves. Then use this information and 53-59 The region bounded by the given curves is rotated 
a calculator or computer to estimate the volume of the solid about the specified axis. Find the volume of the resulting solid 
obtained by rotating about the y-axis the region enclosed by by any method. 


these curves. 


53. y x? + 6x — 8, y= 0; about the y-axis 


43. y=x?-—2x, y= 


pea 54. y x? + 6x — 8, y= 0; about the x-axis 
DR E cay’ 
iiye y= net 55. y x 1, y= 2; about the x-axis 


56. y? — x? = 1, y=2; about the y-axis 


45-46 Use a computer algebra system to find the exact volume 67) x? + (y — 1? = 1; about the y-axis 
of the solid obtained by rotating the region bounded by the given 


(ye BY ge Save = 
curves about the specified line. 58. x= (y = 3)’, x= 4; abouty = 1 


45. y =sin’x, y = sinfx, 0 Sx Sr; about x = 7/2 59. x=(y- 1), x-y=1; aboutx= -1 


46. y = x°sinx, y=0, 0<x<7; aboutx = -1 : 
60. Let T be the triangular region with vertices (0, 0), (1, 0), 


and (1, 2), and let V be the volume of the solid generated 


47-52 A solid is obtained by rotating the shaded region about when T is rotated about the line x = a, where a > 1. 
the specified line. Express a in terms of V. 

Set integral usi thod to find the vol f 
(a) aed la A aa E aie 61-63 Use cylindrical shells to find the volume of the solid. 
(b) Evaluate the integral to find the volume of the solid. 61. A sphere of radius r 
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62. The solid torus of Exercise 6.2.75 radius r through the center of a sphere of radius R and 
express the answer in terms of h. 


| 


63. A right circular cone with height h and base radius r 


64. Suppose you make napkin rings by drilling holes with differ- 
ent diameters through two wooden balls (which also have dif- 
ferent diameters). You discover that both napkin rings have 
the same height h, as shown in the figure. 

(a) Guess which ring has more wood in it. 
(b) Check your guess: use cylindrical shells to compute the 
volume of a napkin ring created by drilling a hole with 


6.4 | Work 


The term work is used in everyday language to mean the total amount of effort required 
to perform a task. In physics it has a technical meaning that depends on the idea of a 
force. Intuitively, you can think of a force as describing a push or pull on an object—for 
example, a horizontal push of a book across a table or the downward pull of the earth’s 
gravity on a ball. In general, if an object moves along a straight line with position func- 
tion s(t), then the force F on the object (in the same direction) is given by Newton’s 
Second Law of Motion as the product of its mass m and its acceleration a: 


[1] F = ma = Pa 


In the SI metric system, the mass is measured in kilograms (kg), the displacement in 
meters (m), the time in seconds (s), and the force in newtons (N = kg-m/s’). Thus 
a force of 1 N acting on a mass of 1 kg produces an acceleration of 1 m/s?. In the US 
Customary system the fundamental unit is chosen to be the unit of force, which is the 
pound. 

In the case of constant acceleration, the force F is also constant and the work done is 
defined to be the product of the force F and the distance d that the object moves: 


[2] W = Fd work = force X distance 


If F is measured in newtons and d in meters, then the unit for W is a newton-meter, which 
is called a joule (J). If F is measured in pounds and d in feet, then the unit for W is a 
foot-pound (ft-lb), which is about 1.36 J. 


EXAMPLE 1 


(a) How much work is done in lifting a 1.2-kg book off the floor to put it on a desk that 
is 0.7 m high? Use the fact that the acceleration due to gravity is g = 9.8 m/s’. 
(b) How much work is done in lifting a 20-lb weight 6 ft off the ground? 


SOLUTION 
(a) The force exerted is equal and opposite to that exerted by gravity, so Equation 1 
gives 

F = mg = (1.2)(9.8) = 11.76N 


and then Equation 2 gives the work done as 


W = Fd = (11.76 N)(0.7 m) = 8.2J 
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ANNE 


> 
Frictionless Q x 
surface 
(a) Natural position of spring 
f(x) = kx 
> 
INNNNNNN 
+ > 
0 x ka 


(b) Stretched position of spring 


FIGURE 1 


Hooke’s Law 


(b) Here the force is given as F = 20 lb, so the work done is 
W = Fd = (20 lb)(6 ft) = 120 ft-lb 


Notice that in part (b), unlike part (a), we did not have to multiply by g because we 
were given the weight (which is a force) and not the mass of the object. E 


Equation 2 defines work as long as the force is constant, but what happens if the force 
is variable? Let’s suppose that the object moves along the x-axis in the positive direction, 
from x = ato x = b, and at each point x between a and b a force f(x) acts on the object, 
where f is a continuous function. We divide the interval [a, b] into n subintervals with 
endpoints xo, X1, -. ., Xn and equal width Ax. We choose a sample point x* in the ith 
subinterval [x;-1, x; ]. Then the force at that point is f(x*). If n is large, then Ax is small, 
and since f is continuous, the values of f don’t change very much over the interval 
[x;-1, xi]. In other words, f is almost constant on the interval and so the work W; that is 
done in moving the particle from x;-; to x; is approximately given by Equation 2: 


W; ~ f(x?) Ax 


Thus we can approximate the total work by 


[3] W = > FG?) Ax 


It seems that this approximation becomes better as we make n larger. Therefore we define 
the work done in moving the object from a to b as the limit of this quantity as n > ~, 
Since the right side of (3) is a Riemann sum, we recognize its limit as being a definite 
integral and so 


[a] W= lin Se= Wie dx 


co . 
n>% j=] 


EXAMPLE 2 When a particle is located a distance x feet from the origin, a force of 
x? + 2x pounds acts on it. How much work is done in moving it from x = 1 to x = 3? 


3 3 
w= f o+ armia ae 
1 3 


SOLUTION — 
i 3 


The work done is 164 ft-Ib. E 


In the next example we use a law from physics. Hooke’s Law states that the force 
required to maintain a spring stretched x units beyond its natural length is proportional 
to x: 


where k is a positive constant called the spring constant (see Figure 1). Hooke’s Law 
holds provided that x is not too large. 


EXAMPLE3 A force of 40 N is required to hold a spring that has been stretched from 
its natural length of 10 cm to a length of 15 cm. How much work is done in stretching 
the spring from 15 cm to 18 cm? 
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0 
E 
E 
x* ii 
' I 
T 
ri 
100 | 
XY 
FIGURE 2 


If we had placed the origin at 
the bottom of the cable and the 
x-axis upward, we would have 
gotten 


w= j” 2(100 — x) dx 
0 


which gives the same answer. 
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SOLUTION According to Hooke’s Law, the force required to hold the spring stretched 
x meters beyond its natural length is f(x) = kx. When the spring is stretched from 10 cm 
to 15 cm, the amount stretched is 5 cm = 0.05 m. This means that f(0.05) = 40, so 


0.05k = 40 k = jx = 800 


Thus f(x) = 800x and the work done in stretching the spring from 15 cm to 18 cm is 


w= [°" g00xdx = 800 © g 
T ba PAET 2 


0.05 


= 400[(0.08)? — (0.05)}] = 1.56 J a 


EXAMPLE 4 A 200-Ib cable is 100 ft long and hangs vertically from the top of a tall 
building. 

(a) How much work is required to lift the cable to the top of the building? 

(b) How much work is required to pull up only 20 feet of the cable? 


SOLUTION 
(a) One method is to use an argument similar to the one that led to Definition 4. [For 
another method, see Exercise 14(b).] 

Let’s place the origin at the top of the building and the x-axis pointing downward as 
in Figure 2. We divide the cable into small parts with length Ax. If x# is a point in the 
ith such interval, then all points in the interval are lifted by approximately the same 
amount, namely x¥. The cable weighs 2 pounds per foot, so the weight of the ith part is 
(2 Ib/ft)(Ax ft) = 2 Ax lb. Thus the work done on the ith part, in foot-pounds, is 


(2Ax) + xf = 2x* Ax 


i — 
force distance 


We get the total work done by adding all these approximations and letting the 
number of parts become large (so Ax 0): 


no - 


W= lim > 2x* Ax = ie 2x dx 
i=1 


= x2] = 10,000 feb 


(b) The work required to move the top 20 ft of cable to the top of the building is 
computed in the same manner as part (a): 


20 
Wi = |” 2xdx = x°], = 400 feib 


Every part of the lower 80 ft of cable moves the same distance, namely 20 ft, so the 
work done is 


W= lim È (20 52 sx) = i 40 dx = 3200 ft-lb 
nO i= —— SS" 20 
distance force 
(Alternatively, we can observe that the lower 80 ft of cable weighs 80 + 2 = 160 lb and 
moves uniformly 20 ft, so the work done is 160 + 20 = 3200 ft-lb.) 
The total work done is W; + W: = 400 + 3200 = 3600 ft-lb. a 
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EXAMPLE 5 A tank has the shape of an inverted circular cone with height 10 m and 
base radius 4 m. It is filled with water to a height of 8 m. Find the work required to 
empty the tank by pumping all of the water to the top of the tank. (The density of water 
is 1000 kg/m*.) 


SOLUTION Let’s measure depths from the top of the tank by introducing a vertical 
coordinate line as in Figure 3. The water extends from a depth of 2 m to a depth 
of 10 m and so we divide the interval [2, 10] into n subintervals with endpoints 
Xo, X1,...,Xn and choose x* in the ith subinterval. This divides the water into n layers. 
The ith layer is approximated by a circular cylinder with radius r; and height Ax. We 
can compute 7; from similar triangles, using Figure 4, as follows: 

Vi 4 


2 * 
— EA = 210 — xt 
10-x* 10 = Nea) 


Thus an approximation to the volume of the ith layer of water is 


ae 4T 
V; ~ mr? Ax = — (10 — x*)? Ax 
FIGURE 3 25 
and so its mass is 
4 m; = density X volume 
= 
4m #)2 *)2 
= 1000: z — xřľ Ax = 1607(10 — x#*)? Ax 
10 The force required to raise this layer must overcome the force of gravity and so 
il F; = mg = (9.8)1607(10 — x#*)? Ax 
10 — x;* 
| j = 15687 (10 — x¥} Ax 
= Each particle in the layer must travel a distance upward of approximately x¥. The 
FIGURE 4 work W; done to raise this layer to the top is approximately the product of the force F; 
and the distance x*: 
W; = F;x¥ ~ 1568mx¥(10 — x¥)? Ax 
To find the total work done in emptying the entire tank, we add the contributions of 
each of the n layers and then take the limit as n — ©: 
n 10 
W = lim > 1568ax#(10 — xř} Ax = f 15687x(10 — x? dx 
n>% i=] 
10 
10 2 3 2 20x 3 x A 
= 15682 |" (100x — 20x? + x°) dx = 15682] 50x? - [— + = 
2 
= 15687 (%8) = 3.4 x 10°5 a 
6.4 | Exercises 

1. How much work is done when a weight lifter lifts 200 kg the work done in moving the object from x = 1 ft 
from 1.5 m to 2.0 m above the ground? tox = 10 ft. 

2. Compute the work done in hoisting an 1100-Ib grand 4. A variable force of Ax newtons moves a particle along a 
piano from the ground up to the third floor, 35 feet above straight path when it is x meters from the origin. Calculate the 
the ground. work done in moving the particle from x = 4 tox = 16. 

3. A variable force of 5x? pounds moves an object along 5. Shown is the graph of a force function (in newtons) that 
a straight line when it is x feet from the origin. Calculate increases to its maximum value and then remains constant. 
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How much work is done by the force in moving an object a 
distance of 8 m? 


|| 
Li] i 
0 1 2 3 4 5 6 7 8 x(m) 


6. The table shows values of a force function f(x), where x is 
measured in meters and f(x) in newtons. Use the Midpoint 
Rule to estimate the work done by the force in moving an 
object from x = 4 to x = 20. 


X 4 6 8 | 10 | 12 | 14 | 16 | 18 | 20 


f(x) | 5 |58 | 7.0 |88 | 9.6 | 8.2 | 6.7 | 5.2 | 4.1 


(72) A force of 10 Ib is required to hold a spring stretched 4 in. 
beyond its natural length. How much work is done in stretch- 
ing it from its natural length to 6 in. beyond its natural 
length? 


8. A spring has a natural length of 40 cm. If a 60-N force is 
required to keep the spring compressed 10 cm, how much 
work is done during this compression? How much work is 
required to compress the spring to a length of 25 cm? 


9. Suppose that 2 J of work is needed to stretch a spring from its 
natural length of 30 cm to a length of 42 cm. 
(a) How much work is needed to stretch the spring from 
35 cm to 40 cm? 
(b) How far beyond its natural length will a force of 30 N 
keep the spring stretched? 


10. Ifthe work required to stretch a spring 1 ft beyond its natural 
length is 12 ft-lb, how much work is needed to stretch it 9 in. 
beyond its natural length? 


11. A spring has natural length 20 cm. Compare the work W, 
done in stretching the spring from 20 cm to 30 cm with the 
work W: done in stretching it from 30 cm to 40 cm. How are 
W, and W; related? 


12. If 6 J of work is needed to stretch a spring from 10 cm to 
12 cm and another 10 J is needed to stretch it from 12 cm 
to 14 cm, what is the natural length of the spring? 


13-22 Show how to approximate the required work by a Riemann 
sum. Then express the work as an integral and evaluate it. 


B) A heavy rope, 50 ft long, weighs 0.5 lb/ft and hangs over the 
edge of a building 120 ft high. 
(a) How much work is done in pulling the rope to the top of 
the building? 
(b) How much work is done in pulling half the rope to the 
top of the building? 
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14. A thick cable, 60 ft long and weighing 180 lb, hangs from a 
winch on a crane. Compute in two different ways the work 
done if the winch winds up 25 ft of the cable. 

(a) Follow the method of Example 4. 

(b) Write a function for the weight of the remaining cable 
after x feet has been wound up by the winch. Estimate 
the amount of work done when the winch pulls up 
Ax feet of cable. 


15. A cable that weighs 2 lb/ft is used to lift 800 Ib of coal up a 
mine shaft 500 ft deep. Find the work done. 


16. A chain lying on the ground is 10 m long and its mass is 
80 kg. How much work is required to raise one end of the 
chain to a height of 6 m? 


17. A 10-ft chain weighs 25 lb and hangs from a ceiling. Find the 
work done in lifting the lower end of the chain to the ceiling 
so that it is level with the upper end. 


18. A 0.4-kg model rocket is loaded with 0.75 kg of rocket fuel. 
After launch, the rocket rises at a constant rate of 4 m/s but 
the rocket fuel is dissipated at a rate of 0.15 kg/s. Find the 
work done in propelling the rocket 20 m above the ground. 


19. A leaky 10-kg bucket is lifted from the ground to a height of 
12 m at a constant speed with a rope that weighs 0.8 kg/m. 
Initially the bucket contains 36 kg of water, but the water 
leaks at a constant rate and finishes draining just as the bucket 
reaches the 12-m level. How much work is done? 


20. A circular swimming pool has a diameter of 24 ft, the sides 
are 5 ft high, and the depth of the water is 4 ft. How much 
work is required to pump all of the water out over the side? 
(Use the fact that water weighs 62.5 1b/ft°.) 


(A) An aquarium 2 m long, 1 m wide, and 1 m deep is full of 
water. Find the work needed to pump half of the water out of 
the aquarium. (Use the fact that the density of water is 
1000 kg /m’°.) 


22. A spherical water tank, 24 ft in diameter, sits atop a 60-ft-tall 
tower. The tank is filled by a hose attached to the bottom of 
the sphere. If a 1.5-horsepower pump is used to deliver water 
up to the tank, how long will it take to fill the tank? (One 
horsepower = 550 ft-lb of work per second.) 


23-26 A tank is full of water. Find the work required to pump 
the water out of the spout. In Exercises 25 and 26 use the fact that 
water weighs 62.5 1b/ft. 


23. p k3m>| 24. Fim 
EJ 2 | \ 
2m 1 \ 

A, 
3 
3m . | a | 


8m 
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l a 26. pin 
E 
+> > “a 
y A / ot Cis 
8 ft 1 a 


M10 ft. 


o ee a 


frustum of a cone 


28. 


29. 


30. 


FY 27. 


Suppose that for the tank in Exercise 23 the pump breaks 
down after 4.7 X 10° J of work has been done. What is 
the depth of the water remaining in the tank? 


Solve Exercise 24 if the tank is half full of oil that has a 
density of 900 kg/m’. 


When gas expands in a cylinder with radius r, the pressure 
at any given time is a function of the volume: P = P(V). 
The force exerted by the gas on the piston (see the figure) 
is the product of the pressure and the area: F = mr°P. 
Show that the work done by the gas when the volume 
expands from volume V; to volume V; is 


w= |" Pav 


els 


piston head 


In a steam engine the pressure P and volume V of steam sat- 
isfy the equation PV'* = k, where k is a constant. (This is true 
for adiabatic expansion, that is, expansion in which there is no 
heat transfer between the cylinder and its surroundings.) Use 
Exercise 29 to calculate the work done by the engine during a 
cycle when the steam starts at a pressure of 160 Ib/in* and a 
volume of 100 in’ and expands to a volume of 800 in’. 


31-33 Work-Energy Theorem The kinetic energy KE of an 
object of mass m moving with velocity v is defined as KE = tnw z 
If a force f(x) acts on the object, moving it along the x-axis from 
xı to x2, the Work-Energy Theorem states that the net work done is 
equal to the change in kinetic energy: tmv? = 5mv?, where vı is 
the velocity at xı and v is the velocity at x2. 


31. 


Let x = s(t) be the position function of the object at 

time ¢ and v(t), a(t) the velocity and acceleration functions. 
Prove the Work-Energy Theorem by first using the Substitu- 
tion Rule for Definite Integrals (5.5.6) to show that 


W= |" fa) dx = SFO) vO at 


Then use Newton’s Second Law of Motion 
(force = mass X acceleration) and the substitution 
u = v(t) to evaluate the integral. 


32. 


33. 


How much work (in ft-lb) is required to hurl a 12-lb bowl- 
ing ball at 20 mi/h? (Note: Divide the weight in pounds by 
32 ft/s’, the acceleration due to gravity, to find the mass, 
measured in slugs.) 


Suppose that when launching an 800-kg roller coaster car 
an electromagnetic propulsion system exerts a force of 
(5.7x? + 1.5x) newtons on the car at a distance x meters 
along the track. Use Exercise 31 to find the speed of the car 
when it has traveled 60 meters. 


34. 


35. 


36. 


When a particle is located a distance x meters from the ori- 
gin, a force of cos(7x/3) newtons acts on it. How much 
work is done in moving the particle from x = 1 to x = 2? 
Interpret your answer by considering the work done from 
x = 1tox = 1.5 and from x = 1.5 tox = 2. 


(a) Newton’s Law of Gravitation states that two bodies 
with masses m, and m attract each other with a force 


mM ım 


2 


r 


F=G 


where r is the distance between the bodies and G 
is the gravitational constant. If one of the bodies is 
fixed, find the work needed to move the other from 
r=ator=b. 

(b) Compute the work required to launch a 1000-kg 
satellite vertically to a height of 1000 km. You may 
assume that the earth’s mass is 5.98 X 10% kg 
and is concentrated at its center. Take the 
radius of the earth to be 6.37 X 10° m and 
G = 6.67 X 10`" N-m?/keg? 


The Great Pyramid of King Khufu was built of limestone in 
Egypt over a 20-year time period from 2580 Bc to 2560 Bc. 
Its base is a square with side length 756 ft and its height 
when built was 481 ft. (It was the tallest man-made struc- 
ture in the world for more than 3800 years.) The density of 
the limestone is about 150 Ib/ft*. 
(a) Estimate the total work done in building the pyramid. 
(b) If each laborer worked 10 hours a day for 20 years, for 
340 days a year, and did 200 ft-lb/h of work in lifting 
the limestone blocks into place, about how many 
laborers were needed to construct the pyramid? 


Vladimir Korostyshevskiy / Shutterstock.com 
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SECTION 6.5 Average Value of a Function 473 


6.5 | Average Value of a Function 


It is easy to calculate the average value of finitely many numbers y1, yo, ... , Yn! 


Yı t yo tees t yn 
JYavg = m 


TA But how do we compute the average temperature during a day if infinitely many tem- 
perature readings are possible? Figure 1 shows the graph of a temperature function T(t), 
where ¢ is measured in hours and T in °C, and a guess at the average temperature, Tavg. 

In general, let’s try to compute the average value of a function y = f(x),a <x <b. 
We start by dividing the interval [a, b] into n equal subintervals, each with length 
Ax = (b — a)/n. Then we choose points x¥, .. . , x¥ in successive subintervals and cal- 
culate the average of the numbers f(x7‘),..., f(x#): 


FO) + ++ + fa") 
FIGURE 1 n 


(For example, if f represents a temperature function and n = 24, this means that we take 
temperature readings every hour and then average them.) Since Ax = (b — a)/n, we can 
write n = (b — a)/Ax and the average value becomes 


flat) teet f 1 
b-a b= 
Ax 


—L flat) + +++ + faa] Ax 


= [fat Ax + + fla Ax] 


“3 f(x?) Ax 


b-a iz 


If we let n increase, we would be computing the average value of a large number of 
closely spaced values. (For example, we would be averaging temperature readings taken 
every minute or even every second.) The limiting value is 


n 


in S es - 4 f(x) dx 


n>% b — @ jay 


by the definition of a definite integral. 
Therefore we define the average value of f on the interval [a, b] as 


For a positive function, we can think 
of this definition as saying 1 


b 
area TE Save = re f(x) dx 
width > average heig 


EXAMPLE 1 Find the average value of the function f(x) = 1 + x? on the 
interval [—1, 2]. 


SOLUTION With a = —1 and b = 2 we have 


fa = [° fla) dx = 


avg — 
b-a 


1 2 nad ei 
Freep Jd tax a i 2 E 


If T(t) is the temperature at time t, we might wonder if there is a specific time when 
the temperature is the same as the average temperature. For the temperature function 
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graphed in Figure 1, we see that there are two such times—just before noon and just 
before midnight. In general, is there a number c at which the value of a function f is 
exactly equal to the average value of the function, that is, f(c) = fay? The following 
theorem says that this is true for continuous functions. 


The Mean Value Theorem for Integrals If f is continuous on [a, b], then there 
exists a number c in [a, b] such that 


AO) = foe = =— fF) x 


that is, P f(x) dx = f(b — a) 


The Mean Value Theorem for Integrals is a consequence of the Mean Value Theorem 
for derivatives and the Fundamental Theorem of Calculus. The proof is outlined in Exer- 
You can always chop off the top of a cise 28. a : . 
(two-dimensional) mountain at a cer- The geometric interpretation of the Mean Value Theorem for Integrals is that, for 
tain height (namely, fw) and use it to positive functions f, there is a number c such that the rectangle with base [a, b] and 
fillin the valleys so that the mountain height f(c) has the same area as the region under the graph of f from a to b. (See 
becomes completely flat. Figure 2 and the more picturesque interpretation in the margin note.) 


FIGURE 2 


EXAMPLE 2 Since f(x) = 1 + x’ is continuous on the interval [—1, 2], the Mean 
Value Theorem for Integrals says there is a number c in[—1, 2] such that 


[), d+ 8) dx =s0L2 N 


In this particular case we can find c explicitly. From Example 1 we know that five = 2, 
so the value of c satisfies 


fle) = fave = 2 


a Therefore 1+c?=2 so c=1 
Jag 


So in this case there happen to be two numbers c = +1 in the interval [—1, 2] that 
work in the Mean Value Theorem for Integrals. E 


+1 1 2 


FIGURE 3 Examples 1 and 2 are illustrated by Figure 3. 


EXAMPLE 3 Show that the average velocity of a car over a time interval [t;, t] is the 
same as the average of its velocities during the trip. 


SOLUTION If s(t) is the displacement of the car at time ż, then, by definition, the 


average velocity of the car over the interval is 


As _ s(t) — s(t) 
At b-t 
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SECTION 6.5 Average Value of a Function 475 
On the other hand, the average value of the velocity function on the interval is 
1 h 1 h 
Vays = “v(t) dt = [se dt 
= more! g h — fi Jh g 
1 
= 7 7 [s(t2) — s(ti)] (by the Net Change Theorem) 
27> 4 
S(h) — sit 
2) i) average velocity E 


b= ht 


6.5 | Exercises 


1-8 Find the average value of the function on the given interval. 
@ f(s) = 3x? + 8x, [-1,2] 

2. f(x) = vx, [0,4] 

3. g(x) =3cosx, [—7/2, 7/2] 


4 f=. BA 


9 
5. g(t) = 1 =f pr’ [0, 2] 
6. f(x) = @ +3 [-1, 1] 
@ h(x) = cos*x sin x, [0, 7] 
ena Si 
9-12 


(a) Find the average value of f on the given interval. 

(b) Find c in the given interval such that five = f(c). 

(c) Sketch the graph of f and a rectangle whose base is the given 
interval and whose area is the same as the area under the 
graph of f. 


@/0=1/°, [1,3] 
10. g(x) = (x + 1)», [0,2] 


A411. f(x) =2sinx — sin 2x, [0, 7] 
F412. f(x) = 2xe™, [0,2] 


13. If f is continuous and Ñ f(x) dx = 8, show that f takes 
on the value 4 at least once on the interval [1, 3]. 


14. Find the numbers b such that the average value of 
f(x) =2 + 6x — 3x° on the interval [0, b] is equal to 3. 


15. Find the average value of f on [0, 8]. 


16. The velocity graph of an accelerating car is shown. 
(a) Use the Midpoint Rule to estimate the average 
velocity of the car during the first 12 seconds. 
(b) At what time was the instantaneous velocity equal 
to the average velocity? 


vA (km/h) 


60 


40 


20 


0 4 8 12 t (seconds) 


@ In a certain city the temperature (in °F) t hours after 
9 AM was modeled by the function 


T) = 50 + 14 sin 
sın 12 


Find the average temperature during the period from 
9 AM to 9 PM. 


18. The figure shows graphs of the temperatures for a city on the 
East Coast and a city on the West Coast during a 24-hour 
period starting at midnight. Which city had the highest tem- 
perature that day? Find the average temperature during this 
time period for each city using the Midpoint Rule with 
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(b) What is the average temperature of the coffee during the 
first half hour? 


n = 12. Interpret your results; which city was “warmer” 
overall that day? 


Use the result of Exercise 5.5.89 to compute the average vol- 
ume of inhaled air in the lungs in one respiratory cycle. 


T: 
80 


(°F) 23. 


70 24. If a freely falling body starts from rest, then its displace- 
ment is given by s = Sgt’. Let the velocity after a time T 

60 be vr. Show that if we compute the average of the 

m velocities with respect to t we get Vavg = tor, but if we 
compute the average of the velocities with respect to s 

2 
40 we get Vays = §0r. 
Le hours) 25. Use the diagram to show that if f is concave upward 


on [a, b], then 


19. The linear density in a rod 8 m long is 12/yx + 1 kg/m, 
where x is measured in meters from one end of the rod. Find 
the average density of the rod. 


a+b 
fos >t 
20. The velocity v of blood that flows in a blood vessel with YA 
radius R and length / at a distance r from the central axis is f 


w= 


where P is the pressure difference between the ends of the 


21. 


vessel and 7 is the viscosity of the blood (see Example 3.7.7). 0 a a+b 4 z 

Find the average velocity (with respect to r) over the interval 2 

0 < r < R. Compare the average velocity with the maximum 

velocity. 26-27 Let fae[a, b] denote the average value of f on the 


In Example 3.8.1 we modeled the world population 
in the second half of the 20th century by the equation 


interval [a, b]. 


26. Show that ifa < c < b, then 


P(t) = 2560e°"'”!**", Use this equation to estimate the aver- 
age world population during this time period (1950-2000). 


C= a4 b= 
22. (a) A cup of coffee has temperature 95°C and takes forsla, b] = ( b-a ) fovela, c] + ( b-a ) fovele, b] 
30 minutes to cool to 61°C in a room with temper- 
ature 20°C. Use Newton’s Law of Cooling (Sec- 

tion 3.8) to show that the temperature of the coffee 


after t minutes is 


T(t) = 20 + 75e™ 


27. Show that if f is continuous, then lim,..+ favela, t] = f(a). 


28. Prove the Mean Value Theorem for Integrals by applying the 
Mean Value Theorem for derivatives (see Section 4.2) to the 


where k = 0.02. function F(x) = È f(t) dt. 


APPLIED PROJECT | CALCULUS AND BASEBALL 


In this project we explore three of the many applications of calculus to baseball. The physical 
interactions of the game, especially the collision of ball and bat, are quite complex and their 
models are discussed in detail in a book by Robert Adair, The Physics of Baseball, 3d ed. 
(New York, 2002). 


1. It may surprise you to learn that the collision of baseball and bat lasts only about a thou- 
sandth of a second. Here we calculate the average force on the bat during this collision by 
first computing the change in the ball’s momentum. 
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APPLIED PROJECT Calculus and Baseball 477 


The momentum p of an object is the product of its mass m and its velocity v, that is, 
p = mv. Suppose an object, moving along a straight line, is acted on by a force F = F(t) 
that is a continuous function of time. 
(a) Show that the change in momentum over a time interval [żo, tı | is equal to the integral 


——>——-—-/) | 

l of F from t to tı; that is, show that 

1i 

: 4 

fin) = a = || 1) ah 
"n pln) ~ plto) = | Fl) 
6 
e e This integral is called the impulse of the force over the time interval. 
& (b) A pitcher throws a 90-mi/h fastball to a batter, who hits a line drive directly back 


Batter sbox to the pitcher. The ball is in contact with the bat for 0.001 s and leaves the bat with 


velocity 110 mi/h. A baseball weighs 5 oz and, in US Customary units, its mass is 
measured in slugs: m = w/g, where g = 32 ft/s”. 
(i) Find the change in the ball’s momentum. 


An overhead view of the position of (ii) Find the average force on the bat. 


a baseball bat, shown every fiftieth 
of a second during a typical swing. 2. In this problem we calculate the work required for a pitcher to throw a 90-mi/h fastball by 
(Adapted from The Physics of Baseball) first considering kinetic energy. i 
The kinetic energy K of an object of mass m and velocity v is given by K = zm’. 
Suppose an object of mass m, moving in a straight line, is acted on by a force F = F(s) 
that depends on its position s. According to Newton’s Second Law 


F(s) dv 
s) = ma = m — 
dt 
where a and v denote the acceleration and velocity of the object. 
(a) Show that the work done in moving the object from a position so to a position sı is 
equal to the change in the object’s kinetic energy; that is, show that 


W= i F(s) ds = 3mv?— mv? 
So 
where vp = v(so) and vı = v(s;) are the velocities of the object at the positions so 


and sı. Hint: By the Chain Rule, 


dv dv ds dv 
ie Chd a 


m 


(b) How many foot-pounds of work does it take to throw a baseball at a speed of 
90 mi/h? 


3. (a) An outfielder fields a baseball 280 ft away from home plate and throws it directly 
to the catcher with an initial velocity of 100 ft/s. Assume that the velocity v(t) of 
the ball after ¢ seconds satisfies the differential equation dv/dt = —jyv because of air 
resistance. How long does it take for the ball to reach home plate? (Ignore any verti- 
cal motion of the ball.) 

(b) The manager of the team wonders whether the ball will reach home plate sooner if it is 
relayed by an infielder. The shortstop can position himself directly between the out- 
fielder and home plate, catch the ball thrown by the outfielder, turn, and throw the ball 
to the catcher with an initial velocity of 105 ft/s. The manager clocks the relay time of 
the shortstop (catching, turning, throwing) at half a second. How far from home plate 
should the shortstop position himself to minimize the total time for the ball to reach 
home plate? Should the manager encourage a direct throw or a relayed throw? What if 
the shortstop can throw at 115 ft/s? 

(c) For what throwing velocity of the shortstop does a relayed throw take the same time as 
a direct throw? 
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APPLIED PROJECT WHERE TO SIT AT THE MOVIES 


A movie theater has a screen that is positioned 10 ft off the floor and is 25 ft high. The 

first row of seats is placed 9 ft from the screen and the rows are set 3 ft apart. The floor of 
the seating area is inclined at an angle of a = 20° above the horizontal and the distance up 
the incline that you sit is x. The theater has 21 rows of seats, so 0 S x = 60. Suppose you 
decide that the best place to sit is in the row where the angle 0 subtended by the screen at 
your eyes is a maximum. Let’s also suppose that your eyes are 4 ft above the floor, as shown 


in the figure. (In Exercise 4.7.84 we looked at a simpler version of this problem, where the 


Sa floor is horizontal, but this project involves a more complicated situation and requires 


DA technology.) 


25 ft =~ 1. Show that 


where 


and 


= (9 + xcosa)? + (31 — xsina)’ 


b? = (9 + xcos æ} + (x sina — 6)? 


2. Use a graph of 0 as a function of x to estimate the value of x that maximizes 0. In which 
row should you sit? What is the viewing angle 0 in this row? 


o 


Use a computer algebra system to differentiate 0 and find a numerical value for the root of 


the equation dð /dx = 0. Does this value confirm your result in Problem 2? 


4. Use the graph of 0 to estimate the average value of 0 on the interval 0 < x < 60. Then use 
a computer algebra system to compute the average value. Compare with the maximum and 


minimum values of 8. 


WJ review 


CONCEPT CHECK 


Answers to the Concept Check are available at StewartCalculus.com. 


1. (a) Draw two typical curves y = f(x) and y = g(x), where 
f(x) = g(x) for a S x < b. Show how to approximate 
the area between these curves by a Riemann sum and 
sketch the corresponding approximating rectangles. Then 
write an expression for the exact area. 

(b) Explain how the situation changes if the curves have 
equations x = f(y) and x = g(y), where f(y) = g(y) 
forc<y<d. 


2. Suppose that Sue runs faster than Kathy throughout a 
1500-meter race. What is the physical meaning of the area 
between their velocity curves for the first minute of the race? 


3. (a) Suppose S is a solid with known cross-sectional areas. 
Explain how to approximate the volume of S$ by a 
Riemann sum. Then write an expression for the exact 
volume. 


(b) If Sis a solid of revolution, how do you find the cross- 
sectional areas? 


4. (a) What is the volume of a cylindrical shell? 
(b) Explain how to use cylindrical shells to find the volume 
of a solid of revolution. 
(c) Why might you want to use the shell method instead of 
the disk or washer method? 


5. Suppose that you push a book across a 6-meter-long table by 
exerting a force f(x) at each point from x = 0 to x = 6. What 
does f$ f(x) dx represent? If f(x) is measured in newtons, 
what are the units for the integral? 


6. (a) What is the average value of a function f on an 
interval [a, b]? 
(b) What does the Mean Value Theorem for Integrals say? 
What is its geometric interpretation? 
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Determine whether the statement is true or false. If it is true, 
explain why. If it is false, explain why or give an example that 
disproves the statement. 


1. The area between the curves y = f(x) and y = g(x) for 
a<x<bisA = |?[ f(x) — g(x)] dx. 


2. A cube is a solid of revolution. 


3. If the region bounded by the curves y = ./x and y= xis 
revolved about the x-axis, then the volume of the resulting 
solid is V = fọ a(/x — x) dx. 


4-9 Let R be the region shown. 


á y= f(x) 


R 


0 | a b f 


4. If R is revolved about the y-axis, then the volume of the 
resulting solid is V = |? 2arx f(x) dx. 


EXERCISES 


. If R is revolved about the x-axis, then the volume of the 


resulting solid is V = |? w[ f(x) dx. 


. If R is revolved about the x-axis, then vertical cross-sections 


perpendicular to the x-axis of the resulting solid are disks. 


. If R is revolved about the y-axis, then horizontal cross- 


sections of the resulting solid are cylindrical shells. 


. The volume of the solid obtained by revolving & about the 


line x = —2 is the same as the volume of the solid obtained 
by revolving R about the y-axis. 


. If R is the base of a solid S and cross-sections of S per- 


pendicular to the x-axis are squares, then the volume of S 
isV= ie [fF dx. 


10. 


11. 


A cable hangs vertically from a winch located at the top of a 
tall building. The work required for the winch to pull up the 
top half of the cable is half of the work required to pull up 
the entire cable. 


If |; f(x) dx = 12, then the average value of f on [2, 5] 
is 4. 


1-6 Find the area of the region bounded by the given curves. 


ly=x’, y=8x-—x? 


0, x=y + 3y 
y =x? — 2x 


x=2 


. y = sin(ax/2), 


y= yx, =a 


a we wN 
= 
Sa 


7-11 Find the volume of the solid obtained by rotating the region 


bounded by the given curves about the specified axis. 

7. y=2x, y=x*; about the x-axis 
8. x=1 +y’, y=x-— 3; about the y-axis 
9.x =0,x=9-—y*; aboutx = —1 


10. y=x°+1, y=9-x*; abouty = —1 


11. x? — y? =a’, x=a +h (wherea > 0, h > 0); 
about the y-axis 


12-14 Set up, but do not evaluate, an integral for the volume of 
the solid obtained by rotating the region bounded by the given 
curves about the specified axis. 


12. y = tan x, y =x, x= 7/3; about the y-axis 


13. 
14. 


x| = 7/2, y= 4 aboutx = 7/2 


= 2 
y = cos’x, 


y=Inx, y=0, x=4; aboutx = -1 


15-16 The region bounded by the given curves is rotated about 
the specified axis. Find the volume of the solid using (a) x as the 
variable of integration and (b) y as the variable of integration. 


15 


16. 


y =x?, y= 3x7; aboutx = —1 


y= vx, y=x?; about y = 3 


17. 


18. 


19. 


Find the volumes of the solids obtained by rotating the region 
bounded by the curves y = x and y = x’ about the following 
lines. 

(a) The x-axis 


(b) The y-axis (c) y=2 


Let R be the region in the first quadrant bounded by the 
curves y = x° and y = 2x — x’. Calculate the following 
quantities. 

(a) The area of R 

(b) The volume obtained by rotating R about the x-axis 
(c) The volume obtained by rotating about the y-axis 


Let R be the region bounded by the curves y = tan(x*), 
x = 1, and y = 0. Use the Midpoint Rule with n = 4 to 
estimate the following quantities. 

(a) The area of R 

(b) The volume obtained by rotating R about the x-axis 
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FY 20. 


CHAPTER6 Applications of Integration 


Let R be the region bounded by the curves y = 1 — x? and 

y =x° — x + 1. Estimate the following quantities. 

(a) The x-coordinates of the points of intersection of the 
curves 

(b) The area of R 

(c) The volume generated when & is rotated about the 
X-axis 

(d) The volume generated when & is rotated about the 
y-axis 


21-24 Each integral represents the volume of a solid. Describe 
the solid. 


21. 


22. 


23. 


24. 


o 27x cos x dx 
[e n 

p 2a cos™x dx 

f m(2 — sin x)? dx 
JO 


[i 2m6 = 34y = y’) dy 


25. 


26. 


27. 


28. 


29. 


The base of a solid is a circular disk with radius 3. Find the 
volume of the solid if parallel cross-sections perpendicular 
to the base are isosceles right triangles with hypotenuse 
lying along the base. 


The base of a solid is the region bounded by the parabolas 
y =x’ and y = 2 — x”. Find the volume of the solid if the 
cross-sections perpendicular to the x-axis are squares with 
one side lying along the base. 


The height of a monument is 20 m. A horizontal cross- 
section at a distance x meters from the top is an equilateral 
triangle with side ix meters. Find the volume of the 
monument. 


(a) The base of a solid is a square with vertices located at 
(1, 0), (0, 1), (—1, 0), and (0, — 1). Each cross-section 
perpendicular to the x-axis is a semicircle. Find the 
volume of the solid. 

(b) Show that the volume of the solid of part (a) can be 
computed more simply by first cutting the solid and 
rearranging it to form a cone. 


A force of 30 N is required to maintain a spring stretched 
from its natural length of 12 cm to a length of 15 cm. How 
much work is done in stretching the spring from 12 cm 

to 20 cm? 


30. 


31. 


32. 


33. 


34. 


35. 


A 1600-Ib elevator is suspended by a 200-ft cable that weighs 
10 lb/ft. How much work is required to raise the elevator 
from the basement to the third floor, a distance of 30 ft? 


A tank full of water has the shape of a paraboloid of revolu- 

tion as shown in the figure; that is, its shape is obtained by 

rotating a parabola about a vertical axis. 

(a) If its height is 4 ft and the radius at the top is 4 ft, find 
the work required to pump the water out of the tank. 

(b) After 4000 ft-lb of work has been done, what is the 
depth of the water remaining in the tank? 


A steel tank has the shape of a circular cylinder oriented 
vertically with diameter 4 m and height 5 m. The tank is 
currently filled to a level of 3 m with cooking oil that has a 
density of 920 kg/m’. Compute the work required to pump 
the oil out through a 1-m spout at the top of the tank. 


Find the average value of the function f(t) = sec?t on the 
interval [0, 7/4]. 


(a) Find the average value of the function f(x) = 1/ Vx on 
the interval [1, 4]. 

(b) Find the value c guaranteed by the Mean Value 
Theorem for Integrals such that fvg = f (c). 

(c) Sketch the graph of f on [1, 4] and a rectangle with 
base [1, 4] whose area is the same as the area under the 
graph of f. 


Let Rı be the region bounded by y = x’, y = 0, and x = b, 

where b > 0. Let Rə be the region bounded by y = x’, 

x = 0, and y = b’. 

(a) Is there a value of b such that R, and R have the same 
area? 

(b) Is there a value of b such that R, sweeps out the same 
volume when rotated about the x-axis and the y-axis? 

(c) Is there a value of b such that Rı and Rz sweep out the 
same volume when rotated about the x-axis? 

(d) Is there a value of b such that R, and R, sweep out the 
same volume when rotated about the y-axis? 
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Problems Plus 


1. 


2. 
3. 


4. 


ay 


FIGURE FOR PROBLEM 3 


vl 


o 


FIGURE FOR PROBLEM 6 


A solid is generated by rotating about the x-axis the region under the curve y = f(x), where 
f is a positive function and x = 0. The volume generated by the part of the curve from 
x = 0 to x = b is b? for all b > 0. Find the function f. 


There is a line through the origin that divides the region bounded by the parabola 
y = x — x’ and the x-axis into two regions with equal area. What is the slope of that line? 


The figure shows a curve C with the property that, for every point P on the middle curve 
y = 2x’, the areas A and B are equal. Find an equation for C. 


A cylindrical glass of radius r and height L is filled with water and then tilted until the water 

remaining in the glass exactly covers its base. 

(a) Determine a way to “slice” the water into parallel rectangular cross-sections and then 
set up a definite integral for the volume of the water in the glass. 

(b) Determine a way to “slice” the water into parallel cross-sections that are trapezoids and 
then set up a definite integral for the volume of the water. 

(c) Find the volume of water in the glass by evaluating one of the integrals in part (a) or 
part (b). 

(d) Find the volume of the water in the glass from purely geometric considerations. 

(e) Suppose the glass is tilted until the water exactly covers half the base. In what direction 
can you “slice” the water into triangular cross-sections? Rectangular cross-sections? 
Cross-sections that are segments of circles? Find the volume of water in the glass. 


Water in an open bowl evaporates at a rate proportional to the area of the surface of the 
water. (This means that the rate of decrease of the volume is proportional to the area of the 
surface.) Show that the depth of the water decreases at a constant rate, regardless of the 
shape of the bowl. 


Archimedes’ Principle states that the buoyant force on an object partially or fully submerged 
in a fluid is equal to the weight of the fluid that the object displaces. Thus, for an object of 
density po floating partly submerged in a fluid of density pp, the buoyant force is given by 

F = pjg ten A(y) dy, where g is the acceleration due to gravity and A(y) is the area of a typi- 
cal cross-section of the object (see the figure). The weight of the object is given by 


L-h 
W = pog E A(y) dy 
(a) Show that the percentage of the volume of the object above the surface of the liquid is 


Pf 

(b) The density of ice is 917 kg/m? and the density of seawater is 1030 kg/m*. What per- 
centage of the volume of an iceberg is above water? 

(c) An ice cube floats in a glass filled to the brim with water. Does the water overflow when 
the ice melts? 

(d) A sphere of radius 0.4 m and having negligible weight is floating in a large freshwater 
lake. How much work is required to completely submerge the sphere? The density of the 
water is 1000 kg/m’. 
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7. 


9 


9. 


A sphere of radius 1 overlaps a smaller sphere of radius r in such a way that their inter- 
section is a circle of radius r. (In other words, they intersect in a great circle of the small 
sphere.) Find r so that the volume inside the small sphere and outside the large sphere is as 
large as possible. 


A paper drinking cup filled with water has the shape of a cone with height h and semi- 
vertical angle 0. (See the figure.) A ball is placed carefully in the cup, thereby displacing 
some of the water and making it overflow. What is the radius of the ball that causes the 
greatest volume of water to spill out of the cup? 


A clepsydra, or water clock, is a glass container with a small hole in the bottom through 
which water can flow. The “clock” is calibrated for measuring time by placing markings on 
the container corresponding to water levels at equally spaced times. Let x = f(y) be continu- 
ous on the interval [0, b] and assume that the container is formed by rotating the graph of f 
about the y-axis. Let V denote the volume of water and A the height of the water level at 

time t. (See the figure.) 

(a) Determine V as a function of h. 

(b) Show that 


dv _ 


2 dh 
y TPO] F 


(c) Suppose that A is the area of the hole in the bottom of the container. It follows from 
Torricelli’s Law that the rate of change of the volume of the water is given by 


dV 
— =kAvh 
dt J 


where k is a negative constant. Determine a formula for the function f such that dh /dt is 
a constant C. What is the advantage in having dh/dt = C? 
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YA 10. A cylindrical container of radius r and height L is partially filled with a liquid whose volume 


is V. If the container is rotated about its axis of symmetry with constant angular speed w, 
then the container will induce a rotational motion in the liquid around the same axis. Even- 
| tually, the liquid will be rotating at the same angular speed as the container. The surface 


of the liquid will be convex, as indicated in the figure, because the centrifugal force on the 
liquid particles increases with the distance from the axis of the container. It can be shown 
| that the surface of the liquid is a paraboloid of revolution generated by rotating the parabola 


<—— r ——>| x y=h+ 


FIGURE FOR PROBLEM 10 . ; . . 
about the y-axis, where g is the acceleration due to gravity. 


(a) Determine A as a function of w. 

(b) At what angular speed will the surface of the liquid touch the bottom? At what speed 
will it spill over the top? 

(c) Suppose the radius of the container is 2 ft, the height is 7 ft, and the container and 
liquid are rotating at the same constant angular speed. The surface of the liquid is 5 ft 
below the top of the tank at the central axis and 4 ft below the top of the tank 1 ft out 
from the central axis. 

G) Determine the angular speed of the container and the volume of the fluid. 
(ii) How far below the top of the tank is the liquid at the wall of the container? 


11. Suppose the graph of a cubic polynomial intersects the parabola y = x? when x = 0, 
x = a, and x = b, where 0 < a < b. If the two regions between the curves have the same 
area, how is b related to a? 


12. Suppose we are planning to make a taco from a round tortilla with diameter 8 inches by 
bending the tortilla so that it is shaped as if it is partially wrapped around a circular cylinder. 

We will fill the tortilla to the edge (but no more) with meat, cheese, and other ingredients. 

Our problem is to decide how to curve the tortilla in order to maximize the volume of food it 

can hold. 

(a) We start by placing a circular cylinder of radius r along a diameter of the tortilla and 
folding the tortilla around the cylinder. Let x represent the distance from the center of 
the tortilla to a point P on the diameter (see the figure). Show that the cross-sectional 
area of the filled taco in the plane through P perpendicular to the axis of the cylinder is 


2 
A(x) = r416 — x? 1? sol 16 =) 
r 


and write an expression for the volume of the filled taco. 
(b) Determine (approximately) the value of r that maximizes the volume of the taco. (Use a 
graphical approach.) 


»` 
A 
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13. If the tangent at a point P on the curve y = x? intersects the curve again at Q, let A be the 
area of the region bounded by the curve and the line segment PQ. Let B be the area of the 
region defined in the same way starting with Q instead of P. What is the relationship 
between A and B? 


14. Let P(a, a’), a > 0, be any point on the part of the parabola y = x? in the first quadrant, and 
let R be the region bounded by the parabola and the normal line through P (See the figure.) 
Show that the area of R is smallest when a = $. (See also Problem 11 in Problems Plus fol- 
lowing Chapter 4.) 


yA 
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The physical principles that govern the motion of a model rocket also apply to rockets that send spacecraft into earth orbit. In Exercise 7.1.74 
you will use an integral to calculate the fuel needed to send a rocket to a specified height above the earth. 


Ben Cooper / Science Faction / Getty Images; inset: Rasvan ILIESCU / Alamy Stock Photo 


Techniques of Integration 


BECAUSE OF THE FUNDAMENTAL THEOREM of Calculus, we can integrate a function if we know 
an antiderivative, that is, an indefinite integral. We summarize here the most important integrals 


that we have learned so far. 


fkax=kx+cC 


n+l 


Fi 


x 
jea +C (nÆ -!]) 
1 
f —ax = |x| +C 
x 
fetdr=e* +e 


J 
J 
J 
J 
J 


x 


Inb 


f bax = 


sin x dx = —cosx + C 
cos x dx = sin x + C 
sec’xdx = tan x + C 
ese*x dx = —cot x + C 
sec x tan x dx = sec x + C 


+C f csc x cot xdx = —osc x + C 


f tan x dx = In|sec x| +C 


f cot x dx = In| sin x| +C 


1 1 al x 
f 5 x dx tan tC 
XI a a 


+ C,a>0 


| 1 e = 
f sinh xax = cosh x + C 


f cosh xax = sinh x + C 


In this chapter we develop techniques for using these basic integration formulas to obtain indefi- 
nite integrals of more complicated functions. We learned the most important method of integration, 
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CHAPTER 7 Techniques of Integration 


7.1 


the Substitution Rule, in Section 5.5. The other general technique, integration by parts, 
is presented in Section 7.1. Then we learn methods that are special to particular classes 
of functions, such as trigonometric functions and rational functions. 

Integration is not as straightforward as differentiation; there are no rules that abso- 
lutely guarantee obtaining an indefinite integral of a function. Therefore we discuss a 
strategy for integration in Section 7.5. 


Integration by Parts 


Every differentiation rule has a corresponding integration rule. For instance, the Substi- 
tution Rule for integration corresponds to the Chain Rule for differentiation. The integra- 
tion rule that corresponds to the Product Rule for differentiation is called integration 
by parts. 


E Integration by Parts: Indefinite Integrals 
The Product Rule states that if f and g are differentiable functions, then 


d 
ay SOI] = fod’) + 9) F'O) 
In the notation for indefinite integrals this equation becomes 


JEA + IFOX = FO) gl) 
or [0d q'@ dx + | gf") ax = FO) gla) 


We can rearrange this equation as 


m [F0)9'@) dx = faga) = | S'a) ax 


Formula 1 is called the formula for integration by parts. It is perhaps easier to remem- 
ber in the following notation. Let u = f(x) and v = g(x). Then the differentials are 
du = f'(x) dx and dv = g'(x) dx, so, by the Substitution Rule, the formula for integra- 
tion by parts becomes 


[2] | udv = wo — | vdu 


EXAMPLE 1 Find f xsin x dx. 


SOLUTION USING FORMULA 1 Suppose we choose f(x) = x and g'(x) = sin x. Then 
f'(x) = 1 and g(x) = —cos x. (For g we can choose any antiderivative of g'.) Thus, 
using Formula 1, we have 


f(x) gla) = | IFO dx 


I 


f x sin xax 


= x(—cos x) £ cos x) dx = —x cos x + | cos x dx 


= —x cos x + sinx + C 
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It is helpful to use the pattern: 


u= dv = 


du = v= 


It’s customary to write | 1 dx as | dx. 


Check the answer by differentiating it. 


SECTION 7.1 Integration by Parts 487 


It’s wise to check the answer by differentiating it. If we do so, we get x sin x, as 
expected. 


SOLUTION USING FORMULA 2 Let 


u=x dv = sin x dx 
Then du = dx v = —cos x 
and so 
u dv u v v du 
n e m ama 


f xsinxdx =f x sin x dx = x (—cos x) fe cos x) dx 


= —y COS x + | cos xdx 


—x cos x + sinx + C E 


NOTE Our aim in using integration by parts is to obtain a simpler integral than the one 
we started with. Thus in Example 1 we started with | x sin x dx and expressed it in terms 
of the simpler integral | cos x dx. If we had instead chosen u = sin x and dv = x dx, then 
du = cos x dx and v = x*/2, so integration by parts gives 


2 
7 1 

f xsin x dx = (sin x) = | x?cos x dx 
2 2 


Although this is true, | x*cos x dx is a more difficult integral than the one we started 
with. In general, when deciding on a choice for u and dv, we usually try to choose 
u = f(x) to be a function that becomes simpler when differentiated (or at least not more 
complicated) as long as dv = g'(x) dx can be readily integrated to give v. 


EXAMPLE 2 Evaluate f In x dx. 


SOLUTION Here we don’t have much choice for u and dv. Let 


u =lnx dv = dx 
1 

Then du = — dx v=x 
x 


Integrating by parts, we get 


[inxdx=xInx fa ! dx 


xInx — | dx 


xInx-x+C 


Integration by parts is effective in this example because the derivative of the 
function f(x) = In x is simpler than f. | 
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An easier method, using complex 
numbers, is given in Exercise 50 in 
Appendix H. 


EXAMPLE 3 Find Í #°e' at. 
SOLUTION Notice that e’ is unchanged when differentiated or integrated whereas £? 
becomes simpler when differentiated, so we choose 

u=?r? dv = e'dt 


Then du = 2tdt v 


II 


I 
a 


Integration by parts gives 
[3] Í Pe'dt = Pe — a te’ dt 


The integral that we obtained, | te’ dt, is simpler than the original integral but is still not 
obvious. Therefore we use integration by parts a second time, this time with u = t and 
dv = e' dt. Then du = dt, v = e', and 


f te'dt = te’ — f e'dt 
=te’—e'+C 
Putting this in Equation 3, we get 
f Pet at = pei — 2f te'dt 
= Pe — 2(te’ — e' + C) 


= Pe — 2te + 2e + C where C, = —2C a 


EXAMPLE 4 Evaluate f e* sin x dx. 


SOLUTION Neither e* nor sin x becomes simpler when differentiated, so let’s try 
choosing u = e* and dv = sin x dx. (It turns out that, in this example, choosing 

u = sin x, dv = e* dx also works.) Then du = e* dx and v = —cos x, so integration 
by parts gives 


[4] f esin xdx = —e* cos x + f e*cos x dx 
The integral that we have obtained, | e* cos x dx, is no simpler than the original one, but 
at least it’s no more difficult. Having had success in the preceding example integrating 


by parts twice, we persevere and integrate by parts again. It is important that we again 
choose u = e*, so dv = cos x dx. Then du = e* dx, v = sin x, and 


[5] f e“ cos x dx = e“sin x — f e*sin x dx 


At first glance, it appears as if we have accomplished nothing because we have arrived 
at | e* sin x dx, which is where we started. However, if we put the expression for 
| e*cos x dx from Equation 5 into Equation 4 we get 


f e*sin x dx = —e*cos x + e*sin x — f e“ sin x dx 
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Figure 1 illustrates Example 4 by show- 


ing the graphs of f(x) = e* sin x and 
F(x) = 5e*(sin x — cos x). As a visual 
check on our work, notice that 

f(x) = 0 when F has a maximum or 
minimum. 


12 


-4 


FIGURE 1 


Since tan™'x = 0 for x = 0, the inte- 
gral in Example 5 can be interpreted 
as the area of the region shown in 
Figure 2. 


YA 


FIGURE 2 
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This can be regarded as an equation to be solved for the unknown integral. Adding 
| e* sin x dx to both sides, we obtain 


2 | e*sin x dx = —e*cos x + e*sin x 
Dividing by 2 and adding the constant of integration, we get 
f e“ sin x dx = Se*(sin x — cos x) + C E 


E integration by Parts: Definite Integrals 


If we combine the formula for integration by parts with Part 2 of the Fundamental 
Theorem of Calculus, we can evaluate definite integrals by parts. Evaluating both sides 
of Formula 1 between a and b, assuming f’ and g’ are continuous, and using the Funda- 
mental Theorem, we obtain 


b b 
[5] EAW ax = fod]. — f’ gas" ax 
EXAMPLE 5 Calculate {, tan” 'x dx. 
SOLUTION Let 
u = tan 'x dv = dx 
Then du = G 5 v=x 
1+x 


So Formula 6 gives 


1 i = 1 1 x 
f tan` xdx = xtan x =| yx dx 
0 9 ol+x 


= 1- tan™'1 — 0- tan™'0 — [a 
01+ x" 


T 1 x 
= f dx 
4 0o 1+x? 


To evaluate this integral we use the substitution t = 1 + x? (since u has another mean- 
ing in this example). Then dt = 2x dx, so x dx = 5 dt. When x = 0, t = 1; when x = 1, 


t = 2; so 
1 x if dt me 2 
f Tq” f r 4 tn [el], 
= 5(In2 — Inl) =51n2 
Therefore f tan™'x d. 7 S * d foe | 
xdx = ~ dx = 
0 4 o1+x- 4 2 


E Reduction Formulas 


The preceding examples show that integration by parts often allows us to express one 
integral in terms of a simpler one. If the integrand contains a power of a function, we can 
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sometimes use integration by parts to reduce the power. In this way we can find a reduc- 
tion formula as in the next example. 


EXAMPLE 6 Prove the reduction formula 


1 n= fs, 

Equation 7 is called a reduction for- f sin"x dx = —— cos x sin” ‘x + f sin” *x dx 
mula because the exponent n has n n 
been reduced ton — 1and n — 2. where n = 2 is an integer. 

SOLUTION Let 

u = sin” 'x dv = sin x dx 
Then du = (n — 1) sin" *x cos x dx v = —cosx 
and integration by parts gives 
f sin”x dx = —cos x sin” ‘x + (n — 1) f sin”™?x cos*x dx 


Since cos*x = 1 — sin?x, we have 
f sin’x dx = —cos x sin” 'x + (n — 1) i sin” *x dx — (n — 1) f sin"x dx 


As in Example 4, we solve this equation for the desired integral by taking the last term 
on the right side to the left side. Thus we have 


nÍ sin”x dx = —cos x sin” ‘x + (n — 1) J sin” *x dx 


1 n- 1 
or | sin”x dx = —— cos x sin” 'x + f sin” *x dx | 
n n 


The reduction formula (7) is useful because by using it repeatedly we could eventu- 
ally express | sin”x dx in terms of | sin x dx (if n is odd) or | (sin x)’ dx = | dx (if n is 


even). 
7.1 | Exercises 

1-4 Evaluate the integral using integration by parts with the 9. f wln w dw 10. Í u dx 
indicated choices of u and dv. X 

1. | xe” ax; = die dy 11. J? + 22) cos xax 12. | P sin Bear 

2. | vx Inx dx; u = lnx, dv = Jx dx 13. Í cos™'x dx 14. [in vx ax 

3. f x cos 4x dx: u =x, dv = cos 4x dx 15. f fin rat 16. f tan“!@y) dy 

n 2 
4. | si ede u= sin e dv = dx 17. f t csc*t dt 18. fx cosh ax dx 
19. | (in x}?dx 20. are 

5-42 Evaluate the integral. 

(2) | te” dt 6. fye” dy Z | e* cos x dx 22. i e*sin Tx dx 
(2) f xsin 10x dx 8. \@ — x) cos mx dx 23. f e” sin 30 dé 24. Í e™ cos 20 dé 
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25. | ze? dz 26. f (arcsin x} dx 


27. [1 + x3 e* dx 28. ("6 sin 30 d0 
0 


rl 1 xe* 
29. i x 3*dx 30. f ET 


31. j y sinh y dy 32. i w In w dw 
33, [PE ap 34. ("sin 2rd. 
JiR ; i t’ sin 2t dt 


35. ~ x sin x cos x dx 36. ig arctan(1/x) dx 
J i 


s M 2 (In x)?’ 
37. | -7 aM 38. | dx 


x3 


39. [e sin x In(cos x) dx 
J0 


1 r? 
40. { rege dr 


41. [7 cos x sinh x dx 42. f'e sine — s) ds 
0 0 


43-48 First make a substitution and then use integration by parts 
to evaluate the integral. 


BBD | ax 


44. f cos(in x)dx 


45. [6° cos(0?) dé 46. |" e°'sin 2r dt 
JVT/2 0 


in(l 
47. fxm + x) dx 48. Eo na) dx 
x 


49-52 Evaluate the indefinite integral. Illustrate, and check that 
your answer is reasonable, by graphing both the function and its 
antiderivative (take C = 0). 


49. [xe ax 50. far In x dx 


51. | xOVJ1 + x? dx 


52. f x? sin 2x dx 


53. (a) Use the reduction formula in Example 6 to show that 


f in2x d x sin 2x 
sin’x dx = — — 
2 4 


+C 


(b) Use part (a) and the reduction formula to evaluate 
| sin’x dx. 


54. (a) Prove the reduction formula 


n=l 


1 as z 
f cos"x dx = — cos" |x sin x + Í cos" 2x dx 
n 
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(b) Use part (a) to evaluate I cos°x dx. 
(c) Use parts (a) and (b) to evaluate i] cos‘x dx. 


55. (a) Use the reduction formula in Example 6 to show that 


n 


where n = 2 is an integer. 
(b) Use part (a) to evaluate li * sin3x dx and j ? sindx dx. 
(c) Use part (a) to show that, for odd powers of sine, 


ae 2-4-6-2 
hg sin?"* "x dx k 


JO 3:5:7% (2n+1) 


56. Prove that, for even powers of sine, 


35e (2n 1) a 


| 7? inet dx 
Jo A anh dee OH 2 


57-60 Use integration by parts to prove the reduction formula. 


57. | (In x)"dx = x(In x)" — nf (In x)""!dx 


58. | x'e*dx = x"'e*— n J x" let dx 


n-1 


t 
59. f tan"x i =e f tanx dx (n # 1) 


n—-1 


t n-2 = 2 
60. f sec"x ice = Sad Ca dx (nÆ 1) 
A=] n= 1 


61. Use Exercise 57 to find f (In x)* dx. 
62. Use Exercise 58 to find f x*e* dx. 


63-64 Find the area of the region bounded by the given curves. 


x x 


63. y=x?Inx, y=4Inx 64 y=xe*, y= xe” 


[Ñ 65-66 Use a graph to find approximate x-coordinates of the 


points of intersection of the given curves. Then find (approxi- 
mately) the area of the region bounded by the curves. 


65. y =arcsin($x), y=2— x? 


66. y = xln(x +1), y=3x- x’ 


67-70 Use the method of cylindrical shells to find the volume 
generated by rotating the region bounded by the curves about the 
given axis. 


@ y = cos(mx/2), y=0, O<x <1; about the y-axis 


x 


68. y =e", y=e™, x=1; about the y-axis 


69. y=e*, y=0, x 1, x =0; aboutx = 1 


70. y=e*, x =0, y = 3; about the x-axis 
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71. Calculate the volume generated by rotating the region bounded 80. The Wallis Product Formula for 7 Let 7, = pe sin”x dx- 
by the curves y = In x, y = 0, and x = 2 about each axis. (a) Show that ly+2 S hns S bn. 
(a) The y-axis (b) The x-axis (b) Use Exercise 56 to show that 

72. Calculate the average value of f(x) = x sec?x on the Tonga  2n+1 
interval [0, 7/4]. ln 2n+2 

73. The Fresnel function S(x) = |? sin(4 at?) dt was discussed in (c) Use parts (a) and (b) to show that 


Example 5.3.3 and is used extensively in the theory of optics. 


Find | S(x) dx. [Your answer will involve S(x).] 2n tl tae < 


2n+2 hn 


74. A Rocket Equation A rocket accelerates by burning its 
onboard fuel, so its mass decreases with time. Suppose the 
initial mass of the rocket at liftoff (including its fuel) is m, the 
fuel is consumed at rate r, and the exhaust gases are ejected . 2 2 4 4 6 6 2n 2n 
with constant velocity ve (relative to the rocket). A model for ret 3.35 5 7. p= nE 2 
the velocity of the rocket at time f is given by the equation 


and deduce that lim, lon+1/hn = 1. 
(d) Use part (c) and Exercises 55 and 56 to show that 


This formula is usually written as an infinite product: 
m—rt 
v(t) gt — vel awn 22 4 4 6 6 


2 1 3 3s: 2 7 


where g is the acceleration due to gravity and f is not too 


large. If g = 9.8 m/s”, m = 30,000 kg, r = 160 kg/s, and and is called the Wallis product. 
ve = 3000 m/s, find the height of the rocket (a) one minute (e) We construct rectangles as follows. Start with a square of 
after liftoff and (b) after it has consumed 6000 kg of fuel. area | and attach rectangles of area | alternately beside or 
on top of the previous rectangle (see the figure). Find the 
@) A particle that moves along a straight line has velocity limit of the ratios of width to height of these rectangles. 


v(t) = t’e™ meters per second after t seconds. How far will 
it travel during the first t seconds? 


76. If f(0) = g(0) = 0 and f” and g” are continuous, show that 


['F@9"@ dx = flaga) = faga) + [EFO dx 


77. Suppose that f(1) = 2, f(4) = 7, f’C) = 5, f'(4 = 3, T 
and f” is continuous. Find the value of I, xf'"(x) dx. 


78. (a) Use integration by parts to show that 


| fe) dx= pe) = j xf’) dx 81. We arrived at Formula 6.3.2, V = j 27x f (x) dx, by using 


cylindrical shells, but now we can use integration by parts 
to prove it using the slicing method of Section 6.2, at least 
for the case where f is one-to-one and therefore has an 
inverse function g. Use the figure to show that 


(b) If f and g are inverse functions and f’ is continuous, 
prove that 


[F ax = of) -= afta) ~ F gly) dy 


V = mb’d — ma’c — ["a[g(y)P ay 
[Hint: Use part (a) and make the substitution y = f(x).] e 


(c) In the case where f and g are positive functions and Make the substitution y = f(x) and then use integration by 
b > a > 0, draw a diagram to give a geometric interpre- parts on the resulting integral to prove that 
tation of part (b). 

(d) Use part (b) to evaluate K In x dx. V= Í atx f(x) dx 


79. (a) Recall that the formula for integration by parts is obtained 
from the Product Rule. Use similar reasoning to obtain the 
following integration formula from the Quotient Rule. 


| sa Mt fd 


i 
(b) Use the formula in part (a) to evaluate Í nx dx. 
x? 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


SECTION 7.2 Trigonometric Integrals 493 


7.2 | Trigonometric Integrals 


In this section we use trigonometric identities to integrate certain combinations of trigo- 
nometric functions. 


Integrals of Powers of Sine and Cosine 


We begin by considering integrals in which the integrand is a power of sine, a power of 
cosine, or a product of these. 


EXAMPLE 1 Evaluate f cos°x dx. 


SOLUTION Simply substituting u = cos x isn’t helpful, since then du = —sin x dx. In 
order to integrate powers of cosine, we would need an extra sin x factor. Similarly, a 
power of sine would require an extra cos x factor. Thus here we can separate one cosine 
factor and convert the remaining cos?x factor to an expression involving sine using the 
identity sin’x + cos’x = 1: 

cos*x = cos?x - cos x = (1 — sin*x) cos x 


We can then evaluate the integral by substituting u = sin x, so du = cos x dx and 


f cos*x dx = f cos*x + cos x dx = f (1 — sin?’ x) cos x dx 


s ii) ss 
= sin x — zsin’x + C E 


In general, we try to write an integrand involving powers of sine and cosine in a form 
where we have only one sine factor (and the remainder of the expression in terms of 
cosine) or only one cosine factor (and the remainder of the expression in terms of sine). 
The identity sin’x + cos*x = 1 enables us to convert back and forth between even pow- 
ers of sine and cosine. 


EXAMPLE 2 Find f sinĉx cos?x dx. 


SOLUTION We could convert cos*x to 1 — sin?x, but we would be left with an 
expression in terms of sin x with no extra cos x factor. Instead, we separate a single sine 
factor and rewrite the remaining sin*x factor in terms of cos x: 


. sinx cos*x = (sin’x)* cos’x sin x = (1 — cos*x)? cos*x sin x 
Figure 1 shows the graphs of the 


integrand sin*x cosx in Example 2 Substituting u = cos x, we have du = —sin x dx and so 
and its indefinite integral (with 
C = 0). Which is which? Í sin’x cos’x dx = f (sin’x)? cos*x sin x dx 
02 
= Í (1 — cos*x)*cos7x sin x dx 
m mT =fa — u?)Żu?(—du) = fw out + uô) du 
u?’ uñ u 
Taa, 
FIGURE 1 = —}cos*x + 2cos*x — }cos'x + C E 
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In the preceding examples, an odd power of sine or cosine enabled us to separate a 
single factor and convert the remaining even power. If the integrand contains even pow- 
ers of both sine and cosine, this strategy fails. In this case, we can take advantage of the 
following half-angle identities (see Equations 18b and 18a in Appendix D): 


sin?x = 4(1 — cos 2x) and cos*x = 3(1 + cos 2x) 


EXAMPLE 3 Evaluate F sin?x dx. 


Example 3 shows that the area ofthe SOLUTION If we write sin’x = 1 — cos*x, the integral is no simpler to evaluate. Using 
region shown in Figure 2 is 1/2. the half-angle formula for sin?x, however, we have 


1.5 


K sin’x dx = AN (1 — cos 2x) dx 
0 0 


= E = 5 sin 2x)" 


= (m — } sin 27) — $(0 — $ sin 0) = 4r 


=0.5 


Notice that we mentally made the substitution u = 2x when integrating cos 2x. Another 


FIGURE 2 method for evaluating this integral was given in Exercise 7.1.53. a 


EXAMPLE 4 Find f sin*x dx. 


SOLUTION We could evaluate this integral using the reduction formula for | sin”x dx 
(Equation 7.1.7) together with Example 3 (as in Exercise 7.1.53), but a better method is 
to write sin’¢y = (sin’x)? and use a half-angle formula: 
f sinx dx = f (sin?x)? dx 
= f [ża — cos 2x)|? dx 
E af [1 — 2 cos 2x + cos?(2x)] dx 
Since cos?°(2x) occurs, we use the half-angle formula for cosine to write 
cos*(2x) = 5[1 + cos(2 + 2x)] = 4(1 + cos 4x) 


This gives 


f sintx dx = :| [1 — 2cos 2x + $(1 + cos 4x)| dx 


AIH 


fG = LCOS 2 5 cos 4x) dx 
= 4(3x — sin 2x + $ sin 4x) + C a 


To summarize, we list guidelines to follow when evaluating integrals of the form 
| sin”x cos"x dx, where m > 0 and n = 0 are integers. 
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Strategy for Evaluating | sin” x cos"x dx 


(a) If the power of cosine is odd (n = 2k + 1), save one cosine factor and use 
cos’x = 1 — sin’x to express the remaining factors in terms of sine: 


f sin” x cos™ "x dx = f sin”x (cos?x)* cos x dx 
= f sin”x (1 — sin?x)‘cos x dx 


Then substitute u = sin x. See Example 1. 


(b) If the power of sine is odd (m = 2k + 1), save one sine factor and use 
sin’x = 1 — cos?x to express the remaining factors in terms of cosine: 


i sin?**!y cos"x dx = f (sin?x)‘cos"x sin x dx 


= f (1 — cos?x)*cos”x sin x dx 


Then substitute u = cos x. See Example 2. 


[Note that if the powers of both sine and cosine are odd, either (a) or (b) can be 
used. ] 


(c) If the powers of both sine and cosine are even, use the half-angle identities 
sin’x = 4(1 — cos 2x) cos*x = 3(1 + cos 2x) 


See Examples 3 and 4. 
It is sometimes helpful to use the identity 


sin x cos x = + sin 2x 


E Integrals of Powers of Secant and Tangent 


We use similar reasoning to evaluate integrals of the form | tan”x sec"x dx. Because 
(d/dx) tan x = sec*x, we can separate a secx factor and convert the remaining (even) 
power of secant to an expression involving tangent using the identity sec?x = 1 + tan*x. 
Or, since (d/dx) sec x = sec x tan x, we can separate a sec x tan x factor and convert the 
remaining (even) power of tangent to secant. 


EXAMPLE 5 Evaluate i tan°x secx dx. 


SOLUTION If we separate one sec’x factor, we can express the remaining sec”x factor 
in terms of tangent using the identity sec*x = 1 + tan?x. We can then evaluate the 
integral by substituting u = tan x so that du = sec’x dx: 


i tan°x sec*x dx = f tan°x sec?°x sec?x dx 
= Í tan°x (1 + tan?°x) sec?°x dx 


= fusa + u?)du = {us + u®)du 


7 9 
u 
=e + C=Ftan’x + jtan’x + C a 
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EXAMPLE 6 Find f tan50 sec’6 dé. 


SOLUTION If we separate a sec’@ factor, as in the preceding example, we are left with 
a sec’@ factor, which isn’t easily converted to tangent. However, if we separate a 

sec 0 tan 0 factor, we can convert the remaining power of tangent to an expression 
involving only secant using the identity tan?@ = sec’@ — 1. We can then evaluate the 
integral by substituting u = sec 0, so du = sec 0 tan 0 dé: 


f tan°@ sec’@ d0 = Í tan*@ sec°@ sec 0 tan 0 d0 
= f (sec?@ — 1)*sec°@ sec @ tan 0 dO 


= | (u? — 1)? udu 


II 


Jw — 2u® + u°)du 


£53" 26 
11 9 7 
= ț sec!!0 — §sec°9 + 4sec’0 + C m 


The preceding examples demonstrate strategies for evaluating integrals of the form 
| tan”x sec"x dx for two cases, which we summarize here. 


Strategy for Evaluating | tan”x sec"x dx 


(a) If the power of secant is even (n = 2k, k = 2), save a factor of sec*x and use 
sec’x = 1 + tan*x to express the remaining factors in terms of tan x: 


f tan”x sec™x dx = f tan”x (sec*x)*! sec*x dx 


= [ tan”x (1 + tan?x)*! sec*x dx 


Then substitute u = tan x. See Example 5. 


(b) If the power of tangent is odd (m = 2k + 1), save a factor of sec x tan x and 
use tan’x = sec’x — 1 to express the remaining factors in terms of sec x: 


f tan***!y sec"x dx = f (tan*x)* sec" 'x sec x tan x dx 


= Í (sec?x — 1)! sec”™!x sec x tan x dx 


Then substitute u = sec x. See Example 6. 


For other cases, the guidelines are not as clear-cut. We may need to use identities, 
integration by parts, and occasionally a little ingenuity. We will sometimes need to be 
able to integrate tan x by using the formula established in (5.5.5): 


f tan x dx = In| sec x| +C 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


Formula 1 was discovered by James 
Gregory in 1668. (See his biography in 
Section 3.4.) Gregory used this for- 
mula to solve a problem in construct- 
ing nautical tables. 
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We will also need the indefinite integral of secant: 


[1] f sec x dx = In|sec x + tan x| + C 


We could verify Formula 1 by differentiating the right side, or as follows. First we multi- 
ply numerator and denominator by sec x + tan x: 


sec x + tan x 
f sec xdx = | see x = ax 
sec x + tan x 


{ sec*x + sec x tan x 
sec x + tan x 


If we substitute u = sec x + tan x, then du = (sec x tan x + sec*x) dx, so the integral 
becomes | (1/u) du = 1n |u| + C. Thus we have 


f sec x dx = In| sec x + tan x| +C 


EXAMPLE7 Find f tan?x dx. 


SOLUTION Here only tan x occurs, so we use tan°x = sec?x — 1 to rewrite a tan’x 
factor in terms of sec*x: 


| tanx dx = f tan x tan?x dx = f tan x (sec?x — 1) dx 


II 


Í tan x sec*x dx — f tan x dx 
en ree 
= z5 tan’x — In|secx| + C 
In the first integral we mentally substituted u = tan x so that du = sec?x dx. E 
If an even power of tangent appears with an odd power of secant, it is helpful to 
express the integrand completely in terms of sec x. Powers of sec x may require integra- 


tion by parts, as shown in the following example. 


EXAMPLE 8 Find f sec?x dx. 


SOLUTION Here we integrate by parts with 


u = sec x dv = sec?x dx 
du = sec x tan x dx v = tan x 
Then Í sec*x dx = sec x tan x — f sec x tan?x dx 


sec x tan x — f sec x (sec?x — 1) dx 


II 


sec x tan x — f sec*x dx + f sec x dx 
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Using Formula 1 and solving for the required integral, we get 


f sec’ dx = 3(sec x tan x + In |sec x + tan x|) + C E 


Integrals such as the one in the preceding example may seem very special but they 
occur frequently in applications of integration, as we will see in Chapter 8. 
Finally, integrals of the form 


f cot "x csc”x dx 


can be found in a similar way by using the identity 1 + cot’x = csc?x. 


E Using Product Identities 


The following product identities are useful in evaluating certain trigonometric integrals. 


[2] To evaluate the integrals (a) | sin mx cos nx dx, (b) | sin mx sin nx dx, or 
(c) | cos mx cos nx dx, use the corresponding identity: 
These product identities are (a) sin A cos B = 5[sin(A — B) + sin(A + B)] 
discussed in Appendix D. 
(b) sinA sin B = S[cos(A — B) — cos(A + B)] 


(c) cos A cos B = S[cos(A — B) + cos(A + B)] 


EXAMPLE9 Evaluate Í sin 4x cos 5x dx. 


SOLUTION This integral could be evaluated using integration by parts, but it’s easier to 
use the identity in Equation 2(a) as follows: 


II 


f sin 4x cos 5x dx f S[sin(—x) + sin 9x] dx 


= Al (—sin x + sin 9x) dx 


= $(cos x — $ cos 9x) PC E 
7.2 | Exercises 
1-56 Evaluate the integral. 11. (e sin?x cos?x dx 12. (2 — sin 6)? d0 
® i sinx cos*x dx 2. f cos®y sin*y dy 
13. | vcos 0 sin’é dé 14. fi + 4/sin t) cos't dt 
3. ie cos’x sin’x dx 4. ig sin’x dx 
15. | sin x sec*x dx 16. f csc*0 cos?0 dO 
5. f sinř(2f) cos?”(2t) dt 6. f cos*(r/2) sin?’(t/2) dt : 
7 m ' 2 2 3 
@ f 12 cos?0 dé 8. f /4 sin?(20) d0 17. | cot x cos*x dx 18. | tan“x cos°x dx 
9. y cos*(2r) dt 10. y sin? cos*t dt 19. | sin?x sin 2x dx 20. { sin x cos(4x) dx 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


an | tan x sec*x dx 22. Í tan’@ sect0 dO 
23. | tan2x dx 24. Í (tan?x + tantx) dx 
25. | tantx sec®x dx 26. sec®d tan°6 d0 
(3A) | tanx sec x dx 28. f tanx secx dx 
29. | tan*x sec®x dx 30. i tan‘t dt 
31. | tanx dx 32. fi tan°x sec x dx 
o == 1 = tan'y 34. pee 
secx cos x 
coer | 

rar/4 sinx sin 0 + tan 0 
35. 36. dé 

i, cos x aor ae cos*@ 
37. [e cot?x dx 38. oe cot*x dx 
39. [s cot’ csc*h db 40. m csct0 cott0 dO 
41. | csc x dx 42. es esc*x dx 
43. | sin 8x cos 5x dx 44. Í sin 26 sin 60 d0 
45. cos 5t cos 10t dt 46. Í tcos*(t*) dt 

> sin*(1/t 
47. an d 48. | sec’y cos*(tan y) dy 

[= y 

t 

49. i V1 + cos 2x dx 50. re 1 — cos V1 = cos 40 dé 
51. | t sin’t dt 52. Ie x sec x tan x dx 
53. | x tan’x dx 54. | x sinx dx 

r dx 
55. | —————_ 56. 

| cosx — 1 l” 


PÑ 57-60 Evaluate the indefinite integral. Illustrate, and check that 
your answer is reasonable, by graphing both the integrand and its 
antiderivative (taking C = 0). 


57. | x sin? (x°) dx 58. | sinx cos*x dx 


59. | sin 3x sin 6x dx 60. | sec*(4x) dx 
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61. If i tan°x sec x dx = I, express the value of 


i tan’x sec x dx in terms of J. 


62. (a) Prove the reduction formula 


r n?” ly 
| tan™”x dx = robe | tan?""2x dx 


(b) Use this formula to find a tan®x dx. 


63. Find the average value of the function f(x) = sin?x cos*x 
on the interval [~ m, 7]. 


64. Evaluate I sin x cos x dx by four methods: 
(a) the substitution u = cos x 
(b) the substitution u = sin x 
(c) the identity sin 2x = 2 sin x cos x 
(d) integration by parts 
Explain the different appearances of the answers. 


65-66 Find the area of the region bounded by the given curves. 
65. y = sin’x, y= sinx, 0<x<7 


66. y = tanx, y= tanx, 0< x< r/4 


67-68 Use a graph of the integrand to guess the value of the 
integral. Then use the methods of this section to prove that your 
guess is correct. 


67. i cos*x dx 68. i sin 27rx cos 5arx dx 
0 0 


69-72 Find the volume obtained by rotating the region bounded 
by the curves about the given axis. 


69. y = sinx, y= 0, 7/2 <x <7; about the x-axis 
70. y =sin’x, y=0, 0<x< r; about the x-axis 
71. y= sinx, y = cosx, 0<x< 7/4; abouty = 1 


72. y = secx, y = cosx, 0O<x<7/3; about y = —1 


73. A particle moves on a straight line with velocity function 
v(t) = sin wt cos*wt. Find its position function s = f(t) 
if f(0) = 0. 


74. Household electricity is supplied in the form of alternating 
current that varies from 155 V to —155 V with a frequency of 
60 cycles per second (Hz). The voltage is thus given by the 
equation 
E(t) = 155 sin(1207t) 


where ż is the time in seconds. Voltmeters read the RMS 
(root-mean-square) voltage, which is the square root of the 
average value of [E(r)]* over one cycle. 
(a) Calculate the RMS voltage of household current. 
(b) Many electric stoves require an RMS voltage of 

220 V. Find the corresponding amplitude A needed 

for the voltage E(t) = A sin(120772). 
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75-77 Prove the formula, where m and n are positive integers. 78. A finite Fourier series is given by the sum 


N 


f(x) = Dd a,sin nx 


n=1 


T 4 
75. f sin mx cos nx dx = 0 
=g 


0 ifm#n 


m ifm=n 


pr : = asin x + asin 2x + +: + aysin Nx 
76. | sin mx sinnsar= f : £ e 
UT 


Use the result of Exercise 76 to show that the mth coefficient 
. am is given by the formula 
pr 0 ifm#n 
77. | cos mx cos nx dx = 


J j = 1 7 e 
m ifm=n adn = — f f(x) sin mx dx 
TT. =T 


7.3 | Trigonometric Substitution 


In finding the area of a circle or an ellipse, an integral of the form i) Ja? — x? dx arises, 
where a > 0. If the integral were | x./a? — x? dx, the substitution u = a? — x? would 
be effective but, as it stands, {i ya? — x? dx is more difficult. If we change the variable 
from x to 0 by the substitution x = a sin 6, then the identity 1 — sin?@ = cos’@ allows 
us to eliminate the root sign because 


Va? — x? = Ja? — a? sin? = a1 — sin?) = Va? cos?ð = a|cos 0| 


Notice the difference between the substitution u = a? — x? (in which the new variable is 
a function of the old one) and the substitution x = a sin 0 (the old variable is a function 
of the new one). 

In general, we can make a substitution of the form x = g(t) by using the Substitution 
Rule in reverse. To make our calculations simpler, we assume that g has an inverse func- 
tion; that is, g is one-to-one. In this case, if we replace u by x and x by t in the Substitution 
Rule (Equation 5.5.4), we obtain 


[£00 dx = | f(g) g'@ at 


This kind of substitution is called inverse substitution. 

We can make the inverse substitution x = a sin 0 provided that it defines a one-to-one 
function. This can be accomplished by restricting @ to lie in the interval [—7/2, 7/2]. 

In the following table we list trigonometric substitutions that are effective for the 
given radical expressions because of the specified trigonometric identities. In each case 
the restriction on 0 is imposed to ensure that the function that defines the substitution is 
one-to-one. (These are the same intervals used in Section 1.5 in defining the inverse 
functions.) 


Table of Trigonometric Substitutions 


Expression Substitution Identity 
. T T P 2 
Va? — x? asin, —-—=x@s5— 1 — sin°@ = cos“é 
2 2 
T T 2 2 
a? + x? a tan 0, rs <0 z = 1 + tan*@ = sec*0 
T 3T 5 5 
Vx? = a? asec, 0S0< F orso < cs sec-9 — 1 = tan“é 
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= 2 
EXAMPLE 1 Evaluate Í SA-A oy 
= 


SOLUTION Let x = 3 sin 0, where —7r/2 < 0 S 7/2. Then dx = 3 cos 0 d0 and 


V9 = x? = /9 — 9 sin?0 = /9cos?9 = 3|cos 0| = 3 cos 0 


(Note that cos 0 = 0 because — 7/2 < 0 < 7/2.) Thus the Inverse Substitution Rule 


gives 
f m i dx = | 3608 8 3 cos @ dO 
Me 9 sin“@ 
2 
0 
=| a dð = | cot? dO 


= | (csc6 — 1) d0 


= —co 0 -0+ C 


Because this is an indefinite integral, we must return to the original variable x. This can 

3 be done either by using trigonometric identities to express cot 0 in terms of sin 0 = x/3 
x or by drawing a diagram, as in Figure 1, where 0 is interpreted as an angle of a right 
triangle. Since sin 0 = x/3, we label the opposite side and the hypotenuse as having 

lengths x and 3. Then the Pythagorean Theorem gives the length of the adjacent side as 


y= 9 — x?, so we can simply read the value of cot 0 from the figure: 
FIGURE 1 V9 — x? 
x cot 0 = ———— 
sin 0 = a x 


(Although 6 > 0 in the diagram, this expression for cot 0 is valid even when 0 < 0.) 
Since sin 0 = x/3, we have 0 = sin’ '(x/3) and so 


= 2 = 2 
(2 > dx= —cot 0 — 0 + C= v9 =x (4) +c " 
A 


EXAMPLE 2 Find the area enclosed by the ellipse 


x? y? 
@ om 
YA SOLUTION Solving the equation of the ellipse for y, we get 
(0, b) y? x @— x? — 
bt 1 a og or y= Eva- a? 
(a, 0) 
> Because the ellipse is symmetric with respect to both axes, the total area A is four times 
the area in the first quadrant (see Figure 2). The part of the ellipse in the first quadrant 
is given by the function 
b 
y=—Vva’?- x? O<x<a 
a 
FIGURE 2 b 
2 y and so IA = { — Ja? — x? dx 
aoe! á 


To evaluate this integral we substitute x = a sin 0. Then dx = a cos 0 d0. To change 
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502 CHAPTER 7 Techniques of Integration 


the limits of integration we note that when x = 0, sin 0 = 0, so 0 = 0; when x = a, 
sin 0 = 1, so 0 = 7/2. Also 


Ja? — x? = Ja? — a? sin’?@ = ya? cos’?@ = a|cos 0| = a cos 0 


since 0 < 0 < 7/2. Therefore 
b pa b a/2 
a=4-] Va = dx =4—| a cos 0 * a cos 0 d0 
a J0 a 0 


= 4ab |7” cos’ do = 4ab [7° 3(1 + cos 26) do 


1 m/2 T 
= 2abļ0 + }sin 20| = 2ab 5 + 0-0] = rab 


We have shown that the area of an ellipse with semiaxes a and b is mab. In particular, 
taking a = b = r, we have proved the famous formula that the area of a circle with 
radius r is mr? E 


NOTE Because the integral in Example 2 was a definite integral, we changed the limits 
of integration and did not have to convert back to the original variable x. 


1 
EXAMPLE 3 Find f ———— iy 
x?4/x2 + 4 


SOLUTION Let x = 2 tan 0, —7/2 < 0 < m/2. Then dx = 2 sec’0 d0 and 


Vx? +4 = J4(tan20 + 1) = y4 sec?ð = 2|sec | = 2 sec 0 


So we have 


2 sec?6 dé -f sec O g 
~ 4 


dx 
| xax? +4 J 4 tan?0 + 2 sec 0 eT 
To evaluate this trigonometric integral we put everything in terms of sin 0 and cos 0: 


sec 0 1 cos? ~—s cos 0 


tan’?@ cos@_ sin’@ sin’0 


Therefore, making the substitution u = sin 0, we have 


~ | Oe a0 = q5 
E 2244 ~ 4) sin20 Ad u’ 
=i l +C= l +C 
4 u 4 sin 0 
csc 0 
Sa C 


We use Figure 3 to determine that csc 0 = yx? + 4/x and so 


FIGURE 3 JETI 
dx x? + 
= = ao a + C | 
tan 0 5 | x24) x? +4 4x 
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j- ar 


FIGURE 4 


x 
sec 0 = — 
a 


SECTION 7.3 Trigonometric Substitution 503 


x 
EXAMPLE 4 Find | —— dx. 

J Vx +4 
SOLUTION It would be possible to use the trigonometric substitution x = 2 tan 0 here 


(as in Example 3). But the direct substitution u = x? + 4 is simpler, because then 
du = 2x dx and 


x 1 du 
= =u +C=/x +4 + 
i -=h A Ju+C=Ve8F44+C a 


NOTE Example 4 illustrates the fact that even when trigonometric substitutions are pos- 
sible, they may not give the easiest solution. You should look for a simpler method first. 


EXAMPLE 5 Evaluate f TF where a > 0. 
x-a 


SOLUTION 1 We let x = a sec 0, where 0 < 0 < m/2 orm < 6 < 3m/2. Then 
dx = a sec 0 tan 0 d0 and 


Vx? — a? = ya? (sec?ð — 1) = ya? tan?ð = a| tan 0| = a tan 0 
Therefore 

dx TT 

J [2 = a? a tan 0 


The triangle in Figure 4 gives tan 0 = yx? — a?/a, so we have 


d8 = | sec 8 d9 = In|sec @ + tan 0| +C 


x VEE 
a a 


= In|x + yx? — a? | —- Ina + C 


= ]n +C 


dx 
= 


Writing Ci = C — Ina, we have 


m |F 


SOLUTION 2 For x > 0 the hyperbolic substitution x = a cosh ¢ can also be used. 
Using the identity cosh*y — sinh?y = 1, we have 


AEN r lec 


Vx? — a? = Va? (cosh?°t — 1) = Va? sinh?t = a sinh t 
Since dx = a sinh t dt, we obtain 


j dx _ | a sinh t dt 
a/x2 — qa? a sinh t 
Since cosh t = x/a, we have t = cosh '(x/a) and 
dx x 
[2] Ie = cosh '| —] + C 
Vx? — a? a 


Although Formulas 1 and 2 look quite different, they are actually equivalent by 
Formula 3.11.4. E 


=[dr=1+C 
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504 CHAPTER 7 Techniques of Integration 


NOTE As Example 5 illustrates, hyperbolic substitutions can be used in place of trigo- 
nometric substitutions and sometimes they lead to simpler answers. But we usually use 
trigonometric substitutions because trigonometric identities are more familiar than 
hyperbolic identities. 


3 
. 33/2 x 

As Example 6 shows, trigonometric EXAMPLE 6 Find (ax? + 2 dx. 

substitution is sometimes a good ° (4x ) 

A 2 2\n/2 x = x r 

idea when (x° + a°)"" occurs in SOLUTION First we note that (4x? + 9)%? = (4x? + 9) so trigonometric 

an integral, where n is any integer. bstitution i ; Älthoush Jae +9 ; : fth x x 

The same is true when (a? — x2)” substitution appropriate. t oug x 1s not quite ongo the expressions 1n 

or (x? — a2)" occur. the table of trigonometric substitutions, it becomes one of them if we make the 
preliminary substitution u = 2x, which gives yu? + 9. Then we substitute u = 3 tan 0 


or, equivalently, x = 3 tan 0, which gives dx = 3 sec’@ dð and 


V4x2 +9 = V9 tan?0 + 9 = 3 sec 0 


When x = 0, tan 0 = 0, so 0 = 0; when x = 34/3/2, tan 0 = 3, so 6 = 77/3. 


33/2 x? 7/3 7 tan0 TRF 
dx = l) 2 
| aerae h aen 2 
3 Me taro o ai" sin’@ 0 
16 Jo sec @ 16 Jo cos’0 
3 (7/3 1 — cosh 
= 16 k og H 0 dé 
Now we substitute u = cos 0 so that du = —sin 0 d0. When 0 = 0, u = 1; when 
0 = 7/3, u = 4. Therefore 
33/2 ae _ applar 
f (4x? + 99 a 16 I u’ ae 


EXAMPLE 7 Evaluate dx. 


X 
J yo = 2x- x? 


SOLUTION We can transform the integrand into a function for which trigonometric 
substitution is appropriate by first completing the square under the root sign: 


3 — 2x — x? = 3 — (x? + 2x) = 3 + 1 — (x? + 2x + 1) 


=4-(x+1? 


This suggests that we make the substitution u = x + 1. Then du = dx and x = u — 1, 
so 
u=] 


|p] ar 
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Figure 5 shows the graphs of the inte- We now substitute u = 2 sin 0, giving du = 2 cos 0 d0 and y4 — u? = 2 cos 0, so 


grand in Example 7 and its indefinite 
integral (with C = 0). Which is which? 


SECTION 7.3 Trigonometric Substitution 


2sin@— 1 


3 See] 2 cos 6 


, |, 


FIGURE 5 


= | sino - 1) do 


= —2 cosð0 -0 + C 


== /4= y = sn(4) PC 


2 cos 0 d0 


= 3 — 2x — x? 


505 


7.3 | Exercises 


1-4 (a) Determine an appropriate trigonometric substitution. 
(b) Apply the substitution to transform the integral into a trigo- 
nometric integral. Do not evaluate the integral. 


ae x? 
1. | ——-d 2. | ——— dx 
) NIR ” J V9 = xP 


x? x? 
3. eS dx 4. Popes TRAA dx 


5-8 Evaluate the integral using the indicated trigonometric 
substitution. Sketch and label the associated right triangle. 


x? 
5. | —— dx x= sind 
|a 
6. | —— x = 3 tan 0 
V9 +x? 
5 / 2 
7. px ae x =3sec 0 
J x 
z= 2 
Tee x = /2sin0 
x 


9-36 Evaluate the integral. 
9. | x7/16 + x? dx 
w= 
mja 


x? 
10. | —— dx 
= 


3 x 
12. ———— dx 
i 436 — x? 


13. —— a>0 


dt 
; 14. | —— 
Jo (a? + x°)? J t/t? — 16 


3 dx 
15. | er 


@ | a 
19. Ee CGE 


21. { x? Ja? — x? dx 


23. | —— a 
Ns x 
ea 


2 
0.6 
27. ~ dx 
l V9 = 25x? 


dx 


Vx? +2x+5 


29. oa 
31. J x74/3 + 2x — x? dx 
@ | ve + 2x dx 


35. fai — x4 dx 


16. 


18. 


20. 


22. 


24. 


26. 


28. 


30. 


32. 


34. 


36. 


w V4 — 9x? dx 


i j4 d t 


1 d. 


dt 


ei — 4x? dx 


| -=a 
I 


{" 
0 


x 


{ Vx? + ldx 


i V. x— x? dx 


Pore 


x? 


x’ +1 


ree — 2x +2) 


\e 


cos t 


V1 + sin*t 


O- 25x)? A 


dx 


dt 


= 4x2)3? dx 
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37. (a) Use trigonometric substitution to show that 


In(x a ie a?) tC 


dx 
J Jere 


(b) Use the hyperbolic substitution x = a sinh ¢ to show 
that 


eC 


dx i x 
f sinh7! 
Aix? a? a 
These formulas are connected by Formula 3.11.3. 


38. Evaluate 


2 

X 
—~ rd 
| (2 + ay? 


(a) by trigonometric substitution. 
(b) by the hyperbolic substitution x = a sinh t. 


39. Find the average value of f(x) = Vx? — 1/x,1 <x <7. 


40. Find the area of the region bounded by the hyperbola 
9x? — 4y? = 36 and the line x = 3. 


41. Prove the formula A = 5776 for the area of a sector of a 
circle with radius r and central angle 0. [Hint: Assume 
0 < 6 < m/2 and place the center of the circle at the origin 
so it has the equation x? + y? = r?. Then A is the sum of 
the area of the triangle POQ and the area of the region POR 
in the figure. ] 


= P 


FS 42. Evaluate the integral 


| dx 

xt /x? — 2 

Graph the integrand and its indefinite integral on the same 
screen and check that your answer is reasonable. 


@) Find the volume of the solid obtained by rotating 
about the x-axis the region enclosed by the curves 
y = 9/(x? + 9), y = 0, x = 0, and x = 3. 


44. Find the volume of the solid obtained by rotating 
about the line x = 1 the region under the curve 


y=xV1—-x,05x<1. 


45. (a) Use trigonometric substitution to verify that 


f væ = £? dt = ża? sin '(x/a) + $x ya? — x? 
0 


(b) Use the figure to give trigonometric interpretations 
of both terms on the right side of the equation in part (a). 


y 


46. The parabola y = 5x? divides the disk x? + y? < 8 into two 
parts. Find the areas of both parts. 


47. A torus is generated by rotating the circle 
x? + (y — RY = r° about the x-axis. Find the volume 
enclosed by the torus. 


48. A charged rod of length L produces an electric field at point 
P(a, b) given by 


L-a Ab 
E(P) = E 4Telx? + b?) da 


where À is the charge density per unit length on the rod and 
£o is the free space permittivity (see the figure). Evaluate the 
integral to determine an expression for the electric field E(P). 


49. Find the area of the crescent-shaped region (called a lune) 
bounded by arcs of circles with radii r and R. (See the 
figure.) 


50. A water storage tank has the shape of a cylinder with diam- 
eter 10 ft. It is mounted so that the circular cross-sections 
are vertical. If the depth of the water is 7 ft, what percentage 
of the total capacity is being used? 
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7.4 | Integration of Rational Functions by Partial Fractions 


In this section we show how to integrate any rational function (a ratio of polynomials) by 
expressing it as a sum of simpler fractions, called partial fractions, that we already know 
how to integrate. To illustrate the method, observe that by taking the fractions 2/(x — 1) 
and 1/(x + 2) toa common denominator we obtain 


2 lL 21 2¢42)-=-)) «+5 
= 1 #2 (x — 1)(x + 2) xX +x-2 


If we now reverse the procedure, we see how to integrate the function on the right side of 


this equation: 
x+5 2 1 
f J ax = ( dx 
xe = 2 x= 1 x2 


=2In|x—-1|—-Injx+2]+C 


E The Method of Partial Fractions 

To see how the method of partial fractions works in general, let’s consider a rational 
function 

P(x) 

Q(x) 

where P and Q are polynomials. It’s possible to express f as a sum of simpler frac- 


tions provided that the degree of P is less than the degree of Q. Such a rational function 
is called proper. Recall that if 


f(x) = 


P(x) = anx” + Gn-1x" | + +++ + aix + ao 


where a, # 0, then the degree of P is n and we write deg(P) = n. 

If f is improper, that is, deg(P) = deg(Q), then we must take the preliminary step of 
dividing Q into P (by long division) until a remainder R(x) is obtained such that 
deg(R) < deg(Q). The result is 


[1] fa) = 


Px) RQ) 
ot) °) * OG 


where S and R are also polynomials. 
As the following example illustrates, sometimes this preliminary step is all that is 


required. 
3+ 
EXAMPLE 1 Find | “—— dx. 
P= 
ot 2 SOLUTION Since the degree of the numerator is greater than the degree of the denomi- 
NF 1)x° ae nator, we first perform the long division. This enables us to write 
K ÃÁ-xX 
x PE xX +x 5 2 
y |= a= EBRD dx 
> x= 1 Pao 
X 
2%=2 fa Pe 
2 =; ty t2xt2injx- 1p +e E 
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Another method for finding A, B, 
and C is given in the note after this 
example. 


If the denominator Q(x) in Equation 1 is factorable, then the next step is to factor Q(x) 
as far as possible. It can be shown that any polynomial Q can be factored as a product of 
linear factors (of the form ax + b) and irreducible quadratic factors (of the form 
ax? + bx + c, where b? — 4ac < 0). For instance, if Q(x) = x* — 16, we could factor 
it as 


Olx) = (x? — 4)(x? + 4) = (x — 2)(x + 2)(x? + 4) 


The third step is to express the proper rational function R(x)/Q(x) (from Equation 1) 
as a sum of partial fractions of the form 


A Ax +B 
—— or — m 
(ax + b)! (ax? + bx + c)! 


A theorem in algebra guarantees that it is always possible to do this. We explain the 
details for the four cases that occur. 


CASEI The denominator Q(x) is a product of distinct linear factors. 
This means that we can write 


Q(x) = (aix + by)(aox + b2) --- (arx + dy) 


where no factor is repeated (and no factor is a constant multiple of another). In this case 
the partial fraction theorem states that there exist constants A1, A2, . . . , Ax such that 


R(x) Al Ad Ak 
= + + +++ + ———_ 
Q(x) ax + bi ax + by arx + bk 


[2] 


These constants can be determined as in the following example. 


st le = l 
EXAMPLE 2 Evaluate | ————-dx. 
2x° + 3x° = 2x 


SOLUTION Since the degree of the numerator is less than the degree of the denomi- 
nator, we don’t need to divide. We factor the denominator as 


2x? + 3x? — 2x = x(2x? + 3x — 2) = x(2x — 1)(x + 2) 


Since the denominator has three distinct linear factors, the partial fraction decomposi- 
tion of the integrand (2) has the form 
x?>+2x-1 A B C 
[3] =—+ + 
x(2x = 1)(x + 2) x x= I x2 


To determine the values of A, B, and C, we multiply both sides of this equation by the 
least common denominator, x(2x — 1)(x + 2), obtaining 


[4] x? + 2x — 1 = A(2x — 1)(x + 2) + Bx(x + 2) + Cx(2x — 1) 


Expanding the right side of Equation 4 and writing it in the standard form for poly- 
nomials, we get 


[5] x? + 2x — 1 = (2A + B + 2C)x? + (3A + 2B — C)x — 2A 
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The polynomials on each side of Equation 5 are identical, so the coefficients of 
corresponding terms must be equal. The coefficient of x° on the right side, 
2A + B + 2C, must equal the coefficient of x? on the left side—namely, 1. Likewise, 
the coefficients of x are equal and the constant terms are equal. This gives the following 
system of equations for A, B, and C: 


2A+ Bt+2C=1 


3A + 2B = C=2 


=2A = -1 
Solving, we get A = 5, B= i, and C = =}, and so 
We could check our work by taking ate = 1 1d I I I 1 
the terms to a common denominator | 3 5 dx = | ( + ) dx 
and adding them. 2x” + 3x" — 2x 2x S32x-1 10x72 


= 5In|x| + ġln|2x- 1|- ġln|x+2|+K 


In integrating the middle term we have made the mental substitution u = 2x — 1, 
which gives du = 2 dx and dx = } du. f 


NOTE We can use an alternative method to find the coefficients A, B, and C in Example 2. 
Equation 4 is an identity; it is true for every value of x. Let’s choose values of x that 
simplify the equation. If we put x = 0 in Equation 4, then the second and third terms on 


the right side vanish and the equation then becomes —2A = —1, or A = L, Likewise, 
x= + gives 5B/4 = ł and x = —2 gives 10C = -1, so B = t and C= -5 (You may 
object that Equation 3 is not valid for x = 0, L, or —2, so why should Equation 4 be valid 


for those values? In fact, Equation 4 is true for all values of x, even x = 0, 7 and —2. See 
Exercise 75 for the reason.) 


EXAMPLE 3 Find | 


5 =, where a = 0. 
J x -a’ 


SOLUTION The method of partial fractions gives 


1 1 A B 


x= (x—-a\x+a) x-a xta 


and therefore 
A(x + a) + B(x — a) = 1 
Using the method of the preceding note, we put x = a in this equation and get 


A(2a) = 1, so A = 1/(2a). If we put x = —a, we get B(—2a) = 1, so B = —1/(2a). 
Thus 
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Since In x — In y = In(x/y), we can write the integral as 


[6] | dx _ l In x= a +c 
xa?’ 2a x+a 
(See Exercises 61—62 for ways of using Formula 6.) E 


CASE II Q(x) is a product of linear factors, some of which are repeated. 
Suppose the first linear factor (aix + bı) is repeated r times; that is, (aix + bı)” occurs 
in the factorization of Q(x). Then instead of the single term A;/(a:x + bı) in Equation 2, 
we would use 
Al Ad A, 
7 ——_ + ——_ +--+: — 
aix + bı (aix + bi}? (aix + biy 


By way of illustration, we could write 


x —-x+1 A B C ,_ P Æ 
x(x — 1P? x x x-1 (x-1? («- 1 


but we prefer to work out in detail a simpler example. 


4 45.2 
EXAMPLE 4 Find | Ž ee ae 
x 


3— x? —-x+1 


SOLUTION The first step is to divide. The result of long division is 


xt — 2x? + 4x+1 4x 
7 3 =x+ 1+; z 
a a op el y= a eel 


The second step is to factor the denominator Q(x) = x? — x? — x + 1. Since 
Q(1) = 0, we know that x — 1 is a factor and we obtain 


x? — x xt 1 = (x YO? — 1) = (x — 1)(x — 1)(x + 1) 
= (x — 1)}(x + 1) 
Since the linear factor x — 1 occurs twice, the partial fraction decomposition is 


4x _ A ie B " C 
(x-1ř(x+1) x-1 (x-1? x+1 


Multiplying by the least common denominator, (x — 1} (x + 1), we get 
4x = A(x — 1)(x + 1) + B(x + 1) + C(x - 1}? 
= (A + C)x? + (B — 2C)x + (—A + B + C) 
Now we equate coefficients: 
A + C=0 
B-2C=4 
-A+B+ C=0 
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Solving, we obtain A = 1, B = 2, and C = —1,so 


xt — 2x? + 4x41 1 2 1 
f dx = x+t1t+ dx 
x 


+ 
xXx -x+tl = 1 (x-1 x+1 


ra 2 
=e in |= 1|- —~-hj|x+1|+K 
2 y=] 


N 
N 


NOTE We could also determine the coefficients A, B, and C in Example 4 by following 
the method given after Example 2. Putting x = 1 in Equation 8 gives 4 = 2B, so B = 2 
and, likewise, putting x = —1 gives —4 = 4C, so C = —1. There is no value of x that 
makes the second and third terms on the right side of Equation 8 vanish, so we can’t find 
the value of A as easily. But we can choose a third value for x that still gives a useful 
relationship between A, B, and C. For instance x = 0 gives 0 = —A + B + C,soA = 1. 


CASE III Q(x) contains irreducible quadratic factors, none of which is repeated. 
If Q(x) has the factor ax? + bx + c, where b? — 4ac < 0, then, in addition to the partial 
fractions in Equations 2 and 7, the expression for R(x)/Q(x) will have a term of the form 


Ax +B 
ax? + bx +c 


[9] 


where A and B are constants to be determined. For instance, the function given by 
f(x) = x/[(x — 2)(x? + 1)(x? + 4)] has a partial fraction decomposition of the form 


xX _ A eS DATE 
(x — 2)(x? + D(x? +4) x-2 x +1 x +4 


The term given in (9) can be integrated by completing the square (if necessary) and using 
the formula 


d 1 
jata-ter(4)+e 
x a a 


Am 0 oe 
EXAMPLE 5 Evaluate | ~*~ dr. 
x” xX 


SOLUTION Since x? + 4x = x(x? + 4) can’t be factored further, we write 


2x -x+4 A Bx + C 
x(x? + 4) x x? +4 


Multiplying by x(x* + 4), we have 
2x? — x + 4 = A(x? + 4) + (Bx + C)x 
= (A + B)x? + Cx + 4A 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


512 CHAPTER 7 Techniques of Integration 


Equating coefficients, we obtain 
A+B=2 c=-1 4A =4 
Therefore A = 1, B = 1, and C = —1 and so 


2x? —x+4 1 = 1 
f 5 dx = +5 dx 
x” + 4x x x +4 
In order to integrate the second term we split it into two parts: 


[aye-|aye [amt 


We make the substitution u = x* + 4 in the first of these integrals so that du = 2x dx. 
We evaluate the second integral by means of Formula 10 with a = 2: 


Ie —-x+4 1 x 1 
= F d: 
| x(x? + 4) ju |a” Per X 
=]n |x| + 5In(x? + 4) — t tan™!(x/2) + K E 
4x? — 3x +2 
EXAMPLE 6 Evaluate | “dx. 
4x° — 4x + 3 


SOLUTION Since the degree of the numerator is not less than the degree of the denomi- 
nator, we first divide and obtain 
Ag = 36 2 = x= 1 


i 1+ T 
4x 4x +3 4x 4x + 3 


Notice that the quadratic 4x” — 4x + 3 is irreducible because its discriminant is 
b? — 4ac = —32 < 0. This means it can’t be factored, so we don’t need to use the 
partial fraction technique. 

To integrate the given function we complete the square in the denominator: 


4x? — 4x +3 = (2x - 1} +2 


This suggests that we make the substitution u = 2x — 1. Then du = 2 dx and 
x= (u + 1), so 


4x? — 3x + 2 -1 
n M A 


4x? — 4x + 3 4x? — 4x +3 
E 1 z(u +1)-1 if u-i! 
= al u4? du=x+3 zga% 
1 u 1 1 
=x+4] zya% if za% 
+ sIn(u? + 2 ae wo( ” ]+c 
= x + zln(u Eene — 
$ 4 J2 J2 


I 
= 
+ 
col 
5 
T 
ae 
| 
aN 
= 
+ 
2 
| 
i 
S 
Ri 
An 
N 
= 
i] | 
ed 
+ 
Q 
E 
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It would be extremely tedious to work 
out by hand the numerical values of 
the coefficients in Example 7. Most 
computer algebra systems, however, 
can find the numerical values very 
quickly: 


SECTION 7.4 Integration of Rational Functions by Partial Fractions 513 


NOTE Example 6 illustrates the general procedure for integrating a partial fraction of 
the form 
Ax + B 


7 where b? — 4ac < 0 
ax’ + bx + c¢ 


We complete the square in the denominator and then make a substitution that brings the 
integral into the form 


Cu + D u 1 
o 5 du =c | zdu + D | —— z du 
u +a u +a u +a 


Then the first integral is a logarithm and the second is expressed in terms of tan™'. 


CASEIV Q(x) contains a repeated irreducible quadratic factor. 
If Q(x) has the factor (ax? + bx + c)", where b? — 4ac < 0, then instead of the single 
partial fraction (9), the sum 


ma] Aix + B, AX + Bp A,x F B, 
ax? +bx+c (ax? + bx + cy (ax? + bx + c) 


occurs in the partial fraction decomposition of R(x)/Q(x). Each of the terms in (11) can 
be integrated by using a substitution or by first completing the square if necessary. 


EXAMPLE 7 Write out the form of the partial fraction decomposition of the function 


we+x?74+ 1 
x(x — 1)(x? + x + D(x? + 1% 


SOLUTION 
xX +x +l 
x(x — 1)(x? + x + D(x? + 1% 


B M Cx+ D ETF, Gx+H | Ix+J 
x x-1 x+x+l x? +1 (x? + 1) (x? + 1)? 


Laer oe Sa 
EXAMPLE 8 Evaluate | aa dx. 
XX n 


SOLUTION The form of the partial fraction decomposition is 


1—x + 2x? -— x’ A Byte C Dx + E 


x(x? + 1)? TE PEt” Baie 
Multiplying by x(x? + 1), we have 
=x? + 2x? — x + 1 = A(x? + 1)? + (Bx + C)x(x? + 1) + (Dx + E)x 
= A(x + 2x7 + 1) + B(x? + x?) + C(x? + x) + Dx? + Ex 
= (A + B)xt + Cx? + (2A + B + D)x? + (C+ E)x +A 
If we equate coefficients, we get the system 


A+B=0 C=-1 2A+B+D=2 C+E=-]1 A=l 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


514 CHAPTER 7 Techniques of Integration 


In the second and fourth terms we made 
the mental substitution u = x? + 1. 


which has the solution A = 1, B 1,C 1, D = 1, and E = 0. Thus 
po | 1 eet y x d 
= -| dx 
x(x? + 1)? j x wt) (x? + 1)? 


d d xd 
=. [en lag aa 


1 
l - 
=]n |x| — šln(x? + 1) — tan™'x a? + 1) +K E 


NOTE Example 8 worked out rather nicely because the coefficient E turned out to be 0. 
In general, we might get a term of the form 1/(x? + 1}. One way to integrate such a 
term is to make the substitution x = tan 0. Another method is to use the formula in 
Exercise 76. 

Partial fractions can sometimes be avoided when integrating a rational function. For 
instance, although the integral 

xX +1 d 
J x(x? + 3) id 


could be evaluated by using the method of Case III, it’s much easier to observe that if 
u = x(x? + 3) =x? + 3x, then du = (3x? + 3) dx and so 


[> ae = tin |x? + 3x | +C 
x(x? + 3) à 
E Rationalizing Substitutions 


Some nonrational functions can be changed into rational functions by means of appropri- 
ate substitutions. In particular, when an integrand contains an expression of the form 
4 g(x), then the substitution u = 4/ g(x) may be effective. Other instances appear in the 
exercises. 


EXAMPLE9 Evaluate 


ia 


SOLUTION Letu = yx + 4. Then u? = x + 4, so x = u? — 4 and dx = 2u du. 
Therefore 


vx +4 E u = ue Ea 4 
i h frg edu aja gA af 1g | ee 


We can evaluate this integral either by factoring u” — 4 as (u — 2)(u + 2) and using 
partial fractions or by using Formula 6 with a = 2: 


[H anfus- 


4 
1 u =2 

=2u+8- In +C 
2.2 u+ 2 

2 


FC E 


gene =o 
=24x +4 +2ln 
7 Jered £3 
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Exercises 


SECTION 7.4 


515 


Integration of Rational Functions by Partial Fractions 


1-6 Write out the form of the partial fraction decomposition of 
the function (as in Example 7). Do not determine the numerical 
values of the coefficients. 


1. (a) 1 (b) 2x +5 
a (x= 3)(x + 5) (x — 2)*(x? + 2) 
x—-6 1 
EON ose ig Ol a 
3 ) CPA (b) x ap x 
a x? — 3x? + 2x x(2x — 1)?(x? + 3) 
eye? E eee 
ee @— De—D 
xe +1 x 
ee (x? — x)(x + 2x? + 1) (b) x +x-6 
6 i b r 
. (a) 2 _—4 ( ) (x? Zyd 1)(x? $ 2) 


7-40 Evaluate the integral. 


5 


7. | G=1640 


5x +1 


@/ Gane” 


ree 


11. aime Oe 
Jo 2x7 + 3x +1 


1 
13. laa 


2 


x dx 
x= 1 


15. Í 


i 4y? — Ty — 12 
1 


y(y + 2)(y — 3) 
x +x+l 


@|, 


-1x° — 3x +2 
@ | 4x 
etx? txt] 
ry eee 
ne a 


o(x+ a+ 


8. 


10. 


12. 


14. 


16. 


18. 


20. 


22. 


24. 


26. 


28. 


30. 


(ae 
x? — 4x 
y 
l Gxa@ =D? 


1 x—-4 
| OTE 

1 
> j 
CFAE 


3r=— 2 
| dt 
tae 1 
a 
1 x? +3x4+2 


3 x(3 — 5x) 
2 Gx- DG- i? 


o > 7 
x? — 8x? + 16 


(= n 


x? + 4x 
2x°+ 4x7 4+ x- 1 
ic a Se y 
| xXx? 

u aa. 
(? + 1) 


dx 


{7 + 6x — 2 


xt + 6x? 


+4 
31. [ = ax 32. [' a 
r + 2x+5 ox + 4x + 13 
fd 3— 2x? + 2x — 5 
33. | ———dx 34. [ae 
Jx- 1 x? + 4x* +3 
342 age 
on [ieee a og jia 
0o xt + 4x’ +3 x 1 
ay a 3 peer 
$ x . | —— — ax 
x(x? + 17 xP + 5x? + 5x 
x7 -— 3x47 x? + 2x? + 3x-2 
39. | ————_[— dx 40. d 
Ie 2 — 4x + 6)? Í (x? + 2x + 2) x 


41-56 Make a substitution to express the integrand as a rational 
function and then evaluate the integral. 


äl Í dx 4 | dx 
: xv/x—- 1 : 2J/x4+3 +x 
dx 1 1 
43. | ———_ 44. ——= d 
J x” + x4/x o1t+ 3x i 
r xt dx 
45. | Ea 46 Fe ay 


47. 


48. i i 


i= (poms 


49. | —————— dx 50. dx 
Jy — 37x +2 x 
@ |. E aoa e 
“+ 3e* + 2 cos^x — 3 cos x 
r sec’t i 
53. | — dt 54. Í —— 
J tan-t + 3 tant + 2 (e* — 2)(e™ + 1) 
dx cosh t 
55. 56. | —{ < u 
J 1 +e í sinh’t + sinh‘t 


57-58 Use integration by parts, together with the techniques of 
this section, to evaluate the integral. 


57. fine? —x+2)dx 58. fx tan™'x dx 


59. Use a graph of f(x) = 1/(x* — 2x — 3) to decide whether 
j f(x) dx is positive or negative. Use the graph to give a 
rough estimate of the value of the integral and then use partial 
fractions to find the exact value. 
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60. Evaluate 
1 
f x +k ax 
by considering several cases for the constant k. 


61-62 Evaluate the integral by completing the square and using 
Formula 6. 


r dx r 2x+1 
61. | —= 62. | — ~ dx 
eS 2x 4x + 12x- 7 


63. Weierstrass Substitution The German mathematician Karl 
Weierstrass (1815-1897) noticed that the substitution 
t = tan(x/2) will convert any rational function of sin x and 
cos x into an ordinary rational function of t. 
(a) Ift = tan(x/2), —m < x < m, sketch a right triangle or 
use trigonometric identities to show that 


cos — = ——— and sin — = 


and sin x = 


2 
(c) Show that dx = — dt. 
1+t 


64-67 Use the substitution in Exercise 63 to transform the inte- 
grand into a rational function of ¢ and then evaluate the integral. 


d. 1 
64. ET 65. a 
1 — cosx 3 sinx — 4cosx 
P ar/2 1 rx/2 Sin 2x 
Z —_——— d : ae ES 
is 1 + sin x — cos x K l 2 + cosx 


68-69 Find the area of the region under the given curve from 1 to 2. 


1 x’ +1 


68. y = — Ara 
V= eb 3x- x 


70. Find the volume of the resulting solid if the region under the 
curve 


1 


Y= + Se ED 


from x = 0 to x = 1 is rotated about (a) the x-axis and (b) the 
y-axis. 


71. One method of slowing the growth of an insect population 
without using pesticides is to introduce into the population a 
number of sterile males that mate with fertile females but pro- 
duce no offspring. (The photo shows a screw-worm fly, the 
first pest effectively eliminated from a region by this method.) 
Let P represent the number of female insects in a population 
and S the number of sterile males introduced each generation. 
Let r be the per capita rate of production of females by 


females, provided their chosen mate is not sterile. Then the 
female population is related to time t by 

P+S 
t f dP 
P[(r — 1)P — S] 


Suppose an insect population with 10,000 females grows at 
arate of r = 1.1 and 900 sterile males are added initially. 
Evaluate the integral to give an equation relating the female 
population to time. (Note that the resulting equation can’t 
be solved explicitly for P.) 


USDA 


72. Factor x* + 1 as a difference of squares by first adding and 
subtracting the same quantity. Use this factorization to evalu- 
ate | 1/(x* + 1) dx. 


73. (a) Use a computer algebra system to find the partial fraction 


decomposition of the function 


4x? = 27x? + 5x — 32 
30x% — 13x4 + 50x° — 286x? — 299x — 70 


f(x) 


(b) Use part (a) to find i] f(x) dx (by hand) and compare with 
the result of using the CAS to integrate f directly. 
Comment on any discrepancy. 


74. (a) Use a computer algebra system to find the partial fraction 


decomposition of the function 


12x5 — 7x? — 13x? + 8 
100x°® — 80x7 + 116x* — 80x? + 41x? — 20x + 4 


f(x) 


(b) Use part (a) to find | f(x) dx and graph f and its 
indefinite integral on the same screen. 
(c) Use the graph of f to discover the main features of the 


graph of | f(x) dx. 
75. Suppose that F, G, and Q are polynomials and 
F(x) _ G(x) 
Q(x) Qx) 


for all x except when Q(x) = 0. Prove that F(x) = G(x) 
for all x. [Hint: Use continuity. ] 


76. (a) Use integration by parts to show that, for any positive 
integer n, 


| dx x 
(x? + a7)" 2a?(n — 1)(x? + a)! 


_  2n— 3 | dx 
Wea) sey 
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(b) Use part (a) to evaluate 78. If f is a quadratic function such that f(0) = 1 and 


r dx dx 
ee d on f(x) 
| (x? + 1) = | (x7 + 1) i x(x + 1)? dx 
77. Ifa # 0 andn is a positive integer, find the partial fraction 
decomposition of f(x) = 1/(x”"(x — a)). [Hint: First find the 
coefficient of 1/(x — a). Then subtract the resulting term and 
simplify what is left.] 


is a rational function, find the value of f'(0). 


7.5 | Strategy for Integration 


As we have seen, integration is more challenging than differentiation. In finding the 
derivative of a function it is obvious which differentiation formula we should apply. But 
it may not be obvious which technique we should use to integrate a given function. 


E Guidelines for Integration 


Until now individual techniques have been applied in each section. For instance, we usu- 
ally used substitution in Exercises 5.5, integration by parts in Exercises 7.1, and partial 
fractions in Exercises 7.4. But in this section we present a collection of miscellaneous 
integrals in random order and the main challenge is to recognize which technique or 
formula to use. No hard and fast rules can be given as to which method applies in a given 
situation, but we give some general guidelines that you may find useful. 

A prerequisite for applying a strategy is a knowledge of the basic integration formu- 
las. In the following table we have collected the integrals from our previous list together 
with several additional formulas that we have learned in this chapter. 


Table of Integration Formulas Constants of integration have been omitted. 
n+1 
1. | x"dx = 


1 
(n Æ —1) 2. | —dx = In|x| 
x 


x 


4. f pam T 


n+1 


3. f e*dx = e* 


5. f sin x dx = —cos x 
7. f sec?x dx = tan x 


9, [ sec x tan x dx = sec x 


6. f cos x dx = sin x 
8. | csc*x dx = —cot x 


10. f csc x cot x dx = —csc x 


11. | sec x dx = In| sec x +tanx| 12. f csc x dx = In| ese x — cot x 


13. | tan x dx = In| sec x| 14. f cot x dx = In| sin x| 


15. f sinh x dx = cosh x 16. f cosh x dx = sinh x 


17. L an- 18. f 


dx ey ee: >o 
= sin a 
fa? = x2 a)’ 
=In|x + Vx? + a? | 


dx 
$ n 
ae o 
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CHAPTER 7 Techniques of Integration 


Most of these formulas should be memorized. It is useful to know them all, but the 
ones marked with an asterisk need not be memorized since they are easily derived. For- 
mula 19 can be avoided by using partial fractions, and trigonometric substitutions can be 
used in place of Formula 20. 

Once you are armed with these basic integration formulas, if you don’t immediately 
see how to attack a given integral, you might try the following four-step strategy. 


1. Simplify the Integrand If Possible Sometimes the use of algebraic manipulation or 
trigonometric identities will simplify the integrand and make the method of 
integration obvious. Here are some examples: 


f v= (1 + ve) ax = | (Ve + x) de 


tnd  p sind, 
f — ig i ~~ C059 a 


= | sine cos 8 d0 = 3 | sin 26 d0 


| (sin x + cos x} dx = | (sin’x + 2 sin x cos x + cos*x) dx 


=fa + 2 sin x cos x) dx 


2. Look for an Obvious Substitution Try to find some function u = g(x) in the integrand 
whose differential du = g'(x) dx also occurs, apart from a constant factor. For 
instance, in the integral 


we notice that if u = x? — 1, then du = 2x dx. Therefore we use the substitution 
u = x° — | instead of the method of partial fractions. 


3. Classify the Integrand According to Its Form If Steps 1 and 2 have not led to the solution, 
then we take a look at the form of the integrand f(x). 


(a) Trigonometric functions. If f(x) is a product of powers of sin x and cos x, 
of tan x and sec x, or of cot x and csc x, then we use the substitutions recom- 
mended in Section 7.2. 


(b) Rational functions. If f is a rational function, we use the procedure of 
Section 7.4 involving partial fractions. 


(c) Integration by parts. If f(x) is a product of a power of x (or a polynomial) and 
a transcendental function (such as a trigonometric, exponential, or logarithmic 
function), then we try integration by parts, choosing u and dv according to the 
advice given in Section 7.1. If you look at the functions in Exercises 7.1, you 
will see that most of them are the type just described. 


(d) Radicals. Particular kinds of substitutions are recommended when certain 
radicals appear. 


(Gi) If Vx? + a, yx — a’, or Va? — x? occurs, we use a trigonometric 
substitution according to the table in Section 7.3. 

(ii) If Vax + b occurs, we use the rationalizing substitution u = ~/ax + b. 
More generally, this sometimes works for 4/ g(x) . 
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4. TryAgain Ifthe first three steps have not produced the answer, remember that there 
are basically only two methods of integration: substitution and parts. 


(a) Try substitution. Even if no substitution is obvious (Step 2), some inspiration or 
ingenuity (or even desperation) may suggest an appropriate substitution. 


(b) Try parts. Although integration by parts is used most of the time on products of 
the form described in Step 3(c), it is sometimes effective on single functions. 
Looking at Section 7.1, we see that it works on tan” 'x, sin 'x, and In x, and 
these are all inverse functions. 


(c) Manipulate the integrand. Algebraic manipulations (perhaps rationalizing the 
denominator or using trigonometric identities) may be useful in transforming the 
integral into an easier form. These manipulations may be more substantial than in 
Step 1 and may involve some ingenuity. Here is an example: 


dx il 1 + cos x 1 + cos x 
f =f . dx = 5 ax 
1 — cos x l] — cosx 1+ cosx 1 — cos^x 


r | + cos x j cos x 
= | E dx = cecx t-z dx 
sinx sinx 


(d) Relate the problem to previous problems. When you have built up some 
experience in integration, you may be able to use a method on a given integral 
that is similar to a method you have already used on a previous integral. Or you 
may even be able to express the given integral in terms of a previous one. For 
instance, | tan?x sec x dx is a challenging integral, but if we make use of the 
identity tan’x = sec*x — 1, we can write 


f tan?x sec x dx = f sec*x dx — f sec x dx 


and if | sec*x dx has previously been evaluated (see Example 7.2.8), then that 
calculation can be used in the present problem. 

(e) Use several methods. Sometimes two or three methods are required to evaluate 
an integral. The evaluation could involve several successive substitutions of 
different types, or it might combine integration by parts with one or more 
substitutions. 


In the following examples we indicate a method of attack but do not fully work out 
the integral. 


tan°x 


EXAMPLE 1 | dx 


cos*x 


In Step 1 we rewrite the integral: 


tan*x 
f —dx = f tan*x sec*x dx 

cos’x 
The integral is now of the form i tan”x sec"x dx with m odd, so we can use the advice 
in Section 7.2. 

Alternatively, if in Step 1 we had written 


í tan?x ire | sinx 1 Pa f sin*x Jt 


cos?x cos*x cos?x cos°x 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


520 


CHAPTER 7 Techniques of Integration 


then we could have continued as follows with the substitution u = cos x: 


sin*x 1 — cos% . 1 — u? 
f d= z sin x dx = | —;— (du) 
cos°x cos°x u 
=] 
i du = | u~ u°) du | 


EXAMPLE 2 f sin yx dx 


According to (ii) in Step 3(d), we substitute u = Vx. Then x = u’, so dx = 2u du and 


f sin Ve dx = 2 | usin u du 


The integrand is now a product of u and the trigonometric function sin u so it can be 
integrated by parts. E 


x$ + 
EXAMPLE 3 f h 
A =I S X 


No algebraic simplification or substitution is obvious, so Steps 1 and 2 don’t apply 
here. The integrand is a rational function so we apply the procedure of Section 7.4, 
remembering that the first step is to divide. a 


dx 
EXAMPLE 4 | ——— 
xy In x 
Here Step 2 is all that is needed. We substitute u = In x because its differential is 
du = dx/x, which occurs in the integral. E 


1 =$ 
EXAMPLE 5 | ~ * dx 
lx 
Although the rationalizing substitution 
4 l=x 
u= 
1+x 


works here [(ii) in Step 3(d)], it leads to a very complicated rational function. An easier 
method is to do some algebraic manipulation [either as Step 1 or as Step 4(c)]. 


Multiplying numerator and denominator by y1 — x, we have 


1-x 


1-x 
i Ez dx jF = dx 
=f A dx f ž dx 
JI = x? af = g? 
= sinx + y1 — x? + C a 


E Can We Integrate All Continuous Functions? 


The question arises: will our strategy for integration enable us to find the integral of 
every continuous function? For example, can we use it to evaluate | e* dx? The answer 
is no, at least not in terms of the functions that we are familiar with. 
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The functions that we have been dealing with in this book are called elementary 
functions. These are the polynomials, rational functions, power functions (x”), exponen- 
tial functions (b*), logarithmic functions, trigonometric and inverse trigonometric func- 
tions, hyperbolic and inverse hyperbolic functions, and all functions that can be obtained 
from these by the five operations of addition, subtraction, multiplication, division, and 
composition. For instance, the function 


2 
2 1 i 
fax) = í * + In(cosh x) — xe‘i"?* 


xe+2x-1 


is an elementary function. 

If f is an elementary function, then f’ is an elementary function but ( f(x) dx need not 
be an elementary function. Consider f(x) = e*”. Since f is continuous, its integral exists, 
and if we define the function F by 


F(x) = f e° dt 


then we know from Part 1 of the Fundamental Theorem of Calculus that 
F'(x) = e”? 


Thus f(x) = e° has an antiderivative F, but it has been proved that F is not an elemen- 
tary function. This means that no matter how hard we try, we will never succeed in evalu- 
ating f e% dx in terms of the functions we know. (In Chapter 11, however, we will see 
how to express (i e* dx as an infinite series.) The same can be said of the following 
integrals: 


i — dx f sin(x?) dx f cos(e*) dx 


1 sin x 
Jae + ldx — dx f dx 
In x x 
In fact, the majority of elementary functions don’t have elementary antiderivatives. You 
may be assured, though, that the integrals in the following exercises are all elementary 
functions. 


7.5 | Exercises 


1-8 Three integrals are given that, although they look similar, 


Inx 
may require different techniques of integration. Evaluate the 3. @) | x ae (b) | In(2x) dx 


integrals. 
i (c) f xmxax 
1. @) [ax ©) f oi 
Lex Ltg 4. (a) f sinx dx (b) f sin’x dx 
1 
© | 1- x? ax (c) [ sin 2x dx 
7 1 1 - 1 
2. = Wide b — d. — ~ ee o 
@ fav x o | = x $.@) (saa (b) \3=— 
f/x? =] 1 
(c) | x i — dx (c) Í Pears dx 
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6. (a) | x cos x7 dx (b) | x cos*x dx 35. J 36. | sin Jat dt 


1+e* 


(c) fx cos x dx 7 2 
` 37. | In(x + yx? — 1) dx 38. f le- 1| dx 


7. (a) | xe” dx (b) | x e* dx 
J v 1+ 3/x 
, 39. la * dx 40. lee dx 
(c) (weds [=y x 
x T z/2 1 + 4cotx 
x [ox e = 2x —.x? dx 42. ——— dx 
8. (a) | eve" — 1 dx (b) | ————dx a | V3 f = 
J | 1 — ex /4 4 — cotx 
1 oes 
(c) f — dx 43. f men E aa, (1A iy 
ye*— 1 -7/2 1 + cos“x 1 + cosx 
a/4 7/3 sin 0 cot 0 
9-93 Evaluate the integral. 45. i tan*9 sec*6 dO 46. m sec 0 do 
r cosx 1 
— a 10. | Gx + 1d Ø tan 0 i 
@ | 1 — sinx : f Gx poe 47, {| ~_ 48. { sin 6x cos 3x dx 
sec — sec 0 0 


emesin x 


r4 
j| Vy nvay 12: De i 49. f 0 tano do 50. ss" 


In(In y) ; 
3 | 7 14. f (x + 1? dx 51. | a dx 52. fvi + e* dx 
J JTF 
x , — 1)e* 
15. Jaa 5 dx 16. f rsine cos t dt 53. [—— T TE ay 54. Í (x = Je dx 
ra 2 cos(1/x) 
@ |, x24 3x—4 dx 18. f x dx @ | — 1) dx 56. f xv2 = /1 — x? dx 
r 1 2x — 3 
19. | — r = & 20. 3 X 1 d 58 — t y 
yl cer j a” | aT” 
> cos*x r 1 dx 
21. d 22. | In(1 + x°) d ae =e 
| cscx 7 J MERA A | x./4x2 + 1 ax 90. Í x(x* + 1) 
GD | x sec x tan x dx 24. —- 61. | 2 sinh mxd 62 l Fenda 
A Visa a |x sinh mx dx -JC sin x} dx 
: dx dx 
25. f t cos?°t dt 26. 63. f ieee 64. | ane ta 
* if 
27. fer"ax 28. (=e 65. [ve +c dx 66. f wa" 
x 
r Inx r dx dx 
29. t x d 30. dx 67. 68. | ——_ 
| arctan yx dx [= = ears | Y= 16 f E] 
P r dé d0 
6m) { (1 + Vx dx 32. f (1 + tan x}? sec x dx 69. | TECI 70. meer 
11+ 128 1 3x24 ge _ | a 
A a 71. x e* dx 72. 
33. | att 34. Lon | vx f Te 
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sin 2x 
a pence 1 + cos* eo 
75. | = o dx 


J Je +1 + x 
cB V1 + x? 
@ |, p dx 


79. Í D zh 


x + arcsin x 
io 


1 — x? 


83. 


85. | = 


87. | x sin?x cos x dx 
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74. Í wa altans) y 89. | /1 — sinx dx 90, | SRo dy 
7/4 sin X COS x J J sin*x + cos*x 
76 | ee g= 
J x6 + 3x3 +2 a (4/2 X = ‘a 
O= 
1 
78. | ge A Se 1 y1 + sin 20d0 
J 1+ 2e*—e° 92. | Gaye wow A 3. |, a 
80 In(x + 1) d 
. f x? a 94. We know that F(x) = J) e“ dt is a continuous function by 
FTC1, though it is not an elementary function. The functions 
4* + 10* 
82. (me [<a d f 1 j 
— dx an —— dx 
x Inx 
84. | x ax are not elementary either, but they can be expressed in terms 
J xe + 1 of F. Evaluate the following integrals in terms of F. 
1 + sin x (a) (La (b) — 
86. | ———ax f i g . J2 lnx 3 
J 1 — sinx 
95. The functions y = e* and y= x?e*’ don’t have elementary 
88 i sec x cos 2x dx antiderivatives, but y = (2x? + 1)e*’ does. Evaluate 
~J sinx + sec x | (2x? + le" dx. 


7.6 | Integration Using Tables and Technology 


In this section we describe how to use tables and mathematical software to integrate 
functions that have elementary antiderivatives. You should bear in mind, though, 
that even the most powerful computer software can’t find explicit formulas for the 
antiderivatives of functions like e** or the other functions described at the end of 
Section 7.5. 


E Tables of Integrals 


Tables of indefinite integrals are very useful when we are confronted by an integral 
that is difficult to evaluate by hand. In some cases, the results obtained are of a simpler 
form than those given by a computer. A relatively brief table of 120 integrals, catego- 
rized by form, is provided on Reference Pages 6—10 at the back of the book. More 
extensive tables, containing hundreds or thousands of entries, are available in separate 
publications or on the Internet. When using such tables, remember that integrals do 
not often occur in exactly the form listed. Usually we need to use the Substitution 
Rule or algebraic manipulation to transform a given integral into one of the forms in 
the table. 


EXAMPLE 1 The region bounded by the curves y = arctan x, y = 0, and x = 1 is 
rotated about the y-axis. Find the volume of the resulting solid. 


SOLUTION Using the method of cylindrical shells, we see that the volume is 


V= f 2x arctan x dx 
0 
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The Table of Integrals appears on 
Reference Pages 6-10 at the back 


of the book. 


Remember that when we make 
the substitution u = 2x (so 

x = u/2), we must also substitute 
du = 2 dx (so dx = du/2). 


85. | u” cos u du 


=u"sinu—n) u 


n 


T! sin u du 


In the section of the Table of Integrals titled Inverse Trigonometric Forms we locate 
Formula 92: 


241 
f utan™'u ae a oe 
2 2 


So the volume is 


1 4 x? +) A x i 
V=2n{ x tan” x dx = 27r tan” ‘x 
0 2 2 


= a(x? + 1)tan™'x — x|, = qm (2tan™'1 — 1) 


m[2(7/4) — 1] = 4r? — r a 
2 

== 

V5 — 4x? 


SOLUTION If we look at the section of the table titled Forms Involving ya? — u?, 
we see that the closest entry is Formula 34: 


u? u : a. u 
f du = Jva> — u? + —sin! +C 
Jaz — u? 2 2 a 
This is not exactly what we have, but we will be able to use it if we first make the 
substitution u = 2x: 


EXAMPLE 2 Use the Table of Integrals to find f 


U/2? du _ 


Prr | ol 
=- == | = du 
5 — 4x? J5-w 2 84 J5- 

Then we use Formula 34 with a? = 5 (so a = y5): 


5 
5-— u? + —sin! 


f 2 dx = —{ 3 u-i- ye “lec 
V5 — 4x2 8) 5a 8\ 2 d 


EXAMPLE 3 Use the Table of Integrals to evaluate f x? sin x dx. 


SOLUTION If we look in the section called Trigonometric Forms, we see that none of 
the entries explicitly includes a u° factor. However, we can use the reduction formula in 
entry 84 with n = 3: 


f xsin x dx = —x*cosx + 3 | x*cos x dx 


We now need to evaluate ) x? cos x dx. We can use the reduction formula in entry 85 
with n = 2, followed by Formula 82: 


f x?cos x dx = x?sin x — 2 | xsin xdx 


= x?sin x — 2(sin x — x cos x) + K 
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Combining these results, we get 
f xsin x dx = —x>cos x + 3x*sin x + 6xcos x — 6 sin x + C 


where C = 3K. E 


EXAMPLE 4 Use the Table of Integrals to find f xy x? + 2x + 4 dx. 


SOLUTION Since the table gives forms involving va? + x2, ya? — x?, and yx? — a?, 
but not Vax? + bx + c, we first complete the square: 


xX +2x+4=(x4 1743 


If we make the substitution u = x + 1 (sox = u — 1), the integrand will involve the 
pattern Ja? + u?: 


[ve 2x 44 dx = | (u — 1) Vu? +3 du 
= | uyu? ¥ 3 du — | Vu? +3 du 


The first integral is evaluated using the substitution t = u? + 3: 


| uyu F3 du =} | yF de= $30 = Lu? + 3” 


21; | a? + u? du : a? + u? For the second integral we use Formula 21 with a = V3: 
2 
tS n(u 4 a?+u?)+C | Wu? +3 du = > u2+3+3In(u + u? +3) 
Therefore 


fava 42x +S ax 


1 
= (x? + 2x + 49? - r 


derari- ee eas 
A 


E Integration Using Technology 


We have seen that the use of tables involves matching the form of the given integrand 
with the forms of the integrands in the tables. Computers are particularly good at match- 
ing patterns. And just as we used substitutions in conjunction with tables, a computer 
algebra system (CAS) or mathematical software with similar capabilities can perform 
substitutions that transform a given integral into one that occurs in its stored formulas. So 
it isn’t surprising that we have software that excels at integration. That doesn’t mean that 
integration by hand is an obsolete skill. We will see that a hand computation sometimes 
produces an indefinite integral in a form that is more convenient than a machine answer. 

To begin, let’s see what happens when we ask a computer to integrate the relatively 
simple function y = 1/(3x — 2). Using the substitution u = 3x — 2, an easy calcula- 
tion by hand gives 


u i _ 
| ay = In| 3x Z| eC 
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This is equation 3.11.3. 


whereas some software packages return the answer 
¥In(3x — 2) 


The first thing to notice is that the constant of integration is missing. In other words, we 
were given a particular antiderivative, not the most general one. Therefore, when mak- 
ing use of a machine integration, we might have to add a constant. Second, the absolute 
value signs were not included in the machine answer. That is fine if our problem is con- 
cerned only with values of x greater than Z, But if we are interested in other values of x, 
then we need to insert the absolute value symbol. 

In the next example we reconsider the integral of Example 4, but this time we use 
technology to get an answer. 


EXAMPLE 5 Usea computer to find f xx? + 2x + 4 dx. 


SOLUTION Different software may respond with different forms of the answer. One 
computer algebra system gives 


3 3 
F(x? + 2x + 4)? — 4(2x + 2) yx? + 2x +4 - 3 resi (1 + x) 


This looks different from the answer we found in Example 4, but it is equivalent 
because the third term can be rewritten using the identity 


arcsinh x = In(x + yx? + 1) 
Thus 


aresinh YÈ ( +x) = in| £a +x) + ¥3(1 + x)? + | 


sii l txt JG +a 43] 


1 
= In —— + ln(x + 1 4+ Vx? +2x+4 
ytet 1+ VF ZFA) 


The resulting extra term a In( if 3) can be absorbed into the constant of integration. 
Another software package gives the answer 


5 x x? 3 saal LEX 
ar 3 x? +2x+4 — > sinh 


J 


Here the first two terms of the answer to Example 4 were combined into a single term 
by factoring. a 


EXAMPLE 6 Use a computer to evaluate f x(x? + 5} dx. 


SOLUTION A computer may give the answer 


ge + jx + 50x" + H y1 + 4375x + 21875x8 + HSP x6 + 156250x* + 2%% y? 


The software must have expanded (x* + 5)* using the Binomial Theorem and then 
integrated each term. 
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If we integrate by hand instead, using the substitution u = x? + 5, we get 
[xc + 5)8dx = ig (x? +5" +C 


For most purposes, this is a more convenient form of the answer. a 


EXAMPLE 7 Usea computer to find f sinx cos*x dx. 
SOLUTION In Example 7.2.2 we found that 


[1] f sinx cos’x dx = —} cos*x + 2 cosx — 4 cos’x + C 


Depending on the software used, you may get the answer 


1 


al god 3, — 4A on? Bi ee OL, 3 
7 SIN X COS°X — 35 SINX COS"X Tos COS"X 


or you might get 


—ġ cos x -= 757 COS 3x +t 35 cos 5x — Tag COS 7x 
We suspect that there are trigonometric identities which show that these three 
answers are equivalent. In fact, you may be able to use the software to simplify its 


initial result, using trigonometric identities, to produce the same form of the answer 


as in Equation 1. E 
7.6 | Exercises 
1-6 Use the formula in the indicated entry of the Table of 9 [ cos x d 10 f e` dx 
Integrals on Reference Pages 6—10 to evaluate the integral. sinx- 9 “J 4-e 


a/2 r s +4 y2y? — 3 
1. ib cos 5x cos 2x dx; entry 80 a |. 12. aw 


N 


i i Vx — x? dx; entry 113 


13. = cos d0 14. J xJ2 + x" dx 


w 


; | x arcsin(x*)dx; entry 87 


15. [= arctan RAE gy 16. ie x? sinx dx 


tan 0 
4. | —— w; entry 57 
2 + cos @ 


r ok dy 


e t 
17. 18. | ——— dt 
/ 5 | y j / e?” = 1 
5. | —==— dy; entry 26 
J a+ yi Jery- ae =: 
jody 2 | a 
/76 — 
6. [4 a; entry 41 ea . sin 20 
t 21. | sinx cos x In(sin x) dx 22. | -== « 
è y5 — sin0 


7-34 Use the Table of Integrals on the Reference Pages to 
evaluate the integral. 


7. l G arctan 2x dx 
0 


8. [v4 — x? dx 


r sin20 
/ s/cos*@ + 4 


25. Í xe™ dx 


24. 


26. 


[evar — x4 dx 


J x aresin(x”) dx 
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V(in x)? — 9 2 fap pdx 
27. f cos*y dy 28. f an * 41. fx yx? + 4 dx 42. | ee" +2) 


29 cos (x) oy 30 de 43. f cos*x dx 44. favi — x? dx 
' x od) JTZ e 


r 1 
31. J Je — ldx 32. Í sin 20 arctan(sin 6) d0 45. Í tan*x dx 46. | eS 


33. xt d 34 sec? tan*6 P 
| [x0 — 2 j | /9 — tan26 47. (a) Use the table of integrals to evaluate F(x) = ff) dx, 
where 
35. The region under the curve y = sin*x from 0 to 7 is rotated fœ = at 
about the x-axis. Find the volume of the resulting solid. xJl — x? 
36. Find the volume of the solid obtained when the region under What is the domain of f and F? 


the curve y = arcsin x, x = 0, is rotated about the y-axis. (b) Use mathematical software to evaluate F(x). What 


37. Verify Formula 53 in the Table of Integrals (a) by differen- is the domain of the function F that the software Pie 
tiation and (b) by using the substitution £ = a + bu duces? Is there a discrepancy between this domain and 
the domain of the function F that you found in part (a)? 


38. Verify Formula 31 (a) by differentiation and (b) by substi- 
tuting u = asin 9. 48. Machines sometimes need a helping hand from human 


beings. Try using a computer to evaluate 


(T) 39-46 Use a computer to evaluate the integral. Compare the 


answer with the result of using a table of integrals. If the f (1+ Inx) V1 + (xInx)}? dx 
answers are not the same, show that they are equivalent. 


If it doesn’t return an answer, make a substitution that 


4 5 
33. | segira ae | ee changes the integral into one that the machine can evaluate. 


DISCOVERY PROJECT | PATTERNS IN INTEGRALS 


In this project mathematical software is used to investigate indefinite integrals of families of 
functions. By observing the patterns that occur in the integrals of several members of the fam- 
ily, you will first guess, and then prove, a general formula for the integral of any member of 


the family. 
1. (a) Use a computer to evaluate the following integrals. 
1 1 
: d a d 
Ol eesrecaay Gi aan 


oo 1 s íl 
(iii) Í Coe dx (iv) f (+ 2 dx 


(b) Based on the pattern of your responses in part (a), guess the value of the integral 


1 
lean 


if a # b. What if a = b? 
(c) Check your guess by using the software to evaluate the integral in part (b). Then prove 
it using partial fractions. 
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2. (a) Use a computer to evaluate the following integrals. 


(i) J sin x cos 2x dx (ii) J sin 3x cos 7x dx (iii) f sin 8x cos 3x dx 

(b) Based on the pattern of your responses in part (a), guess the value of the integral 
| sin ax cos bx dx 

(c) Check your guess with the computer. Then prove it using the techniques of 

Section 7.2. For what values of a and b is it valid? 

3. (a) Use a computer to evaluate the following integrals. 
(i) f ln x dx (ii) f xlnxdx (iii) f x7 In x dx 

(iv) ee In x dx (v) le In x dx 

(b) Based on the pattern of your responses in part (a), guess the value of 
J x" In x dx 

(c) Use integration by parts to prove the conjecture that you made in part (b). For what 


values of n is it valid? 


4. (a) Use a computer to evaluate the following integrals. 


(i) fxe dx (ii) [ee dx (iii) ee dx 


(iv) a (v) ma 


(b) Based on the pattern of your responses in part (a), guess the value of ij x%e* dx. Then 
use the computer to check your guess. 

(c) Based on the patterns in parts (a) and (b), make a conjecture as to the value of the 
integral 


ee dx 


when n is a positive integer. 
(d) Use mathematical induction to prove the conjecture you made in part (c). 


7.7 | Approximate Integration 


There are two situations in which it is impossible to find the exact value of a definite 
integral. 

The first situation arises from the fact that in order to evaluate |” f(x) dx using the 
Fundamental Theorem of Calculus we need to know an antiderivative of f. Sometimes, 
however, it is difficult, or even impossible, to find an antiderivative (see Section 7.5). For 
example, it is impossible to evaluate the following integrals exactly: 


i e* dx E V1 + x3 dx 


The second situation arises when the function is determined from a scientific experi- 
ment through instrument readings or collected data. There may be no formula for the 
function (see Example 5). 
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YA In both cases we need to find approximate values of definite integrals. We already 
know one such method. Recall that the definite integral is defined as a limit of Riemann 
sums, so any Riemann sum could be used as an approximation to the integral: if we 
divide [a, b] into n subintervals of equal length Ax = (b — a)/n, then we have 


[O d= EFOD Ax 


0 x x X2 X3 C, a ke : : A : ko: 
mo a a e oa where x¥ is any point in the ith subinterval [x;-1, x;]. If x* is chosen to be the left end- 
(a) Left endpoint approximation point of the interval, then x¥ = x;-; and we have 
b n 
YA [1] | f(x)dx = L, = > f(xi-1) Ax 
“a i=l 
If f(x) = 0, then the integral represents an area and Equation | represents an approxima- 
tion of this area by the rectangles shown in Figure 1(a). If we choose x¥ to be the right 
endpoint, then x¥ = x; and we have 
b n 
“Ol % a g X,; A X [2] f f(x)dx ~= R, = > f (xi) Ax 
(b) Right endpoint approximation 
[See Figure 1(b).] The approximations L, and R, defined by Equations 1 and 2 are called 
FIGURE 1 the left endpoint approximation and right endpoint approximation, respectively. 
p pp g p Pp P y.: 
al E The Midpoint and Trapezoidal Rules 
In Section 5.2 we considered the case where x;* in the Riemann sum is chosen to be the 
| midpoint x; of the subinterval [x;-1, x;]. Figure 2 shows the midpoint approximation M, 
for the area in Figure |. It appears that M, is a better approximation than either L, or Rn. 
| 
| 
Midpoint Rule 
0 x, X2 X3 X4 x b a = = 
| f(a) dx ~ My = Ax[ f(a) + f%) +--+ f@)] 
FIGURE 2 
Midpoint approximation b-a 


Ax 


n 


X = F(x + xi) = midpoint of [xi-1, xi] 


Another approximation, called the Trapezoidal Rule, results from averaging the 
approximations in Equations 1 and 2: 


n 


n n Ax 
> [Sre Ax + > fx) a| sn È (Fæ) +f) 


L 


: f(x) dx 


i=1 


= A lr) + F) + (Fæ) + Fa) + + (Fan) + Fn) 


Ax 
= z Lf Go) + 251) t 2f (2) + + 27a) + FG,)] 
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YA 
Trapezoidal Rule 
b Ax 
f fx) dx =~ T, = 5 lC) + 2fla) + 2f(x2) +- + 2f(xn-1) + f(xn)] 
where Ax = (b — a)/n and x; = a + i Ax. 
ul The reason for the name Trapezoidal Rule can be seen from Figure 3, which illustrates 
| i i ae Aao a A the case with f(x) = 0 and n = 4. The area of the trapezoid that lies above the ith sub- 


interval is 


FIGURE 3 r ( fae 1e) Ax 


Lie) +f] 


Trapezoidal approximation 


2 2 


and if we add the areas of all these trapezoids, we get the right side of the Trapezoidal 
Rule. 


EXAMPLE 1 Use (a) the Trapezoidal Rule and (b) the Midpoint Rule with n = 5 to 
approximate the integral i (1/x) dx. 


SOLUTION 
(a) With n = 5,a = 1, and b = 2, we have Ax = (2 — 1)/5 = 0.2, and so the 
Trapezoidal Rule gives 


Pas =T; = tf) + 2f(1.2) + 2f(1.4) + 2f(1.6) + 2f0.8) + f(2)] 


J1 


1 2 2 2 Z -i 
1 2 =0.1| =+- + + + i 
I 12 14 16 18 2 


FIGURE 4 


=~ 0.695635 


This approximation is illustrated in Figure 4. 


(b) The midpoints of the five subintervals are 1.1, 1.3, 1.5, 1.7, and 1.9, so the Mid- 
point Rule gives 


2 


f ~ ax = Ax[f(1.1) + f(1.3) + £0.5) + f(1.7) + fa.) 


1/1 1 1 1 1 
= + +— +— + 
5 (i is i5 17 5) 


= 0.691908 


1 2 


FIGURE 5 


This approximation is illustrated in Figure 5. E 


E Error Bounds for the Midpoint and Trapezoidal Rules 

In Example | we deliberately chose an integral whose value can be computed explicitly 
so that we can see how accurate the Trapezoidal and Midpoint Rules are. By the Funda- 
mental Theorem of Calculus, 


21 2 
|? —ax = m x|; = n2 = 0.693147... 


Xx 
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rb 
| f(x)dx = approximation + error 


ra 1 
Approximations to ) =d% 
vi X 


Corresponding errors 


It turns out that these observations 
are true in most cases. 


C 


FIGURE 6 


The error in using an approximation is defined to be the amount that needs to be added 
to the approximation to make it exact. From the values in Example 1 we see that the 
errors in the Trapezoidal and Midpoint Rule approximations for n = 5 are 


Er ~ —0.002488 and Ey ~ 0.001239 
In general, we have 
Er= f fix)dx-T, and = Ey= Í ” f(x) dx — M, 
The following tables show the results of calculations similar to those in Example 1, 


but for n = 5, 10, and 20 and for the left and right endpoint approximations as well as 
the Trapezoidal and Midpoint Rules. 


n IE R, IE. M, 

5 0.745635 0.645635 0.695635 0.691908 
10 0.718771 0.668771 0.693771 0.692835 
20 0.705803 0.680803 0.693303 0.693069 
n B Ep Er Eu 

5 —0.052488 0.047512 —0.002488 0.001239 
10 —0.025624 0.024376 — 0.000624 0.000312 
20 —0.012656 0.012344 —0.000156 0.000078 


We can make several observations from these tables: 


1. In all of the methods we get more accurate approximations when we increase the 
value of n. (But very large values of n result in so many arithmetic operations that 
we have to beware of accumulated round-off error.) 


2. The errors in the left and right endpoint approximations are opposite in sign and 
appear to decrease by a factor of about 2 when we double the value of n. 


3. The Trapezoidal and Midpoint Rules are much more accurate than the endpoint 
approximations. 


4. The errors in the Trapezoidal and Midpoint Rules are opposite in sign and appear 
to decrease by a factor of about 4 when we double the value of n. 


5. The size of the error in the Midpoint Rule is about half the size of the error in the 
Trapezoidal Rule. 


Figure 6 shows why we can usually expect the Midpoint Rule to be more accurate 
than the Trapezoidal Rule. The area of a typical rectangle in the Midpoint Rule is the 
same as the area of the trapezoid ABCD whose upper side is tangent to the graph at P. 
The area of this trapezoid is closer to the area under the graph than is the area of the 
trapezoid AQRD used in the Trapezoidal Rule. [The midpoint error (shaded red) is 
smaller than the trapezoidal error (shaded blue).] 

These observations are corroborated in the following error estimates, which are 
proved in books on numerical analysis. Notice that Observation 4 corresponds to the n? 
in each denominator because (2n)* = 4n’. The fact that the estimates depend on the size 
of the second derivative is not surprising if you look at Figure 6, because f”(x) measures 
how much the graph is curved. [Recall that f”(x) measures how fast the slope of y = f(x) 
changes. ] 
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[3] Error Bounds Suppose | f”(x)| < K fora < x < b. If Er and Ey are the 
errors in the Trapezoidal and Midpoint Rules, then 


K(b — a)? 
12n? 


K(b — a)? 


Er| = 
| Er| 24n? 


| Eu| = 


Let’s apply this error estimate to the Trapezoidal Rule approximation in Example 1. 
If f(x) = 1/x, then f'(x) = —1/x? and f"(x) = 2/x°. Because 1 < x < 2, we have 
1/x < 1, so 


i 1 
K can be any number larger than all |Er| = = = 0.006667 
the values of | f”(x) |, but smaller val- 12(5) 150 
ues of K give better error bounds. 


Comparing this error estimate of 0.006667 with the actual error of about 0.002488, we 
see that it can happen that the actual error is substantially less than the upper bound for 
the error given by (3). 


EXAMPLE 2 How large should we take n in order to guarantee that the Trapezoidal 
and Midpoint Rule approximations for T (1/x) dx are accurate to within 0.0001? 


SOLUTION We saw in the preceding calculation that | f”(x)| < 2 for 1 < x < 2, so we 
can take K = 2, a = 1, and b = 2 in (3). Accuracy to within 0.0001 means that the size 
of the error should be less than 0.0001. Therefore we choose n so that 


2(1)° 
12n? 


< 0.0001 


Solving the inequality for n, we get 


ess 
12(0.0001) 


2 


It’s quite possible that a lower 1 
value for n would suffice, but 41 is and so n > —— ~ 40.8 
the smallest value for which the v 0.0006 


error bound formula can guarantee 


accuracy to within 0.0001. Thus n = 41 will ensure the desired accuracy. 


For the same accuracy with the Midpoint Rule we choose n so that 


(IF 1 
oS 0.0001 and so Mere 
24n ./0.0012 


=~ 29 | 
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EXAMPLE 3 


(a) Use the Midpoint Rule with n = 10 to approximate the integral i e° dx. 
(b) Give an upper bound for the error involved in this approximation. 


SOLUTION 
(a) Since a = 0, b = 1, and n = 10, the Midpoint Rule gives 


{ e“'dx ~ Ax[f(0.05) + (0.15) + --- + f(0.85) + £(0.95)] 


=0 Jers + 9.0225 + @ 9.0625 + @ 01225 + @ 0:2025 + @9:3025 


.42 5625 Le 9025 
+ e+ 25 + @o6 + eo! 25 + e?” ] 


= 1.460393 
A Figure 7 illustrates this approximation. 

(b) Since f(x) = e*’, we have f'(x) = 2xe® and f"(x) = (2 + 4x°)e*. Also, since 

FIGURE 7 0 <x < 1, we have x? < 1 and so 

0 < f(x) = (2 + 4x°)e” < 6e 

Error estimates give upper bounds Taking K = 6e, a = 0, b = 1, and n = 10 in the error estimate (3), we see that an 

for the error. They are theoretical, upper bound for the error is 

worst-case scenarios. The actual 

error in this case turns out to be 6e(1)? e 
E Simpson's Rule 
Another rule for approximate integration results from using parabolas instead of straight 
line segments to approximate a curve. As before, we divide [a, b] into n subintervals 
of equal length h = Ax = (b — a)/n, but this time we assume that n is an even number. 
Then on each consecutive pair of intervals we approximate the curve y = f(x) = 0 
by a parabola as shown in Figure 8. If y; = f(x;), then P;(x;, y;) is the point on the curve 
lying above x;. A typical parabola passes through three consecutive points P;, Pi+1, 
and Pj+>. 

yA YA 


0 a=Xo xy Xy X3 Xá x5 xs =b a 
FIGURE 8 FIGURE 9 
To simplify our calculations, we first consider the case where xọ = —h, xı = 0, and 


x2 = h. (See Figure 9.) We know that the equation of the parabola through Po, P;, and P2 
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Here we have used Theorem 5.5.7. 
Notice that Ax? + Cis an even 
function and Bx is odd. 


Simpson 

Thomas Simpson was a weaver who 
taught himself mathematics and went 
on to become one of the best English 
mathematicians of the 18th century. 


What we call Simpson's Rule was actu- 
ally known to Cavalieri and Gregory in 
the 17th century, but Simpson popu- 
larized it in his book Mathematical Dis- 
sertations (1743). 
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is of the form y = Ax’ + Bx + C and so the area under the parabola from x = —h 
tox = his 


3 h 
Y (Ax? + Bx + C) dx = a (Ax? + C) dx = |a = m c| 


0 
h? h , 
=2 ag Ch = 3 Ah’ + 6C) 


But, since the parabola passes through Po(—h, yo), Pi(0, yı), and P2(h, y2), we have 
yo = A(—h) + B(—h) + C = Ah? — Bh + C 
yw=c 
yo = Ah? + Bh+C 


and therefore yo + 4yı + y2 = 2AM? + 6C 


Thus we can rewrite the area under the parabola as 


h 
3 O + 4y, + y2) 
Now by shifting this parabola horizontally we do not change the area under it. This 


means that the area under the parabola through Po, Pı, and P3 from x = xo to x = x2 in 
Figure 8 is still 


h 
3 (0 + 4 + ya) 
Similarly, the area under the parabola through P2, P3, and P, from x = x2 to x = x4 is 
h 
3 (y2 + 4y3 + ya) 
If we compute the areas under all the parabolas in this manner and add the results, we get 


b h h h 
f(x) dx = 3 (ye + 4yı + y2) + 3 + 4y3 F ya) ae 3 e F 4Yn-1 + Yn) 


h 
= 3 O + Ay, + 2y, + 4y3 + 2yg + ++ + Pyn + Ayna + yn) 


Although we have derived this approximation for the case in which f(x) = 0, it is a 
reasonable approximation for any continuous function f and is called Simpson’s Rule 
after the English mathematician Thomas Simpson (1710-1761). Note the pattern of 
coefficients: 1, 4,2, 4,2,4,2,...,4,2,4, 1. 


Simpson’s Rule 


b Ax 
[EFO dx ~ Sa = Lf lao) + 4 fla) + 22) + Af) + 


+ 2f(%n-2) + 4 f(Xn-1) + f(x) 


where n is even and Ax = (b — a)/n. 
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FIGURE 10 


EXAMPLE 4 Use Simpson’s Rule with n = 10 to approximate |? (1/x) dx. 
SOLUTION Putting f(x) = 1/x, n = 10, and Ax = 0.1 in Simpson’s Rule, we obtain 


[oar ~ so 


II 


Afo + 4f(1.1) + 2f(1.2) + 4f1.3) +- + 2f.8) + 4f0.9) + f(2)] 


01/1 4 2 4 2 4 2 4 2 4 1 
S + +— + — ++ 


t 


0.693150 a 


Notice that, in Example 4, Simpson’s Rule gives us a much better approximation 
(Sio = 0.693150) to the true value of the integral (In 2 ~ 0.693147...) than does the 
Trapezoidal Rule (Tio = 0.693771) or the Midpoint Rule (Mio = 0.692835). It turns out 
(see Exercise 50) that the approximations in Simpson’s Rule are weighted averages of 
those in the Trapezoidal and Midpoint Rules: 


Son = iT, T 2M, 


(Recall that Er and Ey usually have opposite signs and that | £y| is about half the 
size of | Er|.) 

In many applications of calculus we need to evaluate an integral even if no explicit 
formula is known for y as a function of x. A function may be given graphically or as a 
table of values of collected data. If there is evidence that the values are not changing 
rapidly, then Simpson’s Rule (or the Midpoint Rule or Trapezoidal Rule) can still be used 
to find an approximate value for (° y dx, the integral of y with respect to x. 


EXAMPLE 5 Figure 10 shows data traffic on the link from the United States to 
SWITCH, the Swiss academic and research network, during one full day. D(t) is the data 
throughput, measured in megabits per second (Mb/s). Use Simpson’s Rule to estimate 
the total amount of data transmitted on the link from midnight to noon on that day. 


Da 
8+ 


} + } } ; ; l — 
Of 3 6 9 12 15 18 21 24 * hours) 


SOLUTION Because we want the units to be consistent and D(f) is measured in 
megabits per second, we convert the units for t from hours to seconds. If we let A(t) be 
the amount of data (in megabits) transmitted by time t, where f is measured in seconds, 
then A’(t) = D(f). So, by the Net Change Theorem (see Section 5.4), the total amount 
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n Mn Sp 
4 | 0.69121989 | 0.69315453 
8 | 0.69266055 0.693 14765 
16 0.69302521 0.69314721 
n Ey Es 
4 0.00192729 | —0.00000735 
8 | 0.00048663 | —0.00000047 
16 0.00012197 | —0.00000003 
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of data transmitted by noon (when t = 12 X 60° = 43,200) is 


743,200 
D 


A(43,200) = | (1) dt 


0 


We estimate the values of D(t) at hourly intervals from the graph and compile them in 
the table. 


t (hours) t (seconds) D(t) t (hours) t (seconds) D(t) 
0 0 3.2 7 25,200 1.3 
1 3,600 2.7 8 28,800 2.8 
2 7,200 1.9 9 32,400 5.7 
3 10,800 1.7 10 36,000 7.1 
4 14,400 1.3 11 39,600 TaT 
5 18,000 1.0 12 43,200 7.9 
6 21,600 fl 


Then we use Simpson’s Rule with n = 12 and At = 3600 to estimate the integral: 


43,200 


t 


f A(t) dt D0 + 4D(3600) + 2D(7200) + --- + 4D(39,600) + D(43,200)] 


AP 132 + 42.7) + 2(1.9) + 4.7) + 201.3) + 4(1.0) 


L 


+ 2(1.1) + 4(1.3) + 2(2.8) + 4(5.7) + 2(7.1) + 4(7.7) + 7.9] 


143,880 


Thus the total amount of data transmitted from midnight to noon is about 
144,000 megabits, or 144 gigabits (18 gigabytes). E 


E Error Bound for Simpson’s Rule 


The first table in the margin shows how Simpson’s Rule compares with the Midpoint 
Rule for the integral R (1/x) dx, whose value is about 0.69314718. The second table 
shows how the error Es in Simpson’s Rule decreases by a factor of about 16 when n is 
doubled. (In Exercises 27 and 28 you are asked to verify this for two additional inte- 
grals.) That is consistent with the appearance of n* in the denominator of the following 
error estimate for Simpson’s Rule. It is similar to the estimates given in (3) for the Trape- 
zoidal and Midpoint Rules, but it uses the fourth derivative of f. 


[4] Error Bound for Simpson’s Rule Suppose that | f(x) | = K for 
a S x < b. If Es is the error involved in using Simpson’s Rule, then 


EXAMPLE 6 How large should we take n in order to guarantee that the Simpson’s 
Rule approximation for f? (1/x) dx is accurate to within 0.0001? 
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Many calculators and software applica- 
tions have a built-in algorithm that 
computes an approximation of a defi- 
nite integral. Some of these algorithms 
use Simpson's Rule; others use more 
sophisticated techniques such as adap- 
tive numerical integration. This means 
that if a function fluctuates much more 
on a certain part of the interval than it 
does elsewhere, then that part gets 
divided into more subintervals. This 
strategy reduces the number of calcu- 
lations required to achieve a prescribed 
accuracy. 


Figure 11 illustrates the calculation in 
Example 7. Notice that the parabolic 
arcs are so close to the graph of 

y = e* that they are practically indis- 
tinguishable from it. 


RY 


FIGURE 11 


CHAPTER 7 Techniques of Integration 


SOLUTION If f(x) = 1/x, then f(x) = 24/x°. Since x = 1, we have 1/x < 1 and so 


24 


x5 


IF] = < 24 


Therefore we can take K = 24 in (4). Thus, for an error less than 0.0001, we should 
choose n so that 

24(1)° 

180n* 


< 0.0001 


24 


This øi A ee 
is gives k 180(0.0001) 


1 
n > ——— 
40.00075 


and so 


Therefore n = 8 (n must be even) gives the desired accuracy. (Compare this with 
Example 2, where we obtained n = 41 for the Trapezoidal Rule and n = 29 for the 
Midpoint Rule.) E 


EXAMPLE 7 


(a) Use Simpson’s Rule with n = 10 to approximate the integral f e” dx. 
(b) Estimate the error involved in this approximation. 


SOLUTION 
(a) Ifn = 10, then Ax = 0.1 and Simpson’s Rule gives 


f ev dx ~ A o + 4f(0.1) + 2f(0.2) + --- + 2f(0.8) + 4f(0.9) + f(1)] 


0.1 i 
rai + 4e 4+ 2e% 4 4e?” 4 79916 4 4e? 4 2e 


II 


+ 4e?” + 26° + 4e” +e'] 
= 1.462681 
(b) The fourth derivative of f(x) = e% is 
fO) = (12 + 48x? + 16x*)e" 
and so, since 0 < x < 1, we have 


0 < f(x) < (12 + 48 + 16)e! = 76e 


Therefore, putting K = 76e, a = 0, b = 1, and n = 10 in (4), we see that the error is at 
most 
76e(1)° 
— > a  0:000115 
180(10)* 


(Compare this with Example 3.) Thus, correct to three decimal places, we have 


{ e° dx = 1.463 E 
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7.7 | Exercises 


In these exercises, round your answers to six decimal places 
unless otherwise instructed. 


1. Let J = fọ f(x) dx, where f is the function whose graph is 
shown. 
(a) Use the graph to find L2, Ro, and M>. 
(b) Are these underestimates or overestimates of 7? 
(c) Use the graph to find T}. How does it compare with /? 
(d) For any value of n, list the numbers Ln, Ra, Mn, Ta, and 
I in increasing order. 


2. The left, right, Trapezoidal, and Midpoint Rule approxi- 
mations were used to estimate i f(x) dx, where f is the 
function whose graph is shown. The estimates were 0.7811, 
0.8675, 0.8632, and 0.9540, and the same number of sub- 
intervals were used in each case. 

(a) Which rule produced which estimate? 
(b) Between which two approximations does the true value 
of i f(x) dx lie? 


YA 


0 


FY 3. Estimate i cos(x?) dx using (a) the Trapezoidal Rule and 


(b) the Midpoint Rule, each with n = 4. From a graph of 
the integrand, decide whether your answers are underesti- 
mates or overestimates. What can you conclude about the 
true value of the integral? 


[Ñ 4. Draw the graph of f(x) = sin(5x’) in the viewing rectangle 


[0, 1] by [0, 0.5] and let J = |) f(x) dx. 

(a) Use the graph to decide whether L2, R2, M2, and T> 
underestimate or overestimate /. 

(b) For any value of n, list the numbers Ln, Ra, Mn, Ta, and 
I in increasing order. 

(c) Compute Ls, Rs, Ms, and Ts. From the graph, which do 
you think gives the best estimate of /? 


5-6 Use (a) the Midpoint Rule and (b) Simpson’s Rule to approxi- 
mate the given integral with the specified value of n. Compare 


your results to the actual value to determine the error in each 
approximation. 


5. ie sinx dx, n= 6 
0 


7-18 Use (a) the Trapezoidal Rule, (b) the Midpoint Rule, and 
(c) Simpson’s Rule to approximate the given integral with the 
specified value of n. 


@ | vite ax, n=4 8. [sin vx ax, w= 
9. { Ve*—1dx, n=10 
10. i Vl — x? dx, n= 10 
11. L etde, n=6 = fre eek 


4 — r3 1 
13. f vy cosydy, n=8 14. i mre n= 10 


1 x? r3 sin t 
15. | Tty n= 10 © | 7 dt, n=4 


17. fma + e*)dx, n=8 


18. i Jx+x2 dx, n=10 


19. (a) Find the approximations Ts and M; for the integral 
fi cos(x?) dx. 
(b) Estimate the errors in the approximations of part (a). 
(c) How large do we have to choose n so that the approxi- 
mations T, and M, to the integral in part (a) are accurate 
to within 0.0001? 


20. (a) Find the approximations Tio and Mio for ik e'/* dx. 
(b) Estimate the errors in the approximations of part (a). 
(c) How large do we have to choose n so that the approxi- 
mations T, and M, to the integral in part (a) are accurate 
to within 0.0001? 


21. (a) Find the approximations Tio, Mio, and Sio for ie sin x dx 
and the corresponding errors Er, Ey, and Es. 
(b) Compare the actual errors in part (a) with the error 
estimates given by (3) and (4). 
(c) How large do we have to choose n so that the approxi- 
mations T,, M,,, and S, to the integral in part (a) are 
accurate to within 0.00001? 


22. How large should n be to guarantee that the Simpson’s Rule 
approximation to iy e* dx is accurate to within 0.00001? 
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23. The trouble with the error estimates is that it is often very 
difficult to compute fourth derivatives and obtain a good 
upper bound K for | f(x) | by hand. But mathematical 


software has no problem computing f and graphing it, so 


we can easily find a value for K from a machine graph. 
This exercise deals with approximations to the integral 
l= (07 £00 dx, where f(x) = e°°*. In parts (b), (d), 
and (g), round your answers to 10 decimal places. 

(a) Use a graph to get a good upper bound for | f”(x) |. 
(b) Use Mio to approximate 7. 

(c) Use part (a) to estimate the error in part (b). 

(d) Use a calculator or computer to approximate 7. 


(e) How does the actual error compare with the error esti- 


mate in part (c)? 
(£) Use a graph to get a good upper bound for | f(x) |. 
(g) Use Sio to approximate 7. 
(h) Use part (f) to estimate the error in part (g). 
(i) How does the actual error compare with the error 
estimate in part (h)? 


(j) How large should n be to guarantee that the size of the 


error in using S, is less than 0.0001? 


24. Repeat Exercise 23 for the integral Z = iz V4 — x? dx. 


25-26 Find the approximations Ln, Ra, Ta, and M, for n = 5, 
10, and 20. Then compute the corresponding errors Ez, Er, Er, 


and Ey. (You may wish to use the sum command on a computer 
algebra system.) What observations can you make? In particular, 


what happens to the errors when n is doubled? 


1 
5 dx 


25. | xe*dx 26. i 


27-28 Find the approximations T,, Mn, and S„ for n = 6 and 


n = 12. Then compute the corresponding errors Er, Ey, and Es. 
(You may wish to use the sum command on a computer algebra 


system.) What observations can you make? In particular, what 
happens to the errors when n is doubled? 


27. j xt dx 


4 1 
28. | Fi 


29. Estimate the area under the graph in the figure by using 
(a) the Trapezoidal Rule, (b) the Midpoint Rule, and 
(c) Simpson’s Rule, each with n = 6. 


30. The widths (in meters) of a kidney-shaped swimming pool 
were measured at 2-meter intervals as indicated in the fig- 
ure. Use Simpson’s Rule with n = 8 to estimate the area of 
the pool. 


31. (a) Use the Midpoint Rule and the given data to estimate 
the value of the integral |? f(x) dx. 


x Fx) x F(x) 
1.0 2.4 3.5 4.0 
1.5 2.9 4.0 4.1 
2.0 3.3 4.5 3.9 
2.5 3.6 5.0 3.5 
3.0 3.8 


(b) If it is known that —2 < f"(x) < 3 for all x, estimate 
the error involved in the approximation in part (a). 


32. (a) A table of values of a function g is given. Use Simp- 
son’s Rule to estimate | “ g(x) dx. 


x g(x) x g(x) 
0.0 12.1 1.0 12.2 
0.2 11.6 1.2 12.6 
0.4 11.3 1.4 13.0 
0.6 11.1 1.6 13.2 
0.8 117 


(b) If —5 < g(x) < 2 for 0 < x < 1.6, estimate the error 
involved in the approximation in part (a). 


33. A graph of the temperature in Boston on a summer day is 
shown. Use Simpson’s Rule with n = 12 to estimate the 
average temperature on that day. 


TA (F) 


~y 


B 
af l 4 8 noon 4 8 


34. A radar gun was used to record the speed of a runner during 
the first 5 seconds of a race (see the table). Use Simpson’s 
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Rule to estimate the distance the runner covered during those 


5 seconds. 

t (s) v (m/s) t(s) | v(m/s) 
0 0 3.0 10.51 
0.5 4.67 35 10.67 
1.0 7.34 4.0 10.76 
15 8.86 4.5 10.81 
2.0 9.73 5.0 10.81 
2.5 10.22 


35. The graph of the acceleration a(t) of a car, measured in ft/s’, 
is shown. Use Simpson’s Rule to estimate the increase in the 
velocity of the car during the 6-second time interval. 


ak 
12 


8 


4 


0 2 4 6 t(seconds) 

36. Water leaked from a tank at a rate of r(t) liters per hour, where 
the graph of r is as shown. Use Simpson’s Rule to estimate the 
total amount of water that leaked out during the first 6 hours. 


r 
4 


0 2 4 6 % (seconds) 

37. The table (provided by San Diego Gas and Electric) gives 
the power consumption P in megawatts in San Diego County 
from midnight to 6:00 AM on a day in December. Use 
Simpson’s Rule to estimate the energy used during that time 
period. (Use the fact that power is the derivative of energy.) 


t P t IP 


0:00 1814 3:30 1611 
0:30 1735 4:00 1621 
1:00 1686 4:30 1666 
1:30 1646 5:00 1745 
2:00 1637 5:30 1886 
2:30 1609 6:00 2052 
3:00 1604 


38. Shown is the graph of traffic on an Internet service provider’s 
T1 data line from midnight to 8:00 aM, where D is the data 
throughput, measured in megabits per second. Use Simpson’s 
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Rule to estimate the total amount of data transmitted during 
that time period. 


D 
0.8 


0.4 


0 2 4 6 8 7 (hours) 


39. Use Simpson’s Rule with n = 8 to estimate the volume of 
the solid obtained by rotating the region shown in the figure 
about (a) the x-axis and (b) the y-axis. 


40. The table shows values of a force function f(x), where x is 
measured in meters and f(x) in newtons. Use Simpson’s Rule 
to estimate the work done by the force in moving an object a 
distance of 18 m. 


EX, 0 3 6 9 12 | 15 18 


f(x) | 9.8 | 91 | 85 | 80 | 7.7 | 7.5 | 74 


41. The region bounded by the curve y = 1/(1 + e™), the 
x- and y-axes, and the line x = 10 is rotated about the 
x-axis. Use Simpson’s Rule with n = 10 to estimate the 
volume of the resulting solid. 


42. The figure shows a pendulum with length L that makes a 
maximum angle ĝo with the vertical. Using Newton’s Second 
Law, it can be shown that the period T (the time for one com- 
plete swing) is given by 


m/2 
roast | dx 
g Jo «1 —k* sin?x 


where k = sin( 40) and g is the acceleration due to gravity. 
If L = 1 mand 00 = 42°, use Simpson’s Rule with n = 10 to 
find the period. 


9 


w 
Ne 


~ 
~ 


| 

| 

| 

| 

| 

| me 
T a eae 
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43. The intensity of light with wavelength A traveling through 46. Sketch the graph of a continuous function on [0, 2] for which 
a diffraction grating with N slits at an angle @ is given by the right endpoint approximation with n = 2 is more accurate 
(0) = (N° sin’k)/k?, where k = (aNd sin @)/A and d is the than Simpson’s Rule. 


distance between adjacent slits. A helium-neon laser with 


47. If fi itive functi d f"(x) < Of < x < b, show that 
wavelength A = 632.8 X 10° m is emitting a narrow band J isi positive Funcdion.and yia) En S 


of light, given by —1076 < @ < 10°, through a grating with Tg 1 f(x)dx < M, 
10,000 slits spaced 1074 m apart. Use the Midpoint Rule with , = 
n = 10 to estimate the total light intensity f "°, (0) d0 48. When Is Simpson’s Rule Exact? f 
emerging from the grating. (a) Show that if f is a polynomial of degree 3 or lower, then 
Simpson’s Rule gives the exact value of | f(x) dx. 
44. Use the Trapezoidal Rule with n = 10 to approximate (b) Find the approximation S, for i, (x? — 6x? + 4x)dx and 
I o cos(mx) dx. Compare your result to the actual value. verify that S; is the exact value of the integral. 
Can you explain the discrepancy? (c) Use the error bound given in (4) to explain why the 


statement in part (a) must be true. 


45. Sketch the graph of a continuous function on [0, 2] for which i 
49. Show that (7, + M,) = Ton. 


the Trapezoidal Rule with n = 2 is more accurate than the 
Midpoint Rule. 50. Show that $T, + $M, = Son. 


7.8 | Improper Integrals 


In defining a definite integral Ë f(x) dx we dealt with a function f defined on a finite 
interval [a, b] and we assumed that f does not have an infinite discontinuity (see Sec- 
tion 5.2). In this section we extend the concept of a definite integral to the case where the 
interval is infinite and also to the case where f has an infinite discontinuity in [a, b]. In 
either case the integral is called an improper integral. One of the most important applica- 
tions of this idea, probability distributions, will be studied in Section 8.5. 


E Type 1: Infinite Intervals 


Consider the unbounded region S that lies under the curve y = 1/x’, above the x-axis, 
and to the right of the line x = 1. You might think that, since S is infinite in extent, its 
area must be infinite, but let’s take a closer look. The area of the part of S that lies to the 
left of the line x = ¢ (shaded in Figure 1) is 


„1 1] 1 
A(t) = |G dx = a 


0 x|, 
FIGURE 1 Notice that A(t) < 1 no matter how large t is chosen. We also observe that 
: . 1 
lim A(t) = lim {| 1 — —}] = 1 
too t— œ t 


The area of the shaded region approaches | as t — ~ (see Figure 2), so we say that the 
area of the infinite region S is equal to 1 and we write 


=i et 
[ax = lim [ae = 1 
1x tow Jl x 


y 


= 2 
area = 9 area = 3 


FIGURE 2 
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Using this example as a guide, we define the integral of f (not necessarily a positive 
function) over an infinite interval as the limit of integrals over finite intervals. 


[1] Definition of an Improper Integral of Type 1 


(a) If fi f(x) dx exists for every number t = a, then 


[1O dx = lim [SO a 


provided this limit exists (as a finite number). 
(b) If EF (x) dx exists for every number t < b, then 


f S@ dx= lim | f0) dx 


provided this limit exists (as a finite number). 


The improper integrals |” f(x) dx and f’, f(x) dx are called convergent if the cor- 
responding limit exists and divergent if the limit does not exist. 


(c) If both [7 f(x) dx and |", f(x) dx are convergent, then we define 


C f(x) dx = E f(x) dx + Frw dx 


In part (c) any real number a can be used (see Exercise 88). 


Any of the improper integrals in Definition 1 can be interpreted as an area provided that 
f is a positive function. For instance, in case (a) if f(x) = 0 and the integral |” f(x) dx 
is convergent, then we define the area of the region S = {(x, y) | x =a,0<y < f(x} 
in Figure 3 to be 


A(S) = | f(x) dx 


roo 


This is appropriate because |; f(x) dx is the limit as t —> © of the area under the graph of 
f from a to t. 


yA 


FIGURE 3 0 


EXAMPLE 1 Determine whether the integral |* (1/x) dx is convergent or divergent. 
SOLUTION According to part (a) of Definition 1, we have 


œ 1 . t 1 t 
f dx = lim dx = lim In|x|]} 
1 x to 


x toa Jl 


= lim (Int — In 1) = lim Int = œ% 


2 too 
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The limit does not exist as a finite number and so the improper integral i i (1/x) dx is 
divergent. E 


Let’s compare the result of Example 1 with the example given at the beginning of this 

section: 

x | æ l . 

f —= dx converges f — dx diverges 

1 x 1 x 
Geometrically, this says that although the curves y = 1/x* and y = 1/x look very similar 
for x > 0, the region under y = 1/x” to the right of x = 1 (the shaded region in Figure 4) 
has finite area whereas the corresponding region under y = 1/x (in Figure 5) has infinite 
area. Note that both 1/x” and 1/x approach 0 as x — © but I/x? approaches 0 faster than 
1/x. The values of 1/x don’t decrease fast enough for its integral to have a finite value. 


infinite area 


finite area 


FIGURE 4 FIGURE 5 
M (1/x*) dx converges Is (1/x) dx diverges 


=% 


EXAMPLE 2 Evaluate |" xe"dx. 
SOLUTION Using part (b) of Definition 1, we have 
0 i 0 
f xe*dx = lim | xe*dx 
00 t=% Jt 
We integrate by parts with u = x, dv = e* dx so that du = dx, v = e*: 
f xe*dx = xe)? = f e* dx 


= -te’—l1+e' 


We know that e' — 0 as t —> —%, and by I’ Hospital’s Rule we have 


; t ; 
lim te’= lim z= lim 


t—>—00 t——00 e to -0 -—e! 


= lim (-e') =0 


t—>—% 


Therefore 


0 : 
f 20 dx = lim (tet = 1 + e’) 


t—>— œo 


==0= ] +01] E 
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EXAMPLE 3 Evaluate |” ax 


SOLUTION It’s convenient to choose a = 0 in Definition 1(c): 


œ o 1 
ies ref 5 a+ | ape 


We must now evaluate the integrals on the right side separately: 


co 1 t 
|= = lim [== = lim tan` wh 
o 1+ x? tt 1+ to 


; z T 
= lim (tan7't — tan™!0) = lim tan™!t = a 


t—>% too 


f — dx = m [2 = lim tan` x]! 
-2 1+ x? fae Jt 1 + t= 
= lim (tan7'0 — tan7't) = 0 ( z) == 
t>- 2 2 


Since both of these integrals are convergent, the given integral is convergent and 


oo 1 T T 
f = aS e Sa 
-2 ] +x 2 2 


Since 1/(1 + x?) > 0, the given improper integral can be interpreted as the area of the 
infinite region that lies under the curve y = 1/(1 + x”) and above the x-axis (see 
FIGURE 6 Figure 6). a 


EXAMPLE 4 For what values of p is the integral 
wo | 
f ye 
convergent? 


SOLUTION We know from Example 1 that if p = 1, then the integral is divergent, so 
let’s assume that p # 1. Then 


too J] t—>œ =p + 


: 1 1 
= lim = 1 
ime | — pi 


If p > 1, then p — 1 > 0, so as t —> %, t? '—> œ and 1/t? ' — 0. Therefore 


œ 1 t g pra 7 
f — dx = lim |‘ x” dx = lim ——— 
1 x? 1 


[<a l ifp>1 
l= 
igr pHi á 


and so the integral converges. 
If p < 1, then p — 1 < 0 and so 


= {1P > o as t — œ 


p= 


and the integral diverges. E 
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We summarize the result of Example 4 for future reference: 


o% | 
[2] f , ax is convergent if p > 1 and divergent if p < 1. 
1 x 


E Type 2: Discontinuous Integrands 


Suppose that f is a positive continuous function defined on a finite interval [a, b) but 
has a vertical asymptote at b. Let S be the unbounded region under the graph of f and 
above the x-axis between a and b. (For Type 1 integrals, the regions extended indefinitely 
in a horizontal direction. Here the region is infinite in a vertical direction.) The area of 
the part of S between a and ż (the shaded region in Figure 7) is 


yA 


A(t) = | f(x) dx 
FIGURE 7 : 

If it happens that A(f) approaches a definite number A as t —> b7, then we say that 
the area of the region S is A and we write 


f f(x) dx = lim f f(x) dx 


We use this equation to define an improper integral of Type 2 even when f is not a posi- 
tive function, no matter what type of discontinuity f has at b. 


Parts (b) and (c) of Definition 3 are 
illustrated in Figures 8 and 9 for [3] Definition of an Improper Integral of Type 2 
the case where f(x) = Oand f has 
vertical asymptotes at a and c, 
respectively. 


(a) If f is continuous on [a, b) and is discontinuous at b, then 


[TO dx = Jim ff) dx 


YA 
if this limit exists (as a finite number). 
(b) If f is continuous on (a, b] and is discontinuous at a, then 
b y b 
Í f(x) dx = lim f f(x) dx 
a tat Jt ` 
> if this limit exists (as a finite number). 
0 at b x 


The improper integral ie f(x) dx is called convergent if the corresponding limit 
FIGURE 8 exists and divergent if the limit does not exist. 


(c) If f has a discontinuity at c, where a < c < b, and both i f(x) dx and 


r4 |? f(x) dx are convergent, then we define 
b È b 
‘ f(x) dx = i f(x) dx + f f(x) dx 
. 5 1 
» EXAMPLES Find | ——— dx. 
O a c b x J32 Jx=2 
FIGURE 9 SOLUTION We note first that the given integral is improper because f(x) = 1/./x — 2 


has the vertical asymptote x = 2. Since the infinite discontinuity occurs at the left 
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YA endpoint of [2, 5], we use part (b) of Definition 3: 
d. d. —— 
[= = im [| = lim 2/12]; 
2 x72 tdh Jx=72 P% j 
= lim 2(./3 -— Vt -2) =2v3 
t>2+ 
0 
Thus the given improper integral is convergent and, since the integrand is positive, we 
FIGURE 10 can interpret the value of the integral as the area of the shaded region in Figure 10. E 


EXAMPLE 6 Determine whether sec x dx converges or diverges. 


SOLUTION Note that the given integral is improper because lim, (7/27 sec x = ™, 
Using part (a) of Definition 3 and Formula 14 from the Table of Integrals, we have 


a /2 å t $ £ 
{ secxdx = lim | secxdx= lim In|secx + tanx I] 
0 t(n/2)- JO t—>(T/2)- 0 


= lim [In(sect + tant) — In 1] = œ 
t—(Tt/2)7 


because sec tf — % and tan t > % as t — (m/2) . Thus the given improper integral is 
divergent. E 


dx 


EXAMPLE7 Evaluate f : 


ox 


i if possible. 


SOLUTION Observe that the line x = 1 is a vertical asymptote of the integrand. Since 
it occurs in the middle of the interval [0, 3], we must use part (c) of Definition 3 with 


c=1: 
ee =j- ae 


1 dx P t dx t 
where f MET = lim aa = lim In |x ti}, 


= lim (In|t— 1| — In| L|) = lim In(1 = 1) == 
lim 


t>1— 


because 1 — t — 0* ast > 17. Thus |} dx/(x — 1) is divergent. This implies that 
[ dx/(x — 1) is divergent. [We do not need to evaluate R dx/(x — 1).] E 


@ WARNING If we had not noticed the asymptote x = 1 in Example 7 and had instead 
confused the integral with an ordinary integral, then we might have erroneously calcu- 


lated f dx/(x — 1) as 


3 
In|x - 1|]’=m2- inl =in2 


This is wrong because the integral is improper and must be calculated in terms of limits. 

From now on, whenever you see the symbol ee (x) dx you must decide, by looking 
at the function f on [a, b], whether it is an ordinary definite integral or an improper 
integral. 
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FIGURE 11 


yA 


0 a 


FIGURE 12 


EXAMPLE 8 Evaluate f In x dx. 


SOLUTION We know that the function f(x) = In x has a vertical asymptote at 0 
because lim,— 9+ In x = —%. Thus the given integral is improper and we have 


f nxax= lim (" Inxdx 
0 t>0+ Jt 


Now we integrate by parts with u = In x, dv = dx, du = dx/x, and v = x: 


1 — 


| in xax = xin x}; { dx 


=1Inl—tlnt-(-)=-tlnt-—1+t 
To find the limit of the first term we use I’ Hospital’s Rule: 


; . Int 1/t 
lim tInt = lim — = Ii = ji = 
iG ae a aan 


Therefore { In x dx = lim (-thr-1+1t)=-0-1+0 1 
t>0+ 


Figure 11 shows the geometric interpretation of this result. The area of the shaded 
region above y = In x and below the x-axis is 1. a 


E A Comparison Test for Improper Integrals 


Sometimes it is impossible to find the exact value of an improper integral and yet it is 
important to know whether the integral is convergent or divergent. In such cases the fol- 
lowing theorem is useful. Although we state it for Type 1 integrals, a similar theorem is 
true for Type 2 integrals. 


Comparison Theorem Suppose that f and g are continuous functions with 
f(x) = g(x) = 0 for x = a. 


(a) If [7 f(x) dx is convergent, then |? g(x) dx is convergent. 


(b) If |,” g(x) dx is divergent, then |” f(x) dx is divergent. 


We omit the proof of the Comparison Theorem, but Figure 12 makes it seem plau- 
sible. If the area under the top curve y = f(x) is finite, then so is the area under the 
bottom curve y = g(x). And if the area under y = g(x) is infinite, then so is the area 
under y = f(x). [Note that the reverse is not necessarily true: If |* g(x) dx is convergent, 
[7 f(x) dx may or may not be convergent, and if |; f(x) dx is divergent, |7 g(x) dx may or 
may not be divergent. ] 


EXAMPLE9 Show that N e “dx is convergent. 


SOLUTION We can’t evaluate the integral directly because the antiderivative of e™ is 
not an elementary function (as explained in Section 7.5). We write 


œ 1 æ% 2 
i ev dx = { e™ dx + l e “dx 
0 0 1 
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and observe that the first integral on the right-hand side is just an ordinary definite 
integral with a finite value. In the second integral we use the fact that for x = 1 we 
e *. (See Figure 13.) The integral of 


x 


have x? => x, so —x”? < —x and therefore e * < 


e ™ is easy to evaluate: 


I" e™dx = lim |‘ e*dx = lim (e — e`’) =e"! 


toa Jl to 


Therefore, taking f (x) = e™ and g(x) = e™ in the Comparison Theorem, we see that 


FIGURE 13 e *“dx is convergent. It follows that foe e “dx is convergent also. E 
Table 1 ro 2y : is 
ae In Example 9 we showed that | o € ` dx is convergent without computing its value. In 
t fhe dz Exercise 84 we indicate how to show that its value is approximately 0.8862. In probabil- 
1 0.7468241328 ity theory it is important to know the exact value of this improper integral, as we will 
2 0.8820813908 see in Section 8.5; using the methods of multivariable calculus it can be shown that the 
3 0.8862073483 exact value is y7 /2. Table 1 illustrates the definition of a convergent improper integral 
4 0.8862269118 by showing how the (computer-generated) values of k e™ dx approach Vr, /2 ast 
5 0.8862269255 becomes large. In fact, these values converge quite quickly because e™— 0 very rap- 
6 0.8862269255 aS hme S, 
Table 2 EXAMPLE 10 The integral e dx is divergent by the Comparison Theorem 
t breve kia 
2 0.8636306042 AMES gy» 
5 1.8276735512 x x 
10 2.5219648704 "oo T : 
100 48245541204 and | (1/x) dx is divergent by Example 1 [or by (2) with p = 1]. 
1000 7.1271392134 
10000 94297243064 Table 2 illustrates the divergence of the integral in Example 10. It appears that the 
i values are not approaching any fixed number. 


7.8 | Exercises 


1. Explain why each of the following integrals is improper. 


4 dx «2 dx 
(b) 5 
x=3 3 x°—4 


(a) 
(c) k tan Tx dx (d) D A dx 


2. Which of the following integrals are moe Why? 


(a) sec x dx (b) (ee pa 
3 ax ae dx 
© |e (a) rxtx 


3. Find the area under the curve y = 1/x* from x = 1 to x = t 
and evaluate it for t = 10, 100, and 1000. Then find the total 
area under this curve for x = 1. 


4. (a) Graph the functions f(x) = 1/x'! and g(x) = 1/x°? in 
both the viewing rectangles [0, 10] by [0, 1] and [0, 100] 
by [0, 1]. 
(b) Find the areas under the graphs of f and g from x = 1 
to x = t and evaluate for t = 10, 100, 104, 10°, 10", 
and 10”. 
(c) Find the total area under each curve for x = 1, if it exists. 


5-48 Determine whether the integral is convergent or divergent. 
Evaluate integrals that are convergent. 


5. [eae 6. i rE dx 
eX 
7. [oe 8. FO dx 
æ ji Ea 1 
ajoa” 10. f Pr 
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po 1 

@ | = 
ro Xx 

oh ort 


re x tx +1 


15. J; dx 


x 


x 


17. i (te dx 
19. ie xe™ dx 


21. i cos 2t dt 


23. Í * in?a da 
0 


25. | =a, 
27. |" ze” dz 

29. Í 
31. Í 
33. en dy 


35. 


12. 


20. 


22. 


24. 


2 


28. 


30. 


32. 


34. 


36. 


38. 


40. 


42. 


44. 


46. 


48. 


a 1 
—— dx 
Lares 
3 =X 
-» 4 — x? 


dx 


i sinð e? dé 


6 [ dv 
h vp? + 20-3 


K lnx dx 


2 


x 1 
—— d. 
\ x(In x)? i 


pe cos 0 


y sin 0 


1/x 
1e 
{ 7 dx 
0 x” 


A 53. S={(x,y) | 0 < 


51. S = {(x, y) | x > 
52. S={(x,y) |x= 0, 0 


10<yS1/(x*? + x} 
<y<vxe"} 


x < 1/2, 0 <S y < sec*x} 


<1//x +2} 


54. S={(x,y) | -2<x<0, 0<y 


55. (a) If g(x) = (sin*x)/x’, use a calculator or computer to make 

a table of approximate values of f; g(x) dx for t = 2, 5, 
10, 100, 1000, and 10,000. Does it appear that fr g(x) dx 
is convergent? 

(b) Use the Comparison Theorem with f(x) = 
that f” g(x) dx is convergent. 

(c) Illustrate part (b) by graphing f and g on the same screen 
for 1 < x < 10. Use your graph to explain intuitively 
why f? g(x) dx is convergent. 


56. (a) If g(x) = 1/ (V x- 1), use a calculator or computer to 

make a table of approximate values of f, g(x) dx for 
t = 5, 10, 100, 1000, and 10,000. Does it appear that 
{5 g(x) dx is convergent or divergent? 

(b) Use the Comparison Theorem with f(x) = 1/ Vx to 
show that |} g(x) dx is divergent. 

(c) Illustrate part (b) by graphing f and g on the same screen 
for 2 < x < 20. Use your graph to explain intuitively 
why |; g(x) dx is divergent. 


1/x? to show 


57-64 Use the Comparison Theorem to determine whether the 
integral is convergent or divergent. 


49-54 Sketch the region and find its area (if the area is finite). 
<e} 
e*} 


49. S={(x%y)|x2=10<y 
50. S={(x,y) |x 


0,0<ys 


pæ 2 0 1 + i as 
57. | —~—dx 58. [© —— ax 
Jo x +1 te 
Po 1 œ% t 
59. | —— ax 60. [E * ax 
J2 x— lnx 0 2 +e 
ro x+1 2 + cosx + GOSH 
61. — dx 62. 
l Va lee x4 + x? 
63. eae sec ES éi. ee sin ES 


65-68 Improper Integrals that Are Both Type 1 and Type 2 

The integral i f(x) dx is improper because the interval [a, ©) is 
infinite. If f has an infinite discontinuity at a, then the integral 

is improper for a second reason. In this case we evaluate the inte- 
gral by expressing it as a sum of improper integrals of Type 2 and 


Type 1 as follows: 


ic dx = fr% dx + ic dx c>a 


Evaluate the given integral if it is convergent. 


65. F “ dx 


i, 
0 Vx (1 +x) 


66. ee dx 


Es 1 
68. — d 
l xy x? — 4 * 
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69-71 Find the values of p for which the integral converges and 
evaluate the integral for those values of p. 


11 eo 1 
69. f oo 70. { sia A 
ig! 
71. | x? In x dx 
J0 
72. (a) Evaluate the integral ies x"e *dx for n = 0, 1, 2, and 3. 


73 


74 


75 


76 


77 


78 


(b) Guess the value of ie x"e *dx when n is an arbitrary 
positive integer. 
(c) Prove your guess using mathematical induction. 


The Cauchy principal value of the integral f “ f(x) dx is 
defined by sid 


i‘ f(x) dx = lim f f(x)dx 
co tow J-t 
Show that i x dx diverges but the Cauchy principal value of 


this integral is 0. 


The average speed of molecules in an ideal gas is 


3/2 
J= AM i pie IRT) Jy 
Ja \2RT 0 


where M is the molecular weight of the gas, R is the gas con- 
stant, T is the gas temperature, and v is the molecular speed. 
Show that 


8RT 
mTM 


v= 


We know from Example | that the region 
R = {(x, y) | x> 1, 0S y = 1/x} 


has infinite area. Show that by rotating R about the x-axis we 
obtain a solid (called Gabriel’s horn) with finite volume. 


Use the information and data in Exercise 6.4.35 to find the 
work required to propel a 1000-kg space vehicle out of the 
earth’s gravitational field. 


Find the escape velocity vo that is needed to propel a rocket of 
mass m out of the gravitational field of a planet with mass M 
and radius R. Use Newton’s Law of Gravitation (see Exer- 
cise 6.4.35) and the fact that the initial kinetic energy of smu, 
supplies the needed work. 


Astronomers use a technique called stellar stereography to 
determine the density of stars in a star cluster from the 
observed (two-dimensional) density that can be analyzed 
from a photograph. Suppose that in a spherical cluster of 
radius R the density of stars depends only on the distance r 
from the center of the cluster. If the perceived star density is 


79 


80. 


81 


82 
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given by y(s), where s is the observed planar distance from 
the center of the cluster, and x(r) is the actual density, it can 
be shown that 


y(s x(r) dr 


R 2r 
- (= 


If the actual density of stars in a cluster is x(r) = (R = 
find the perceived density y(s). 


r)’, 


A manufacturer of lightbulbs wants to produce bulbs that 

last about 700 hours but, of course, some bulbs burn out 

faster than others. Let F(t) be the fraction of the company’s 

bulbs that burn out before t hours, so F(t) always lies 

between 0 and 1. 

(a) Make a rough sketch of what you think the graph of F 
might look like. 

(b) What is the meaning of the derivative r(t) = F'(t)? 

(c) What is the value of K r(t) dt? Why? 


As we saw in Section 3.8, a radioactive substance decays 
exponentially: The mass at time t is m(t) = m(O)e™, 
where m(0) is the initial mass and k is a negative constant. 
The mean life M of an atom in the substance is 


M = —k N te dt 


For the radioactive carbon isotope, 14C, used in radiocarbon 
dating, the value of k is —0.000121. Find the mean life of a 
4C atom. 


In a study of the spread of illicit drug use from an enthusiastic 
user to a population of N users, the authors model the number 
of expected new users by the equation 


= eN( — e 
y=| ois) ) oe at 


Jo k 


where c, k, and A are positive constants. Evaluate this integral 
to express y in terms of c, N, k, and A. 


Source: F. Hoppensteadt et al., “Threshold Analysis of a Drug Use Epidemic 
Model,” Mathematical Biosciences 53 (1981): 79-87. 


Dialysis treatment removes urea and other waste products 
from a patient’s blood by diverting some of the bloodflow 
externally through a machine called a dialyzer. The rate at 
which urea is removed from the blood (in mg/min) is often 
well described by the equation 


r ; 
u(t) = F Coe!” 


where r is the rate of flow of blood through the dialyzer 

(in mL/min), V is the volume of the patient’s blood (in mL), 
and Co is the amount of urea in the blood (in mg) at time 

t = 0. Evaluate the integral i u(t) and interpret it. 
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83. Determine how large the number a has to be so that 


> 1 
| sax < 0.001 
ax + 1 


84. Estimate the numerical value of IF e*’ dx by writing it as the 
sum of IH e™ dx and fF e *’ dx. Approximate the first integral 
by using Simpson’s Rule with n = 8 and show that the sec- 
ond integral is smaller than in e *“dx, which is less than 
0.0000001. 


85-87 The Laplace Transform If f(t) is continuous for t = 0, the 
Laplace transform of f is the function F defined by 


F(s) = ie f(t) edt 


and the domain of F is the set consisting of all numbers s for 
which the integral converges. 


85. Find the Laplace transform of each of the following 
functions. 


(a) f(t) =1 (b) f(x) =e’ (c) f(t) =t 


86. Show that if 0 < f(t) < Me“ for t = 0, where M and a are 
constants, then the Laplace transform F(s) exists for s > a. 


87. Suppose that 0 < f(t) < Me“ and 0 < f(t) < Ke“ for 
t = 0, where f’ is continuous. If the Laplace transform 
of f(t) is F(s) and the Laplace transform of f’(t) is G(s), 
show that 


sa 


G(s) = sF(s) — f(0) 


REVIEW 


CONCEPT CHECK 


88. 


89. 


90. 


91 


92 


93 


94 


e If i, f(x) dx is convergent and a and b are real numbers, 
show that 


[" fed ax + [7 Fæ dx= |’ FO dx + [P09 ax 


| Show that fg xe" dx = 4 |g edx 


. Show that |f e™ dx = {, /—In y dy by interpreting the 
integrals as areas. 


. Find the value of the constant C for which the integral 


(a4): 
Bs 
0 xX+4 x4+2 
converges. Evaluate the integral for this value of C. 


. Find the value of the constant C for which the integral 


N x C 
= = dx 
“(4 =) 


converges. Evaluate the integral for this value of C. 


. Suppose f is continuous on [0, œ) and lim,—-. f(x) = 1. Is it 
possible that [> f(x) dx is convergent? 


. Show that ifa > —1 and b > a + 1, then the following 
integral is convergent. 


Answers to the Concept Check are available at StewartCalculus.com. 


1. State the rule for integration by parts. In practice, how do you 
use it? 


2. How do you evaluate i] sin”x cos"x dx if m is odd? What if n 
is odd? What if m and n are both even? 


3. If the expression ya? — x? occurs in an integral, what sub- 
stitution might you try? What if va? + x? occurs? What if 
Vx? — a” occurs? 


4. What is the form of the partial fraction decomposition of a 
rational function P(x)/Q(x) if the degree of P is less than the 
degree of Q and Q(x) has only distinct linear factors? What if 
a linear factor is repeated? What if Q(x) has an irreducible 
quadratic factor (not repeated)? What if the quadratic factor is 
repeated? 


5. 


State the rules for approximating the definite integral 

J? f(x) dx with the Midpoint Rule, the Trapezoidal Rule, and 
Simpson’s Rule. Which would you expect to give the best 
estimate? How do you approximate the error for each rule? 


. Define the following improper integrals. 


@ [rwa wf fa © | fds 


. Define the improper integral |” f(x) dx for each of the follow- 
ing cases. 
(a) f has an infinite discontinuity at a. 
(b) f has an infinite discontinuity at b. 
(c) f has an infinite discontinuity at c, where a < c < b. 


. State the Comparison Theorem for improper integrals. 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


TRUE-FALSE QUIZ 


CHAPTER 7 Review 553 


Determine whether the statement is true or false. If it is true, 
explain why. If it is false, explain why or give an example that 
disproves the statement. 


1. I tan” 'x dx can be evaluated using integration by parts. 


2; | x°e* dx can be evaluated by applying integration by parts 
five times. 


3. To evaluate f an appropriate trigonometric 


25 + x? 
substitution is x = 5 sin 8. 


4. To evaluate f 
9 + e% 


of the Table of Integrals to obtain In(e* + /9 + e*) te, 


x(x? + 4) : A B 
5. —>—— can be put in the form ——— + ; 
x= 4 I2 KH 2 
x? + . B C 
6. z can be put in the form H H ; 
x(x? — 4) x xt2 x=2 
feo E E 
s ~~ Can be put in the form —> : 
x’ (x — 4) P x x-4 
x - 4 . A B 
8. — > can be put in the form — + — ; 
x(x? + 4) x x +4 
EXERCISES 


we can use the formula in entry 25 


4 xX 1 
afa ax =F in 15 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


œ 
1 : 
| RA dx is convergent. 


If l f(x) dx is convergent, then i f(x) dx is convergent. 
The Midpoint Rule is always more accurate than the Trape- 
zoidal Rule. 


(a) Every elementary function has an elementary derivative. 
(b) Every elementary function has an elementary antiderivative. 


If f is continuous on [0, %) and f|? f(x) dx is convergent, then 
J f(x) dx is convergent. 


If f is a continuous, decreasing function on [1, %) and 
lim,» f(x) = 0, then ihe f(x) dx is convergent. 


If |” f(x) dx and |” g(x) dx are both convergent, then 
ihe [ f(x) + g(x)] dx is convergent. 


If |7 f(x) dx and |” g(x) dx are both divergent, then 
fF LF) + g(x)] dx is divergent. 


If f(x) < g(x) and |} g(x) dx diverges, then |; f(x) dx also 
diverges. 


Note: Additional practice in techniques of integration is 
provided in Exercises 7.5. 


1-50 Evaluate the integral. 


2 (x + 1) 2 x : 
ae a eee 
3. | a dx 4. [7° tsin 2¢ at 

sec x 0 

dt 2 
eloa aaee 6. fx In x dx 
7 [= sinb cos’@ dO 8 — 


9; Í sin(In ¢) j id. [' varies dx 
J t o Lx? 

11. | x (In x)? dx 12. f sin x cos x In(cos x) dx 
P2 2—1 2x 

13, (ax 14. | dx 
J1 x J t+e™ 


; 242 
15. [ e™ dx 16. [> dx 
$ HAD, 
17. fr tan™'x dx 18. fo + 2)}(x + 1)” dx 
x-1 sec°@ 
Beran A 
x +8x-3 
21. f x cosh x dx 22. Iar S 
r dx 27" 
23. | ———— 24. dx 
) yx? — 4x J Je 


25 


27 


29 


xt+1 d 
. | — — dx 
9x? + 6x +5 


; i Vx? — 2x +2 dx 28. f cos Jt dt 


26. f tano sec*6 dO 


30. f e" cos xax 


dx 
Ja 
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xsin(,/1 + x?) dx 
31. | 7 dx 32. | eo 


3x3 — x? + 6x —4 
ae | (x? + IG? + 2) dx 34, f xsinx cos x dx 
35. { i cos*x sin 2x dx 36. Í St 
r= 
: a dx 
37. — d. 38. | ————— 
PEE E = 
m10 efex — 1 7/4 X SIN X 
39. f -eag A 40. ii Suet 
ad i 2 
i | (4 — x2)? dx 42. f (aresin x) dx 
l 1 — tan 0 
43. | — a a4. ( — 0e 
| Vx + 33/2 1 + tan 0 


45. f (cos x + sin x} cos 2x dx 


46. fx cos*(x?),/sin(x?) dx 


dé 


2x 
47. M xe 48 i 4/tan 0 


d , 
a F2 Jaja sin 20 


dx 50. [ x sin(/1 + x?) dx 


=4 


1 


51-60 Evaluate the integral or show that it is divergent. 


{° In x de 


ee 


dx 52. 


51 Pe 
“hh (2x+ 1) 


» dx 6 y 
53. 54. ——- d 
2 xInx I /y—2 7 
55. (22 56. [a 
` f a x eM, Sse x 
ie 1 dx 
57. { i dx 58. t, aey 
-1 
= i . dx 60. (" an x dx 
-» Ay + 4x +5 Jo x’ 


[Ñ 61-62 Evaluate the indefinite integral. Illustrate, and check that 
your answer is reasonable, by graphing both the function and its 
antiderivative (take C = 0). 


61. f ne? + 2x + 2) dx 


x3 
62. | ——— dx 
J V¥xr7 +1 


H 63. Graph the function f(x) = cos*x sin*x and use the graph to 
guess the value of the integral teow (x) dx. Then evaluate the 
integral to confirm your guess. 


64. 


(a) How would you evaluate f x*e~?* dx by hand? (Don’t 
actually carry out the integration.) 

(b) How would you evaluate | x°e~** dx using a table of 
integrals? (Don’t actually do it.) 

(c) Use a computer to evaluate | x°e~?* dx. 

(d) Graph the integrand and the indefinite integral on the 
same screen. 


65-68 Use the Table of Integrals on Reference Pages 6-10 to 
evaluate the integral. 


65. | var — 4x —3 dx 


66. f cser at 


68. f ~O 


67. | cosx/4 + sin?x dx 
J V1 + 2sinx 


69. Verify Formula 33 in the Table of Integrals (a) by differen- 
tiation and (b) by using a trigonometric substitution. 


70. Verify Formula 62 in the Table of Integrals. 


71. Is it possible to find a number n such that fp x" dx is 
convergent? 


72. For what values of a is K e““ cos x dx convergent? Evaluate 
the integral for those values of a. 


73-74 Use (a) the Trapezoidal Rule, (b) the Midpoint Rule, and 
(c) Simpson’s Rule with n = 10 to approximate the given inte- 
gral. Round your answers to six decimal places. 


73. i: t dx 


74. [° Vx cos x dx 
Inx Ji 


75. Estimate the errors involved in Exercise 73, parts (a) 
and (b). How large should n be in each case to guarantee an 
error of less than 0.00001? 


76. Use Simpson’s Rule with n = 6 to estimate the area under 
the curve y = e*/x from x = 1 to x = 4. 


77. The speedometer reading (v) on a car was observed at 
1-minute intervals and recorded in the chart. Use Simpson’s 
Rule to estimate the distance traveled by the car. 


t(min) | v (mi/h) t(min) | v (mi/h) 
0 40 6 56 
1 42 7 57 
2 45 8 57 
3 49 9 55 
4 52 10 56 
5 54 
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78. 


79. 


80. 


81. 


82. 


A population of honeybees increased at a rate of r(t) bees 
per week, where the graph of r is as shown. Use Simpson’s 
Rule with six subintervals to estimate the increase in the bee 
population during the first 24 weeks. 


0 4 8 12 16 2 24 t 
(weeks) 


(a) If f(x) = sin(sin x), use a computer algebra system to 
compute f(x) and then use a graph to find an upper 
bound for | f(x)]. 

(b) Use Simpson’s Rule with n = 10 to approximate 
fy f(x) dx and use part (a) to estimate the error. 

(c) How large should n be to guarantee that the size of the 
error in using S, is less than 0.00001? 


Suppose you are asked to estimate the volume of a football. 
You measure and find that a football is 28 cm long. You use 
a piece of string and measure the circumference at its widest 
point to be 53 cm. The circumference 7 cm from each end is 
45 cm. Use Simpson’s Rule to make your estimate. 


a 


bd 


k~~ 28 cm ———>| 


Use the Comparison Theorem to determine whether the 
integral is convergent or divergent. 


» 2 + sinx 
al a 


% 1 
b —_—__ dx 
Vx ” l V1+x4 


Find the area of the region bounded by the hyperbola 


y? — x? = | and the line y = 3. 


83. 


84. 


85. 


86 


87. 


88. 


89. 
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Find the area bounded by the curves y = cos x and 
y = cos*x between x = 0 and x = 7. 


Find the area of the region bounded by the curves 


y= 1/2 + Vx), y = 1/2 — Vx), and x = 1. 


The region under the curve y = cos*x, 0 < x < 7/2, is 
rotated about the x-axis. Find the volume of the resulting 
solid. 


The region in Exercise 85 is rotated about the y-axis. Find 
the volume of the resulting solid. 


If f’ is continuous on [0, œ) and lim,_... f(x) = 0, show that 


KFO ax = -f0 


We can extend our definition of average value of a continu- 
ous function to an infinite interval by defining the average 
value of f on the interval [a, 2) to be 

1 
t— a 


fg = lim —— |" f(x) dx 

(a) Find the average value of y = tan’ 'x on the interval 
[0, ©). 

(b) If f(x) = 0 and i f(x) dx is divergent, show that the 
average value of f on the interval [a, ~) is lim... f(x), 
if this limit exists. 

(c) If i f(x) dx is convergent, what is the average value of 
f on the interval [a, œ)? 

(d) Find the average value of y = sin x on the interval [0, ~). 


Use the substitution u = 1/x to show that 


x lnx 
= dx= 0 

o es oe ae 

The magnitude of the repulsive force between two point 

charges with the same sign, one of size 1 and the other of 

size q, iS 


ee. 
Aaregr? 


where r is the distance between the charges and £o is a con- 
stant. The potential V at a point P due to the charge q is 
defined to be the work expended in bringing a unit charge to 
P from infinity along the straight line that joins q and P. 
Find a formula for V. 
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Problems Plus 


Cover up the solution to the example 
and try it yourself first. 


LA You may wish to review the Principles of 
Problem Solving following Chapter 1. 


The computer-generated graphs in 
Figure 1 make it seem plausible that 
all of the integrals in the example 
have the same value. The graph 

of each integrand is labeled with the 
corresponding value of n. 


1 


Nig 


FIGURE 1 


556 


EXAMPLE 


(a) Prove that if f is a continuous function, then 


Wie dx = fa = x) dx 


(b) Use part (a) to show that 


“ sin”x T 
; x 
0  sin"x + cos"x 4 


for all positive numbers n. 


SOLUTION 
(a) At first sight, the given equation may appear somewhat baffling. How is it possible 
to connect the left side to the right side? Connections can often be made through one 
of the principles of problem solving: introduce something extra. Here the extra 
ingredient is a new variable. We often think of introducing a new variable when we 
use the Substitution Rule to integrate a specific function. But that technique is still 
useful in the present circumstance in which we have a general function f. 

Once we think of making a substitution, the form of the right side suggests that it 
should be u = a — x. Then du = —dx. When x = 0, u = a; when x = a, u = 0. So 


K fla- x) dx=- [ f(u) du = K f(u) du 


But this integral on the right side is just another way of writing | o F(x) dx. So the given 
equation is proved. 


(b) If we let the given integral be / and apply part (a) with a = 77/2, we get 


sin"(a/2 — x) 


sin"(ar/2 — x) + cos"(a/2 — x) ax 


a/2 sin"x a/2 
I= i — z dx = l) 

©  sin"x + cos"x 0 
A well-known trigonometric identity tells us that sin(a7/2 — x) = cos x and 
cos(ar/2 — x) = sin x, so we get 


T= w cos”x 
0 cos"x + sin”x 


Notice that the two expressions for / are very similar. In fact, the integrands have the 
same denominator. This suggests that we should add the two expressions. If we do so, 
we get 


dx = ie l dx = a 


a/2 sin"x + cos"x 
21 = f - n n 
0  sin"x + cos"x 


Therefore I = 7/4. | 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


Problems PM 1. Three mathematics students have ordered a 14-inch pizza. Instead of slicing it in the tradi- 
tional way, they decide to slice it by parallel cuts, as shown in the figure. Being mathematics 
majors, they are able to determine where to slice so that each gets the same amount of pizza. 
Where are the cuts made? 


2. Evaluate the integral 


{=a 


The straightforward approach would be to start with partial fractions, but that would be 
brutal. Try a substitution. 


Evaluate f (=x — V1 = x3) dx. 


4. Suppose that f is a function that is continuous and increasing on [0, 1] such that f(0) = 0 
and f(1) = 1. Show that 


k 14in > 3 


FIGURE FOR PROBLEM 1 


1 
PUO + da= 
5. If f is an even function, r > 0, and a > 0, show that 


f f dx = (7) dx 


iFa 


1 1 
Hint: + Í; 
Tse Tee 


6. The centers of two disks with radius 1 are one unit apart. Find the area of the union of the 
two disks. 


7. An ellipse is cut out of a circle with radius a. The major axis of the ellipse coincides with a 
diameter of the circle and the minor axis has length 2b. Prove that the area of the remaining 
part of the circle is the same as the area of an ellipse with semiaxes a anda — b. 


8. A man initially standing at the point O walks along a pier pulling a rowboat by a rope of 
length L. The man keeps the rope straight and taut. The path followed by the boat is a curve 
called a tractrix and it has the property that the rope is always tangent to the curve (see the 
figure). 

(a) Show that if the path followed by the boat is the graph of the function y = f(x), then 


dy at bee ae 


dx x 


Fœ) 


(b) Determine the function y = f(x). 


FIGURE FOR PROBLEM 8 9. A function f is defined by f(x) = Ne cos t cos(x — t) dt, 0 < x < 27. Find the minimum 
value of f. 


10. If n is a positive integer, prove that l (In x)" dx = (—1)"n!. 


11. Show that 


2” (n! 
(2n + 1)! 


i‘ (1 — x°)" dx 
Hint: Start by showing that if Z, denotes the integral, then 


2k +2 
2k + 3 


Test = I; 
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yA 
y=| 2x] 
0 
FIGURE FOR PROBLEM 17 


558 


RY 


PÑ 12. Suppose that f is a positive function such that f’ is continuous. 

(a) How is the graph of y = f(x) sin nx related to the graph of y = f(x)? What happens 
as n — 0°? 

(b) Make a guess as to the value of the limit 


lim i f(x) sin nx dx 
based on graphs of the integrand. 

(c) Using integration by parts, confirm the guess that you made in part (b). [Use the fact 
that, since f’ is continuous, there is a constant M such that | f'(x)| < M for 0 < x < 1.] 


13. If0 < a < b, find 


15 


16 


17 


18 


: i : 1/t 
lim tL [bx + a(1 — x)] ax} 


f4 14. Graph f(x) = sin(e*) and use the graph to estimate the value of f such that |‘*' f(x) dx is a 


maximum. Then find the exact value of t that maximizes this integral. 


% x y 
Evaluate Í ( -) dx. 
NIFA 


Evaluate Í tan x dx. 


The circle with radius 1 shown in the figure touches the curve y = | 2x | twice. Find the area 
of the region that lies between the two curves. 


A rocket is fired straight up, burning fuel at the constant rate of b kilograms per second. Let 
v = v(t) be the velocity of the rocket at time f and suppose that the velocity u of the exhaust 
gas is constant. Let M = M(t) be the mass of the rocket at time f and note that M decreases 

as the fuel burns. If we neglect air resistance, it follows from Newton’s Second Law that 


dv 
F=M—~—ub 
dt " 
where the force F = —Mg. Thus 
m] T T 
eub 
dt f 


Let M, be the mass of the rocket without fuel, M, the initial mass of the fuel, 

and Mọ = M, + M. Then, until the fuel runs out at time t = M,/b, the mass is 

M= Mo = bt. 

(a) Substitute M = Mo — bt into Equation 1 and solve the resulting equation for v. Use the 
initial condition v(0) = 0 to evaluate the constant. 

(b) Determine the velocity of the rocket at time t = M2/b. This is called the burnout 
velocity. 

(c) Determine the height of the rocket y = y(t) at the burnout time. 

(d) Find the height of the rocket at any time t. 
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The Gateway Arch in St. Louis, Missouri, stands 630 feet high and was completed in 1965. The arch was designed by the architect Eero 
Saarinen using an equation involving the hyperbolic cosine function. In Exercise 8.1.50 you are asked to compute the length of the curve 
that he used. 


iStock.com / gnagel 


Further Applications 
of Integration 


WE LOOKED AT SOME APPLICATIONS of integrals in Chapter 6: areas, volumes, work, and aver- 
age values. Here we explore some of the many other geometric applications of integration — the 
length of a curve, the area of a surface—as well as applications to physics, engineering, biology, 
economics, and statistics. For instance, we will investigate the center of gravity of a plate, the force 
exerted by water pressure on a dam, the flow of blood from the human heart, and the average time 
spent on hold during a customer support telephone call. 
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8.1 


FIGURE 1 


FIGURE 2 


FIGURE 3 


FIGURE 4 


CHAPTER 8 Further Applications of Integration 


Arc Length 


What do we mean by the length of a curve? We might think of fitting a piece of string to 
the curve in Figure 1 and then measuring the string against a ruler. But that might be dif- 
ficult to do with much accuracy if we have a complicated curve. We need a precise defini- 
tion for the length of an arc of a curve, in the same spirit as the definitions we developed 
for the concepts of area and volume. 


E Arc Length of a Curve 


If a curve is a polygon, we can easily find its length; we just add the lengths of the line 
segments that form the polygon. (We can use the distance formula to find the distance 
between the endpoints of each segment.) We are going to define the length of a general 
curve by first approximating it by a polygonal path (a path consisting of connected line 
segments) and then taking a limit as the number of segments of the path is increased. 
This process is familiar for the case of a circle, where the circumference is the limit of 
lengths of inscribed polygons (see Figure 2). 

Now suppose that a curve C is defined by the equation y = f(x), where f is continu- 
ous and a S x < b. We obtain a polygonal approximation to C by dividing the interval 
[a, b] into n subintervals with endpoints xo, x1,..., x, and equal width Ax. If y; = f(x;), 
then the point P;(x;, y;) lies on C and the polygonal path with vertices Po, Pi,..., Pn, 
illustrated in Figure 3, is an approximation to C. 


The length L of C is approximately the length of this polygonal path and the approxi- 
mation gets better as we let n increase. (See Figure 4, where the arc of the curve between 
P;-; and P; has been magnified and approximations with successively smaller values of 
Ax are shown.) Therefore we define the length L of the curve C with equation y = f(x), 
a S x <b, as the limit of the lengths of these approximating polygonal paths (if the 
limit exists): 


[1] L= lim >|P,-1?|| 
i=1 


no . 


where | P;-;P;| is the distance between the points P;-; and P;. 

Notice that the procedure for defining arc length is very similar to the procedure we 
used for defining area and volume: We divided the curve into a large number of small 
parts. We then found the approximate lengths of the small parts and added them. Finally, 
we took the limit as n > ~, 

The definition of arc length given by Equation | is not very convenient for computa- 
tional purposes, but we can derive an integral formula for L in the case where f has a 
continuous derivative. [Such a function f is called smooth because a small change in x 
produces a small change in f’(x).] 
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SECTION 8.1 Arc Length 561 


If we let Ay; = y; — yj-1, then 


| Pi-Pi| = Gi = xi)? + (yi = yi1) = (Ax) + (Ay)? 
By applying the Mean Value Theorem to f on the interval [x;-1, x;], we find that there is 
a number x;* between x;-; and x; such that 

FO) ~ feu) = f'(x#)(xi = i) 
that is, Ay; = f'(x#*) Ax 
Thus we have 
[P-P] = VA + One = Va? + GA AP 

= /1+ [FRAP J(Ax? = V1 + [f'G*)P Ax (since Ax > 0) 

Therefore, by Definition 1, 


L= lim >|P-1P;| = lim > V1 + [f'Q?)]? Ax 
cia Ls ae i 


We recognize this expression as being equal to 


| VIF TF OF ax 


by the definition of a definite integral. We know that this integral exists because the func- 


tion g(x) = v1 + [f'(x)F is continuous. Thus we have proved the following theorem: 


[2] The Arc Length Formula If f’ is continuous on [a, b], then the length of the 
curve y = f(x),a S x <b, is 


L= |’ JI + TF OF ax 


If we use Leibniz notation for derivatives, we can write the arc length formula as 
follows: 


[3] r=f V+ (4a 


EXAMPLE 1 Find the length of the arc of the semicubical parabola y* = x° between 
the points (1, 1) and (4, 8). (See Figure 5.) 


SOLUTION For the top half of the curve we have 


3/2 dy _ 3 1/2 


y=x qe? 


and so the arc length formula gives 
4 dy V 4. -—— 
L= 1+(—]d=| V¥1+? 
FIGURE 5 l J (2) x= fi VI Bx dx 
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As a check on our answer to 
Example], notice from Figure 5 
that the arc length ought to be 
slightly larger than the distance 
from (1, 1) to (4, 8), which is 


V58 = 7.615773 


According to our calculation in 
Example1, we have 


L = (80/10 — 13/13) 


= 7.633705 


Sure enough, this is a bit greater 
than the length of the line segment. 


Figure 6 shows the arc of the parab- 
ola whose length is computed in 
Example 2, together with polygonal 
approximations having n = 1 and 

n = 2 line segments, respectively. 
For n = 1 the approximate length is 
Lı = J2, the diagonal of a square. 
The table shows the approximations 
L, that we get by dividing [0, 1] into 
n equal subintervals. Notice that 
each time we double the number of 
sides of the polygonal approximation, 
we get closer to the exact length, 
which is 


v5. In(v5 + 2) 
i 4 


2 


= 1.478943 


FIGURE 6 


CHAPTER 8 Further Applications of Integration 


If we substitute u = 1 + 2x, then du = 2 dx. When x = l, u = B. when x = 4, u = 10. 


Therefore 
bak |" fet 


3/4 


= ġo% - ()"] = 5(80/10 - 13/73) a 


10 


242 32] 
= 9° 3U fi3/4 


If a curve has the equation x = g(y), c S y S d, and g'(y) is continuous, then by 
interchanging the roles of x and y in Formula 2 or Equation 3, we obtain the following 
formula for its length: 


d 
c 


[4] L= | AOF ay = | To dy 


EXAMPLE 2 Find the length of the arc of the parabola y* = x from (0, 0) to (1, 1). 
SOLUTION Since x = y’, we have dx/dy = 2y, and Formula 4 gives 


1 d 2 
L={ Vi+(#) dy = | VTF 49? dy 
y 


We make the trigonometric substitution y = 5 tan 0, which gives dy = 5 sec’@ dO and 
V1 + 4y2 = y1 + tan?0 = sec 0. When y = 0, tan 0 = 0, so 0 = 0; when y = 1, 
tan 0 = 2, so 0 = tan '2 = a, say. Thus 


= |" . L sec? = 1 |" sec? 
L [* seco z sec“0 dO 5 |" sec’9 do 


II 


tij 


- ;[sec @ tan 0 + In|sec 0 + tan 0|] (from Example 7.2.8) 
= i(sec a tana + In|seca + tana |) 


(We could have used the formula in entry 21 of the Table of Integrals.) Since tan a = 2, 
we have sec’a = 1 + tan’a = 5, so seca = 1/5 and 


V5 P In( v5 + 2) 


L= E 
2 4 
YA 
n Ib 
1 1.414 
2 1.445 
4 1.464 
8 1.472 
16 1.476 
A 32 1.478 
64 1.479 
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Using a computer to evaluate the def- 
inite integral numerically, we get 
11320904. We see that the approxi- 
mation using Simpson’s Rule is accu- 
rate to four decimal places. 


SECTION 8.1 Arc Length 563 


Because of the presence of the square root sign in Formulas 2 and 4, the calculation 
of an arc length often leads to an integral that is very difficult or even impossible to evalu- 
ate explicitly. Thus we sometimes have to be content with finding an approximation to 
the length of a curve, as in the following example. 


EXAMPLE 3 

(a) Set up an integral for the length of the arc of the hyperbola xy = 1 from the 
point (1, 1) to the point (2, 4). 

(b) Use Simpson’s Rule with n = 10 to estimate the arc length. 


SOLUTION 
(a) We have 


a 1 S 
a dx x? 


and so the arc length is 


2 dy 2 2 1 
L= | 1 + | —] dx= | 1+ —; dx 
1 dx 1 x 
(b) Using Simpson’s Rule (see Section 7.7) with a = 1, b = 2, n = 10, Ax = 0.1, and 


f(x) = V1 + 1/x*, we have 


2 1 
z=] lrer dx 
1 X 


A t + 4f(1.1) + 2f(1.2) + 4f(1.3) +--+ + 2f(1.8) + 4f1.9) + f(2)] 


L 


= 1.1321 a 


E The Arc Length Function 


We will find it useful to have a function that measures the arc length of a curve from a par- 
ticular starting point to any other point on the curve. Thus if a smooth curve C has the 
equation y = f(x), a S x <S b, let s(x) be the distance along C from the initial point 
Pola, f(a)) to the point Q(x, f(x)). Then s is a function, called the are length function, 
and, by Formula 2, 


[5] s(x) = | V1 + [FOP at 
(We have replaced the variable of integration by f so that x does not have two meanings.) 


We can use Part | of the Fundamental Theorem of Calculus to differentiate Equation 5 
(since the integrand is continuous): 


E 2- OF = yi (2) 


Equation 6 shows that the rate of change of s with respect to x is always at least 1 and is 
equal to 1 when f'(x), the slope of the curve, is 0. The differential of arc length is 


2 
s= sfi+(2) dx 
x 
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564 CHAPTER 8 Further Applications of Integration 


and this equation is sometimes written in the symmetric form 


(ds)? = (dx) + (dy? 


The geometric interpretation of Equation 8 is shown in Figure 7. It can be used as a 
mnemonic device for remembering both of the Formulas 3 and 4. If we write L = | ds, 
then from Equation 8 either we can solve to get (7), which gives (3), or we can solve 
to get 


FIGURE 7 Er 
[9] ds = y 1+ (=) dy 
dy 


which gives (4). 


EXAMPLE 4 Find the arc length function for the curve y = x? — ¢ In x taking Po(1, 1) 
as the starting point. 


SOLUTION If f(x) = x? — $ 1n x, then 


1 
r = 2 Z e 
Fa = 2x- = 
1+[ =+ (2 Ly 1 + 4x? oe 
x)? = x-=] = a 
8x 64x° 
= 4x? + —4+ —~=[2x4+ —] 
2 64 x 
1 ; 
V1 + [FQP = 2x + = (since x > 0) 
x 
Thus the arc length function is given by 
l — > = (t)|? dt 
> + s(x) = [ VI + TPO! 
=a i 2 1 E 1 l J 
FIGURE 8 A A R a 
Figure 8 shows the interpretation of 
the arc length function in Example 4. =x + gin x= 1 
For instance, the arc length along the curve from (1, 1) to (3, f(3)) is 
pea In 3 
s3) = 3 + gin3 —1=8 + ~~ 8.1373 Oo 
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SECTION 8.1 Arc Length 565 


8.1 | Exercises 


1. Use the arc length formula (3) to find the length of the curve ii y=In(secx), OSx< 7/4 
y =3 — 2x, —1 <x < 3. Check your answer by noting that 
the curve is a line segment and calculating its length by the 


distance formula. B. x= ily (y-3), l<y<9 


20. y=3+4cosh2x, 0O<x<1 


18. x =e? + fe, O<sys<l 


21. y=}x?— lnx, 1<x<2 
22. y = yx — x? + sin (Vx) 


23. y=In(1 — x), O<x<} 


24.y=1l-—e*, OSx 


IN 
N 


2. Use the arc length formula to find the length of the curve 25-26 Find the length of the arc of the curve from point P to 
y = y4 — x*,0 < x < 2. Check your answer by noting that point Q. 
the curve is part of a circle. 25. y = 12, P(- 1, 2), ol, 1) 
yA 26. x? = (y — 4}, P(1,5), Q(8, 8) 


(0, 2) yeaa 


27-32 Graph the curve and visually estimate its length. Then 
compute the length, correct to four decimal places. 


0 (2, 0) x 27. y= + lsrs 
28. y =x + cosx, 0< x< r/2 
3-8 Set up, but do not evaluate, an integral for the length of the 29. y= vx, 1<x<4 


curve. 


3 30. y=xtanx, OSx<1 
By=x, OSXS2 


31. y=xe*, 1lsxs2 


4 
5.y=x-Inx, 1<x<4 6 x=y +y, 0O<yS3 
$ 32. y = ln(x? + 4), -2<x<2 


7. x= siny, 0< y< r/2 


33-34 Use Simpson’s Rule with n = 10 to estimate the arc length 
of the curve. Compare your answer with the value of the integral 
9. y= Zx” > O<x<2 produced by a calculator or computer. 


9-24 Find the exact length of the curve. 


10. y = (x + 497, 0O<x<4 33. y=xsinx,0<x<20n 34 y=e™, 0<x<2 


11. y=4(1 +227, O<x<1 


35. (a) Graph the curve y = xy4 — x, 0S x S 4. 


12. 36y? = (x? — 4}, 2<x<3, y2=0 (b) Compute the lengths of approximating polygonal paths 
; with n = 1, 2, and 4 segments. (Divide the interval into 
(EN y= X L „Tars equal subintervals.) Illustrate by sketching the curve and 
` 3 4x these paths (as in Figure 6). 
i (c) Set up an integral for the length of the curve. 
14. x= A a l<y<2 (d) Compute the length of the curve to four decimal places. 
8 4y” Compare with the approximations in part (b). 
15. y = z ln(sin 2x), 7/8 < x< 7/6 36. Repeat Exercise 35 for the curve 
16. y = ln(cos x), O<x<a/3 y=x+ sinx O0<x<27 
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CHAPTER 8 Further Applications of Integration 


37. Use either a computer or a table of integrals to find the exact 
length of the arc of the curve y = e“ that lies between the 
points (0, 1) and (2, e°). 


38. Use either a computer or a table of integrals to find the exact 
length of the arc of the curve y = x*/? that lies between the 
points (0, 0) and (1, 1). If your software has trouble evaluat- 
ing the integral, make a substitution that changes the inte- 
gral into one that the software can evaluate. 


39. Find the length of the astroid x77 + y” = 1, 


YA 
1 


2B 4 yrs =| 


m. 


40. (a) Sketch the curve y* = x’. 

(b) Use Formulas 3 and 4 to set up two integrals for the arc 
length from (0, 0) to (1, 1). Observe that one of these is 
an improper integral and evaluate both of them. 

(c) Find the length of the arc of this curve from (—1, 1) 
to (8, 4). 


@ Find the arc length function for the curve y = 2x% with 
starting point Po(1, 2). 


42. (a) Find the arc length function for the curve y = In(sin x), 
0 <x < m, with starting point (7/2, 0). 
(b) Graph both the curve and its arc length function on the 
same screen. Why is the arc length function negative 
when x is less than 7/2? 


43. Find the arc length function for the curve 
y = sin 'x + y1 — x? with starting point (0, 1). 
44. The arc length function for a curve y = f(x), where f is an 
increasing function, is s(x) = in J3t+ 5 dt. 
(a) If f has y-intercept 2, find an equation for f. 
(b) What point on the graph of f is 3 units along the curve 
from the y-intercept? State your answer rounded to 
3 decimal places. 


45. A hawk flying at 15 m/s at an altitude of 180 m acciden- 
tally drops its prey. The parabolic trajectory of the falling 
prey is described by the equation 


2 


= 180 - Ž 
75 45 
until it hits the ground, where y is its height above the 
ground and x is the horizontal distance traveled in meters. 
Calculate the distance traveled by the prey from the time it 
is dropped until the time it hits the ground. Express your 
answer correct to the nearest tenth of a meter. 


46. A steady wind blows a kite due west. The kite’s height 
above ground from horizontal position x = 0 to x = 80 ft 
is given by y = 150 — g(x — 50)’. Find the distance trav- 
eled by the kite. 


47. A manufacturer of corrugated metal roofing wants to produce 


panels that are 28 in. wide and 2 in. high by processing flat 
sheets of metal as shown in the figure. The profile of the roof- 
ing takes the shape of a sine wave. Verify that the sine curve 
has equation y = sin(7x/7) and find the width w of a flat 
metal sheet that is needed to make a 28-inch panel. (Numeri- 
cally evaluate the integral correct to four significant digits.) 


+ 2in 
>| f 
48-50 Catenary Curves A chain (or cable) of uniform density 
that is suspended between two points, as shown in the figure, 
hangs in the shape of a curve called a catenary with equation 
y = acosh(x/a). (See the Discovery Project following 
Section 12.2.) 


k 28 in 


YA 


= E 


0 x 


48. (a) Find the arc length of the catenary y = a cosh(x/a) on 
the interval [c, d]. 
(b) Show that on any interval [c, d], the ratio of the area 
under the catenary to its arc length is a. 


49, The figure shows a telephone wire hanging between two 
poles at x = —25 and x = 25. The wire hangs in the shape 
of a catenary described by the equation 


x 
y =c + acosh— 
a 


If the length of the wire between the two poles is 51 ft and 
the lowest point of the wire must be 20 ft above the ground, 
how high up on each pole should the wire be attached? 


yA 


> 
—25 0 25 x 
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50. The British physicist and architect Robert Hooke (1635— 


1703) was the first to observe that the ideal shape for a free 
standing arch is an inverted catenary. Hooke remarked, “As 
hangs the chain, so stands the arch.” The Gateway Arch in 
St. Louis is based on the shape of a catenary; the central 
curve of the arch is modeled by the equation 


y = 211.49 — 20.96 cosh 0.03291765x 


where x and y are measured in meters and |x| < 91.20. Set 


51. 


AY 52. 


SECTION 8.2 Area of a Surface of Revolution 567 


For the function f(x) = je" + e™, prove that the arc length 
on any interval has the same value as the area under the 
curve. 


The curves with equations x” + y" = 1,n = 4, 6,8,..., 
are called fat circles. Graph the curves with n = 2, 4, 6, 8, 
and 10 to see why. Set up an integral for the length L2; of 
the fat circle with n = 2k. Without attempting to evaluate 
this integral, state the value of lim,—. Lox. 


up an integral for the length of the arch and evaluate the 
integral numerically to estimate the length correct to the 
nearest meter. 


53. Find the length of the curve 


y= | NVP- Tat l<x<4 


DISCOVERY PROJECT | ARC LENGTH CONTEST 


The curves shown are all examples of graphs of continuous functions f that have the following 
properties. 


1. f(0) = 0 and f(1) = 0. 
2. f(x) = 0for0<xS1. 
3. The area under the graph of f from 0 to 1 is equal to 1. 


The lengths L of these curves, however, are all different. 


yA YA yA 


L= 3.249 L=2.919 L= 3.152 =~ 3213 


Try to discover formulas for two functions that satisfy the given conditions 1, 2, and 3. 
(Your graphs might be similar to the ones shown or could look quite different.) Then calculate 
the arc length of each graph. The winning entry will be the one with the smallest arc length. 


8.2 | Area of a Surface of Revolution 


A surface of revolution is formed when a curve is rotated about a line. Such a surface 
is the lateral boundary of a solid of revolution of the type discussed in Sections 6.2 
and 6.3. 

We want to define the area of a surface of revolution in such a way that it corresponds 
to our intuition. If the surface area is A, we can imagine that painting the surface would 
require the same amount of paint as does a flat region with area A. 

Let’s start with some simple surfaces. The lateral surface area of a circular cylinder 
with radius r and height A} is taken to be A = 27rh because we can imagine cutting the 
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circumference 27r 


Co 


| 
h 
cut ~E 


E 7] 
| —- 


2mr 


FIGURE 1 


FIGURE 2 


FIGURE 3 


CHAPTER 8 Further Applications of Integration 


cylinder and unrolling it (as in Figure 1) to obtain a rectangle with dimensions 27r 
and A. 

Likewise, we can take a circular cone with base radius r and slant height /, cut it along 
the dashed line in Figure 2, and flatten it to form a sector of a circle with radius / and 
central angle 0 = 2ar/I. We know that, in general, the area of a sector of a circle with 


radius / and angle 0 is 410 (see Exercise 7.3.41) and so in this case the area is 


2 
A =} = ar( zr) = orl 


Therefore we define the lateral surface area of a cone to be A = mri. 


What about more complicated surfaces of revolution? If we follow the strategy we 
used with arc length, we can approximate the original curve by a polygonal path. When 
this path is rotated about an axis, it creates a simpler surface whose surface area 
approximates the actual surface area. By taking a limit, we can determine the exact 
surface area. 

The approximating surface, then, consists of a number of bands, each formed by rota- 
ting a line segment about an axis. To find the surface area, each of these bands can be 
considered a portion of a circular cone, as shown in Figure 3. The area of the band (or 
frustum of a cone) with slant height / and upper and lower radii r; and rz is found by sub- 
tracting the areas of two cones: 


[1] A=arh +1) — anh = a(n — rh + rol] 
From similar triangles we have 
h_ itl 
ri r2 
which gives 
Tol; = ril + rıl or (ro = rol => ril 


Putting this in Equation 1, we get A = m (rıl + rl) or 


z 


where r = $(ry + r2) is the average radius of the band. 
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SECTION 8.2 Area of a Surface of Revolution 569 


Now we apply Formula 2 to our strategy. Consider the surface shown in Figure 4, 

which is obtained by rotating the curve y = f(x), a S x < b, about the x-axis, where 

f is positive and has a continuous derivative. In order to define its surface area, we 

> divide the interval [a, b] into n subintervals with endpoints xo, x1,...,%, and equal 

width Ax, as we did in determining arc length. If y; = f(x;), then the point Pi(x;, yi) 

lies on the curve. The part of the surface between x;-; and x; is approximated by taking 

the line segment P;-;P; and rotating it about the x-axis. The result is a band with slant 

height / = | P;-,P;| and average radius r = Hyi + yi) so, by Formula 2, its surface 
area is 


yi-r + Yi 
2 


2r | Pi-1P; | 


As in the proof of Theorem 8.1.2, there is a number x;* between x;-; and x;, such that 


| Pi-1P;| = V1 LF tary Ax 


(b) Approximating band 


When Ax is small, we have y; = f(x;) ~ f(x*) and also y;-; = f(xi-1) ~ f(x#*), since f 
FIGURE 4 is continuous. Therefore 


Yi-1 + Yi 
2 


2T | PP; | =~ 2af(x*) V1 + [F'OAF Ax 


and so an approximation to what we think of as the area of the complete surface of revo- 
lution is 


[3] > 2x JI + [POĐE Ax 


This approximation appears to become better as n —> % and, recognizing (3) as a Riemann 
sum for the function g(x) = 2r f(x) V1 + Lf'(x)]?, we have 


inn Sn GA SLOP Ax =|" 2af(x) VI + [FOE dx 


n= ij 
Therefore, in the case where f is positive and has a continuous derivative, we define the 


surface area of the surface obtained by rotating the curve y = f(x), a S x < b, about 
the x-axis as 


[a S= [2mf(x) VI + [FOF ax 


With the Leibniz notation for derivatives, this formula becomes 


b dy 2 
S=į|2 1+ {[—)d 
[5] i) mj o x 
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CHAPTER 8 Further Applications of Integration 


If the curve is described as x = g(y), c S y S d, then the formula for surface area 
becomes 


a s= 


Both formulas 5 and 6 can be summarized symbolically, using the notation for arc length 
given in Section 8.1, as 


S = | 2ryds 


For rotation about the y-axis we can use a similar procedure to obtain the following sym- 
bolic formula for surface area: 


S = | 2mxds 


where, as before (see Equations 8.1.7 and 8.1.9), we can use either 


dy 2 dx 2 
ds = 4/1 + | — | dx or ds = 4/1 + | —] dy 
dx dy 


NOTE Formulas 7 and 8 can be remembered by thinking of the integrand as the circum- 
ference of a circle traced out by the point (x, y) on the curve as it is rotated about the 
x-axis or y-axis, respectively (see Figure 5). 


yA YA 
(x,y) 
a \-y ——.. 
a x = 
a > = £3) 
0 I | x 
I 
9 } | 
circumference = 27ry circumference = 27x 
0 x 
Rotation about x-axis: Rotation about y-axis: 
radius radius 
S= [2m y ds S= [20 x ds 
FIGURE 5 circumference circumference 
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SECTION 8.2 Area of a Surface of Revolution 


YA EXAMPLE 1 The curve y = y4 — x2, —1 S x < 1, is an arc of the circle 
yaV4—x? x? + y? = 4. Find the area of the surface obtained by rotating this arc about the 
< ieee x-axis. (The surface is a portion of a sphere of radius 2. See Figure 6.) 
\ 


; SOLUTION We have 


+ —-——} > dy iS 
il x ae = +(4 = x7) ut 2x) = 


TX 


— x2 


surface area is 


FIGURE 6 , FNV 
The portion of the sphere whose S= f Qay 1+ (2) dx 
surface area is computed in Example 1 =! dx 


571 


and so, using Formula 7 with ds = v1 + (dy/dx)* dx (or, equivalently, Formula 5), the 


=2m J4—-x dx = 4r |! 1 dx = 472) = 87 a 
-1 4 — x2 -1 
EXAMPLE 2 The portion of the curve x = }y*/? between y = 0 and y = 3 is 
rotated about the x-axis (see Figure 7). Find the area of the resulting surface. 
SOLUTION Since x is given as a function of y, it is natural to use y as the vari- 
able of integration. By Formula 7 with ds = V1 + (dx/dy)’ dy (or Formula 6), the 
surface area is 
> 2 
s= f 27y y: + (=) dy = 27 [* yv1 + (yF dy 
0 dy 0 7 7 
= 2r | yvI + ydy 
Substituting u = 1 + y, du = dy, and remembering to change the limits of integration, 
FIGURE 7 we have 
The surface of revolution whose area 
is computed in Example 2 2 i T = 43/2 a Af 
S =2rT f (u — 1) vu du = 27 f (u u'’*) du 
= 2r |u — bwh = Bar E 
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Figure 8 shows the surface of revolu- 
tion whose area is computed in 
Example 3. 


YA 
(2, 4) 
y=x 
< a, 1) 
i > 
0 1 2 x 


FIGURE 8 


As a check on our answer to 
Example 3, notice from Figure 8 that 
the surface area should be close to 
that of a circular cylinder with the 
same height and radius halfway 
between the upper and lower radius 
of the surface: 27 (1.5)(3) ~= 28.27. 
We computed that the surface area 
was 


Z (7/177 — 54/5) ~ 30.85 


which seems reasonable. Alternatively, 
the surface area should be slightly 
larger than the area of a frustum of a 
cone with the same top and bottom 
edges. From Equation 2, this is 


2ar(1.5)(V10) ~ 29.80. 


CHAPTER 8 Further Applications of Integration 


EXAMPLE3 The arc of the parabola y = x? from (1, 1) to (2, 4) is rotated about the 
y-axis. Find the area of the resulting surface. 


SOLUTION 1 Considering y as a function of x, we have 


d 
and = 2x 


yrx 
É dx 


Formula 8 with ds = V1 + (dy/dx? dx gives 


S= | 2nxds 


Substituting u = 1 + 4x?, we have du = 8x dx. Remembering to change the limits of 
integration, we have 


S=2r | Vu -bdu 
5 8 


I 


5 


T it iy TF2 an]! 
— u’ du = — |u 
4 i 4 E | 


II 


s UNT =345) 


SOLUTION 2 Considering x as a function of y, we have 


d 1 
and am 


dy 24y 


By Formula 8 with ds = v1 + (dx/dy) dy, we have 


4 dx Ý 
S= f 27x ds = f 2mx 4/1 + (5) dy 
y 


1 
=e ft a tpm [ivy thay 


ray 


Il 


an |’ V3 + 1) dy = |’ vay + T dy 


(where u = 1 + 4y) 


w r 
=gh ee 


II 


(as in Solution 1) 


aT = a3) 
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SECTION 8.2 Area of a Surface of Revolution 573 


EXAMPLE 4 Set up an integral for the area of the surface generated by rotating the 
curve y = e*,0 < x < 1, about the x-axis. Then evaluate the integral numerically, 
correct to three decimal places. 


SOLUTION Using 


Another method: Use Formula 7 with 
x = Inyandds = y1 + (dx/dy)? dy 
(or, equivalently, Formula 6). 


and 


and Formula 7 with ds = V1 + (dy/dx)? dx (or Formula 5), we have 


2 
s= f 27y 1+ (2) dx = 2m |! e yT +e? dx 
0 d 0 


X 


Using a calculator or computer, we get 


2r |" et /1 + e™ dx ~ 22.943 E 
0 


8.2 | Exercises 


1-4 The given curve is rotated about the x-axis. Set up, but do not 
evaluate, an integral for the area of the resulting surface by inte- 
grating (a) with respect to x and (b) with respect to y. 


1. y=, 1<x<8 
2. x7 =e’, 
3.x =InQy+1),0O<yS<1 


4. y=tan'x,O<x<1 


5-8 The given curve is rotated about the y-axis. Set up, but do not 
evaluate, an integral for the area of the resulting surface by inte- 
grating (a) with respect to x and (b) with respect to y. 


5.xy=4, 1x8 


6 y=(x+1,0<x<2 
7. y= 1 + sinx, 0 Sx < 7/2 
8. x=e°,0OSys2 


9-16 Find the exact area of the surface obtained by rotating the 
curve about the x-axis. 


@y=, 0<x<2 10. y=J/5—x,3 5x55 
W.y=xt+1,0<x<3 12. y=Vl+e,0<x<1 
By =cos($x), 0< x< 7 TLE ee 
i 6 2x 


15. x = 3(y? + 2), 1sy<2 
16.x=1+2y7,,1<y<2 


17-20 The given curve is rotated about the y-axis. Find the area 
of the resulting surface. 


17. y=3x??, O< x < 12 
18.77 +y~%=1,0<y<1 
B. x= va- y, 0<ys< 


20. y= x? — lnx, 1<x<2 


21-26 Set up an integral for the area of the surface obtained by 
rotating the given curve about the specified axis. Then evaluate 
your integral numerically, correct to four decimal places. 


x 


21. y= e” A —] <Sx< l; x-axis 


22. xy =y- 1, 1S y <3; x-axis 


23. x=y +y, 0< y< l; y-axis 


24. y =x + sinx, 0 <x S 27/3; y-axis 
25. Iny =x -— y’, 1 S y < 4; x-axis 


26. x = cos°y, 0 <S y S 7/2; y-axis 
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27-28 Find the exact area of the surface obtained by rotating 
the given curve about the x-axis. 


27. y= 1/x, |<x<2 


28. y= yx? +1,05x%53 


29-30 Use a computer to find the exact area of the surface 
obtained by rotating the given curve about the y-axis. If your 
software has trouble evaluating the integral, express the surface 
area as an integral in the other variable. 

29. y=x°,0<y<l 


30. y=In(x + 1), OS x <1 


about the y-axis. If the dish is to have a 10-ft diameter and a 
maximum depth of 2 ft, find the value of a and the surface 
area of the dish. 


31-32 Use Simpson’s Rule with n = 10 to approximate the 
area of the surface obtained by rotating the given curve about 
the x-axis. Compare your answer with the value of the integral 
produced by a calculator or computer. 

31. y=ir, OSes 5 


32. y=xInx, l<x<2 


33. Gabriel’s Horn The surface formed by rotating the curve 
y = 1/x, x = 1, about the x-axis is known as Gabriel’s 
horn. Show that the surface area is infinite (although the 
enclosed volume is finite; see Exercise 7.8.75). 


yy 


“oy 


x 


34. If the infinite curve y = e“, x = 0, is rotated about the 
x-axis, find the area of the resulting surface. 


35. (a) Ifa > 0, find the area of the surface generated by 
rotating the loop of the curve 3ay* = x(a — x)? 
about the x-axis. 

(b) Find the surface area if the loop is rotated about the 
y-axis. 


36. A group of engineers are building a parabolic satellite dish 
whose shape will be formed by rotating the curve y = ax? 


Dabarti CGI / Shutterstock.com 


37. (a) The ellipse 
Kooy 
ppm 

is rotated about the x-axis to form a surface called an 
ellipsoid, or prolate spheroid. Find the surface area of 
this ellipsoid. 

(b) If the ellipse in part (a) is rotated about its minor axis 
(the y-axis), the resulting ellipsoid is called an oblate 
spheroid. Find the surface area of this ellipsoid. 


38. Find the surface area of the torus in Exercise 6.2.75. 


39. (a) If the curve y = f(x), a < x < b, is rotated about the 
horizontal line y = c, where f(x) < c, find a formula 
for the area of the resulting surface. 

(b) Set up an integral to find the area of the surface generated 
by rotating the curve y = Jx, 0 < x < 4, about the line 
y = 4. Then evaluate the integral numerically, correct to 
four decimal places. 


40. Set up an integral for the area of the surface obtained by 
rotating the curve y = x°, 1 < x < 2, about the given line. 
Then evaluate the integral numerically, correct to two deci- 


mal places. 
(a) k= b) x=4 
(c) y=} (d) y=10 


41. Find the area of the surface obtained by rotating the circle 
x? + y? =r’ about the line y = r. 


42-43 Zone of a Sphere A zone of a sphere is the portion of the 
sphere that lies between two parallel planes. 


42. Show that the surface area of a zone of a sphere is 
S = 27Rh, where R is the radius of the sphere and h is the 
distance between the planes. (Notice that § depends only on 
the distance between the planes and not on their location, 
provided that both planes intersect the sphere.) 
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43. Show that the surface area of a zone of a cylinder with the curve y = g(x), a S x < b. Express $, in terms of Sp 
radius R and height A is the same as the surface area of the and L. 


zone of a sphere in Exercise 42. . . = 
pren 45. Show that if we rotate the curve y = e? + e™? about the 


x-axis, the area of the resulting surface is the same value as 
44. Let L be the length of the curve y = f(x), a <x <b, the enclosed volume for any interval a < x < b. 
where f is positive and has a continuous derivative. Let S; 
be the surface area generated by rotating the curve about 
the x-axis. If c is a positive constant, define g(x) = f(x) + c 
and let S, be the corresponding surface area generated by S= N 2a| f(x)| V1 + [FOP dx 


46. Formula 4 is valid only when f(x) = 0. Show that when f(x) is 
not necessarily positive, the formula for surface area becomes 


DISCOVERY PROJECT | ROTATING ON A SLANT 


We know how to find the volume of a solid of revolution obtained by rotating a region about a 
horizontal or vertical line (see Section 6.2). We also know how to find the surface area of a sur- 
face of revolution if we rotate a curve about a horizontal or vertical line (see Section 8.2). But 
what if we rotate about a slanted line, that is, a line that is neither horizontal nor vertical? In 
this project you are asked to discover formulas for the volume of a solid of revolution and for 
the area of a surface of revolution when the axis of rotation is a slanted line. 

Let C be the arc of the curve y = f(x) between the points P(p, f(p)) and Q(q, f(q)) and let 
R be the region bounded by C, by the line y = mx + b (which lies entirely below C), and by 
the perpendiculars to the line from P and Q. 


YA 


1. Show that the area of R is 


Sn 
1 +m’ 


T [ f(x) — mx — o + a le 


[Hint: This formula can be verified by subtracting areas, but it will be helpful throughout the 
project to derive it by first approximating the area using rectangles perpendicular to the line, 
as shown in the following figure. Use the figure to help express Au in terms of Ax.] 


tangent to C 
at (x; fl) 
N 


(continued) 
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YA (27, 277) 


8.3 


surface of fluid 


, 
i 4 


FIGURE 1 


The pressure exerted on a submerged 
object by a fluid changes with depth 
but is independent of the volume of 
fluid. A fish swimming 2 ft below the 
surface experiences the same water 
pressure whether in a small aquarium 
or an enormous lake. 


2. Find the area of the region shown in the figure at the left. 


3. Find a formula (similar to the one in Problem 1) for the volume of the solid obtained by 
rotating R about the line y = mx + b. 


4. Find the volume of the solid obtained by rotating the region of Problem 2 about the 
line y = x — 2. 

5. Find a formula for the area of the surface obtained by rotating C about the line 
y=mx + b. 


6. Use a computer to find the exact area of the surface obtained by rotating the curve y = Va 5 
0 <x <4, about the line y = 5X. Then approximate your result to three decimal places. 


Applications to Physics and Engineering 


Among the many applications of integral calculus to physics and engineering, we con- 
sider two here: force due to water pressure and centers of mass. As with our previous 
applications to geometry (areas, volumes, and lengths) and to work, our strategy is to 
break up the physical quantity into a large number of small parts, approximate each small 
part, add the results (giving a Riemann sum), take the limit, and then evaluate the result- 
ing integral. 


E Hydrostatic Pressure and Force 


Deep-sea divers know first-hand that water pressure increases as they dive deeper. This 
is because the weight of the water above them increases. 

In general, suppose that a thin horizontal plate with area A square meters is sub- 
merged in a fluid of density p kilograms per cubic meter at a depth d meters below the 
surface of the fluid as in Figure 1. The fluid directly above the plate (think of a column 
of liquid) has volume V = Ad, so its mass is m = pV = pAd. The force exerted by the 
fluid on the plate is therefore 


F = mg = pgAd 


where g is the acceleration due to gravity. The pressure P on the plate is defined to be the 
force per unit area: 
P= Lz d 
a PF 
The SI unit for measuring pressure is a newton per square meter, which is called a 
pascal (abbreviation: 1 N/m? = 1 Pa). Since this is a small unit, the kilopascal (kPa) is 


often used. For instance, because the density of water is p = 1000 kg/m’, the pressure at 
the bottom of a swimming pool 2 m deep is 


P = pgd = 1000 kg/m? X 9.8 m/s? X 2m 
= 19,600 Pa = 19.6 kPa 


When using US Customary units, we write P = pgd = ôd, where ô = pg is the 
weight density (as opposed to p, which is the mass density). For instance, the weight 
density of water is 5 = 62.5 lb/ft’, so the pressure at the bottom of a swimming pool 8 ft 
deep is P = 5d = 62.5 lb/ft* X 8 ft = 500 lb/ft’. 
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An important principle of fluid pressure is the experimentally verified fact that at any 
point in a liquid the pressure is the same in all directions. (A diver feels the same pres- 
sure on nose and both ears.) Thus the pressure in any direction at a depth d in a fluid with 
mass density p is given by 


[1] P = pgd = ôd 


This helps us determine the hydrostatic force (the force exerted by a fluid at rest) against 
a vertical plate or wall or dam. This is not a straightforward problem because the pres- 
sure is not constant but increases as the depth increases. 


EXAMPLE 1 A dam has the shape of the trapezoid shown in Figure 2. The height is 
20 m and the width is 50 m at the top and 30 m at the bottom. Find the force on the 
dam due to hydrostatic pressure if the water level is 4 m from the top of the dam. 


SOLUTION We first assign a coordinate system to the dam. One option is to choose a 
vertical x-axis with origin at the surface of the water and positive direction downward 
as in Figure 3(a). The depth of the water is 16 m, so we divide the interval [0, 16] into 
subintervals of equal length with endpoints x; and we choose x¥ € [x:-1, x;]. The ith 
horizontal strip of the dam is approximated by a rectangle with height Ax and width wi, 
where, from similar triangles in Figure 3(b), 


a 10 16 — x} xi" 
~ ae ae (0) a= = 
16—x* 20 2 2 


and so w; = 2(15 + a) = 2(15 + 8 — }x¥) = 46 — xř 


If A; is the area of the ith strip, then 
A; = wi Ax = (46 — x#) Ax 


If Ax is small, then the pressure P; on the ith strip is almost constant and we can use 
Equation 1 to write 
P; ~ 1000gxi* 


The hydrostatic force F; acting on the ith strip is the product of the pressure and the 
area: 
F; = P;A; ~ 1000gxj*(46 — xj*) Ax 


Adding these forces and taking the limit as n — ©, we obtain the total hydrostatic force 
on the dam: 


F = lim >1000gx*(46 — x*) Ax = {° 1000gx(46 — x) dx 


oO y 
n i=1 


3716 
1000(9.8) | ® (46x — x?) dx = 9800| 23x? — — 
0 3 


0 


t 


4.43 X 10’N E 


In Example 1 we could have alternatively used the usual coordinate system with the 
origin centered at the bottom of the dam. The equation of the right edge of the dam is 
y = 2x — 30, so the width of a horizontal strip at position y;* is 2x;* = y;* + 30. The 
depth there is 16 — y;* and so the force on the dam is given by 


F = 1000(9.8) [Po + 30)(16 — y) dy = 4.43 X 107N 
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FIGURE 4 


FIGURE 5 


EXAMPLE 2 Find the hydrostatic force on one end of a cylindrical drum with radius 
3 ft that is submerged in water 10 ft deep. 


SOLUTION In this example it is convenient to choose the axes as in Figure 4 so that 
the origin is placed at the center of the drum. Then the circle has a simple equation, 
x? + y? = 9. As in Example 1 we divide the circular region into horizontal strips 
of equal width. From the equation of the circle, we see that the length of a rectangle 
that approximates the ith strip is 2,/9 — (y;*)* and so the area of the ith strip is 
approximately 


A; = 2/9 — (yi)? Ay 


Because the weight density of water is ô = 62.5 lb/ft’, the pressure on this strip (by 
Equation 1) is approximately 


ôd; = 62.5(7 — yi*) 
and so the force (pressure X area) on the strip is approximately 


ôdiAi = 62.5(7 — y#) 2./9 — (y#)? Ay 


The total force is obtained by adding the forces on all the strips and taking the limit: 


F 


lim > 62.5(7 — y*) 2/9 — (y*)? Ay 
i=1 


no 


125 |" (7 — y) V9 —y? dy 


I 


125 - i V9 —y? dy — 125 F yv Zy? dy 


The second integral is 0 because the integrand is an odd function (see Theorem 5.5.7). 
The first integral can be evaluated using the trigonometric substitution y = 3 sin 0, but 
it’s simpler to observe that it is the area of a semicircular disk with radius 3. Thus 


F = 875 F JI y? dy = 875 - Lr (3)? 


18157 


= 12,370 lb a 


E Moments and Centers of Mass 


Our main objective here is to find the point P on which a thin plate of any given shape 
balances horizontally as in Figure 5. This point is called the center of mass (or center of 
gravity) of the plate. 

We first consider the simpler situation illustrated in Figure 6, where two masses m, 
and m are attached to a rod of negligible mass on opposite sides of a fulcrum and at 
distances d, and də from the fulcrum. The rod will balance if 


[2] md, = mdz 


This is an experimental fact discovered by Archimedes and called the Law of the Lever. 
(Think of a lighter person balancing a heavier one on a seesaw by sitting farther away 
from the center.) 
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Now suppose that the rod lies along the x-axis with m; at x; and m at x2 and the center 
of mass at x. If we compare Figures 6 and 7, we see that di = x — xı and dz = x2 — x 


and so Equation 2 gives 
mi (x a x1) m(x = x) 


mıx + mX MX, + M2X2 


[3] x 


The numbers mıxı and mx, are called the moments of the masses m, and m (with 
respect to the origin), and Equation 3 says that the center of mass x is obtained by adding 
the moments of the masses and dividing by the total mass m = m, + m. 


MX, + mX 


m, + m 


In general, if we have a system of n particles with masses mı, mm, . . . , Mn located at 
the points x1, x2,..., Xn on the x-axis, it can be shown similarly that the center of mass 
of the system is located at 


n n 
> Mm; X;j 5 Mi Xi 
i=1 _ i=l 


[4] x= 


m 


> Mi 
i=1 
where m = Èm; is the total mass of the system, and the sum of the individual moments 


M= > MX; 
i=1 

is called the moment of the system about the origin. Then Equation 4 could be rewritten 
as mx = M, which says that if the total mass were considered as being concentrated at the 
center of mass x, then its moment would be the same as the moment of the system. 

Now we consider a system of n particles with masses mı, m, ..., M, located at the 
points (x1, yi), (%2, Y2), - - - (Xn, Yn) in the xy-plane as shown in Figure 8. By analogy with 
the one-dimensional case, we define the moment of the system about the y-axis to be 


[5] 


and the moment of the system about the x-axis as 


[6] 


Then M, measures the tendency of the system to rotate about the y-axis and M, measures 
the tendency to rotate about the x-axis. 

As in the one-dimensional case, the coordinates (x, y) of the center of mass are given 
in terms of the moments by the formulas 


M; 


n 
M, = > MiXi 


i=1 


M, = >, Mi Yi 


i=1 


m 


x= 


<I 
II 
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YA center of mass 
8 


FIGURE 9 


The centroid of a region & is deter- 
mined solely by the shape of the 
region. If a plate of uniform density 
occupies &, then its center of mass 
coincides with the centroid of 9R. If, 
however, the density is not uniform, 
then typically the center of mass is at 
a different location. We will examine 
this situation in Section 15.4. 


FIGURE 10 
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where m = =m; is the total mass. Because mx = M, and my = M,, the center of mass 
(x, y) is the point where a single particle of mass m would have the same moments as the 
system. 


EXAMPLE 3 Find the moments and center of mass of the system of objects that have 
masses 3, 4, and 8 at the points (—1, 1), (2, — 1), and (3, 2), respectively. 


SOLUTION We use Equations 5 and 6 to compute the moments: 
M, = 3(—1) + 4(2) + 8(3) = 29 
M: = 3(1) + 4(-1) + 8(2) = 15 


Since m = 3 + 4 + 8 = 15, we use Equations 7 to obtain 


M D aM 
“Om 15 Ym 5 
Thus the center of mass is at, 1). (See Figure 9.) E 


Next we consider a flat plate (called a lamina) with uniform density p that occupies a 
region 9 of the plane. We wish to locate the center of mass of the plate, which is called 
the centroid of R. In doing so we use the following physical principles: the symmetry 
principle says that if R is symmetric about a line /, then the centroid of R lies on L. (If 
R is reflected about /, then R remains the same so its centroid remains fixed. But the only 
fixed points lie on /.) Thus the centroid of a rectangle is its center. Moments should be 
defined so that if the entire mass of a region is concentrated at the center of mass, then its 
moments remain unchanged. Also, the moment of the union of two nonoverlapping 
regions should be the sum of the moments of the individual regions. 

Suppose that the region Ù is of the type shown in Figure 10(a); that is, R lies between 
the lines x = a and x = b, above the x-axis, and beneath the graph of f, where f is a 
continuous function. We divide the interval [a, b] into n subintervals with endpoints xo, 
X,...,X, and equal width Ax. We choose the sample point x¥ to be the midpoint x; of 
the ith subinterval, that is, x; = (x;-ı + x;)/2. This determines the approximation to R by 
rectangles shown in Figure 10(b). The centroid of the ith approximating rectangle R; is 
its center C(X;j, I f(x))). Its area is f(x;) Ax, so its mass is density X area: 


pf (xi) Ax 


The moment of R; about the y-axis is the product of its mass and the distance from C; to 
the y-axis, which is x;. Thus 


M (R;) = [pf(x;) Ax] x; = px; f(x:) Ax 


Adding these moments, we obtain the moment of the polygonal approximation to R, and 
then by taking the limit as n — © we obtain the moment of & itself about the y-axis: 


M, = lim > px, f(x,) Ax = p £ x f(x) dx 
nn i=1 a 


In a similar fashion we compute the moment of R; about the x-axis as the product of 
its mass and the distance from C; to the x-axis (which is half the height of R;): 


MAR) = [pf(%:) Ax] 5 f(x) = p * 3L f(D Ax 
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Again we add these moments and take the limit to obtain the moment of R about the 
X-axis: 


M, = tim $ p SLAG IP Ax = p [FOP ax 


Just as for systems of particles, the center of mass (x, y) of the plate is defined so that 
mx = M; and my = M,. But the mass of the plate is the product of its density and its 
area: 


b 
m= pA = p|. f(x) dx 
and so 


om Phd | xf) dx 
x è p Frw dx i f(x) dx 


m _ PI sf ds f OF 
pfd ffad 


y= 


Notice the cancellation of the p’s. When density is constant, the location of the center of 
mass is independent of the density. 

In summary, the center of mass of the plate (or the centroid of N) with area A is 
located at the point (x, y), where 


= — lp 5 
r= ['xf@dx y= | OPa 


EXAMPLE 4 Find the center of mass of a semicircular plate of radius r with uniform 
density. 


SOLUTION In order to use (8) we place the semicircle as in Figure 11 so that 
f(x) = Vr? — x? anda = ~r, b = r. Here there is no need to use the formula to 
calculate x because, by the symmetry principle, the center of mass must lie on the 
y-axis, so x = 0. The area of the semicircle is A = irr’, so 


y=—[" HOP dr 
1 


FIGURE 11 =- al (Jr? — x?) dx 


777 =F 
2 P72 3 r p P 
= 7 f (r= x*) dx (since the integrand is even) 
mr^ Jo 
2 sT 
= - | ae x | 
Tr 3 |, 
_ 2 2r? _ 4r 
mr 3 307 
The center of mass is located at the point (0, 4r/(377)). g 
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Further Applications of Integration 


EXAMPLE 5 Find the centroid of the region in the first quadrant bounded by the 
curves y = cos x, y = 0, andx = 0. 
SOLUTION The area of the region is 
A= M cos x dx = sin a =l 
0 0 


so Formulas 8 give 


= 1 m/2 = 1/2 
a (i xf(x) dx = f x cos x dx 


; a/2 T/2 : i 
=x sin al = f sin x dx (by integration by parts) 
0 


= 1 7/2] 2 4 a/2 
y=5 |, sLf(x)] dx =} cos*x dx 


FIGURE 12 


yA 


> T, a/2 
x =} [Z° C+ cos 2x) dx = [x + 3 sin 2x] == 
The centroid is ($a — 1, $2) ~ (0.57, 0.39) and is shown in Figure 12. E 
E) +g) ) If the region R lies between two curves y = f(x) and y = g(x), where f(x) = g(x), as 


illustrated in Figure 13, then the same sort of argument that led to Formulas 8 can be used 
to show that the centroid of R is (x, y), where 


= N ==" xLf) = gax 
7 ag, b ~x [9] 
< 1 pry = z 
FIGURE 13 y= P HOR - o} ax 


(See Exercise 51.) 


EXAMPLE 6 Find the centroid of the region bounded by the line y = x and the 
parabola y = x? 


SOLUTION The region is sketched in Figure 14. We take f(x) = x, g(x) = x°, a = 0, 
and b = 1 in Formulas 9. First we note that the area of the region is 


FIGURE 14 


2 3 |! 
_ fi 3 ox x _ i 
A K x7) dx 5 =| 
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This theorem is named after the 
Greek mathematician Pappus of 
Alexandria, who lived in the fourth 
century AD. 


FIGURE 15 
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Therefore 
=< [' alfa) -gdr = T f’ x24 
x= 7 o TLL g(x oe o we 5 x) dx 
3 4]! 
_ oe _ | x x 1 
=6|'G x?) dx | 5 =| 5 
=E SHIO = OP) dr = T [$02 = x4) dx 
A Jo? é o? 7 
a4 xi x? "2 
3 5 |, 5 
The centroid is (5, 2), a 


E Theorem of Pappus 


We end this section by showing a surprising connection between centroids and volumes 
of revolution. 


Theorem of Pappus Let XR be a plane region that lies entirely on one side of a 


line / in the plane. If R is rotated about Z, then the volume of the resulting solid is 
the product of the area A of R and the distance d traveled by the centroid of R. 


PROOF We give the proof for the special case in which the region lies between 
y = f(x) and y = g(x) as in Figure 13 and the line / is the y-axis. Using the method of 
cylindrical shells (see Section 6.3), we have 


V= |’ 2mxt f(x) — g(x)] ax 


= 2r |’ xF) — g(x)] dx 
= 27m (xA) (by Formulas 9) 
= (27x)A = Ad 


where d = 27rx is the distance traveled by the centroid during one rotation about the 
y-axis. a 


EXAMPLE7 A torus is formed by rotating a circle of radius r about a line in the plane 
of the circle that is a distance R (> r) from the center of the circle (see Figure 15). Find 
the volume of the torus. 


SOLUTION The circle has area A = mr’. By the symmetry principle, its centroid is its 
center and so the distance traveled by the centroid during a rotation is d = 277R. 
Therefore, by the Theorem of Pappus, the volume of the torus is 


V = Ad = (27 R)(tr’?) = 2m°r’R E 
The method of Example 7 should be compared with the method of Exercise 6.2.75. 
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8.3 | Exercises 


1. An aquarium 5 ft long, 2 ft wide, and 3 ft deep is full of (2) A vertical dam has a semicircular gate as shown in the figure. 
water. Find (a) the hydrostatic pressure on the bottom of the Find the hydrostatic force against the gate. 
aquarium, (b) the hydrostatic force on the bottom, and (c) the 
hydrostatic force on one end of the aquarium. | }2m 
2. A tank is 8 m long, 4 m wide, 2 m high, and contains kero- water level 
sene with density 820 kg/m’ to a depth of 1.5 m. Find (a) the la i 
hydrostatic pressure on the bottom of the tank, (b) the hydro- | 
static force on the bottom, and (c) the hydrostatic force on 
one end of the tank. —] 


3-11 A vertical plate is submerged (or partially submerged) in S 


water and has the indicated shape. Explain how to approximate 
the hydrostatic force against one side of the plate by a Riemann 
sum. Then express the force as an integral and evaluate it. 


Bs) A tanker truck transports gasoline in a horizontal cylindrical 
tank with diameter 8 ft and length 40 ft. If the tank is full of 
gasoline with density 47 lb/ft*, compute the force exerted on 
one end of the tank. 


3. 4. 


2 ft 


5 ft 


10 ft 


Rihardzz / Shutterstock.com 


8. figure, contains vegetable oil with density 925 kg/m’. 

(a) Find the hydrostatic force on one end of the trough if it is 
completely full of oil. 

(b) Compute the force on one end if the trough is filled to a 
depth of 1.2 m. 


3 ih 
8 ft 
2ft 
5. NR 6. 
4m 
14. A trough with a trapezoidal cross-section, as shown in the 
A " 
4m 


aaa 


10. 
ia J 
3m 
I ii 6m 
15. A cube with 20-cm-long sides is sitting on the bottom of an 
aquarium in which the water is one meter deep. Find the 
hydrostatic force on (a) the top of the cube and (b) one of the 
11. 2a sides of the cube. 
h 16. A dam is inclined at an angle of 30° from the vertical and has 


the shape of an isosceles trapezoid 100 ft wide at the top and 

mT 50 ft wide at the bottom and with a slant height of 70 ft. Find 
the hydrostatic force on the dam when the water level is at the 
top of the dam. 
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17. A swimming pool is 20 ft wide and 40 ft long and its bot- 
tom is an inclined plane, the shallow end having a depth of 
3 ft and the deep end, 9 ft. If the pool is full of water, find the 
hydrostatic force on (a) each of the four sides and (b) the bot- 
tom of the pool. 


18. Suppose that a plate is immersed vertically in a fluid with 
density p and the width of the plate is w(x) at a depth of 
x meters beneath the surface of the fluid. If the top of the 
plate is at depth a and the bottom is at depth b, show that the 
hydrostatic force on one side of the plate is 


F= F pgxw(x) dx 


19. A metal plate was found submerged vertically in seawater, 
which has density 64 Ib/ft*. Measurements of the width of the 
plate were taken at the indicated depths. Use the formula in 
Exercise 18 and Simpson’s Rule to estimate the force of the 
water against the plate. 


Depth (ft) 7.0 | 74 | 7.8 | 8.2 | 86 | 9.0 | 9.4 


Plate width (ft) | 1.2 | 1.8 | 2.9 | 3.8 | 3.6 | 4.2 | 4.4 


20. (a) Use the formula in Exercise 18 to show that 
F = (pgx)A 


where x is the x-coordinate of the centroid of the plate 
and A is its area. This equation shows that the hydrostatic 
force against a vertical plane region is the same as if the 
region were horizontal at the depth of the centroid of the 
region. 

(b) Use the result of part (a) to give another solution to 
Exercise 10. 


21-22 Point-masses m; are located on the x-axis as shown. Find 
the moment M of the system about the origin and the center of 
mass x. 


m,=6 m,=9 
21. 4} o“ 
0 10 30 x 
m,=12 m,=15 m, = 20 
22. cc cr cs 
=3 0 2 8 x 


23-24 The masses m; are located at the points P;. Find the 
moments M, and M, and the center of mass of the system. 


23. m, = 5, m = 8, m = 7; 
P,(3, 1), P2(0, 4), P3(—5, —2) 


24. mM, 4, My 3, m3 6, m4 3: 
P,(6, 1), P28, —1), Ps(—2, 2), P4(—2, —5) 
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25-28 Visually estimate the location of the centroid of the region 
shown. Then find the exact coordinates of the centroid. 


25. 26. YA 


y= 


27. ya 28. 


29-33 Find the centroid of the region bounded by the given 
curves. 


29. y= x”, x=y? 

30. y=2- x, y=x 

31. y=sin2x, y= sinx, 0< x< 7/3 
32. y= x°, x+y=2, y=0 


@--+y=2, x=y7 


34-35 Calculate the moments M, and M; and the center of mass 
of a lamina with the given density and shape. 


34. p=4 @ -s6 


36. Use Simpson’s Rule to estimate the centroid of the region 
shown. 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


586 CHAPTER 8 Further Applications of Integration 


GT Find the centroid of the region bounded by the curves 
y =x? — xand y = x’ — 1. Sketch the region and plot the 
centroid to see if your answer is reasonable. 


FÑ 38. Use a graph to find approximate x-coordinates of the points 


of intersection of the curves y = e* and y = 2 — x*. Then 
find (approximately) the centroid of the region bounded by 
these curves. 


39. Prove that the centroid of any triangle is located at the point 
of intersection of the medians. [Hints: Place the axes so that 
the vertices are (a, 0), (0, b), and (c, 0). Recall that a median 
is a line segment from a vertex to the midpoint of the oppo- 
site side. Recall also that the medians intersect at a point 
two-thirds of the way from each vertex (along the median) 
to the opposite side. ] 


40-41 Find the centroid of the region shown, not by integration, 
but by locating the centroids of the rectangles and triangles 
(from Exercise 39) and using additivity of moments. 


42. A rectangle R with sides a and b is divided into two parts 
Rı and Rə by an arc of a parabola that has its vertex at one 
corner of R and passes through the opposite corner. Find 
the centroids of both R, and Rə. 


YA 


Ry 


43. If x is the x-coordinate of the centroid of the region that 
lies under the graph of a continuous function f, where 
a <x < b, show that 


[ (cx + d) f(x) dx = (cx + d) | f(x) dx 


44-46 Use the Theorem of Pappus to find the volume of the 
given solid. 


44. A sphere of radius r (Use Example 4.) 


45. A cone with height h and base radius r 


46. The solid obtained by rotating the triangle with vertices 
(2, 3), (2, 5), and (5, 4) about the x-axis 


yA 


BY 


47. Centroid of aCurve The centroid of a curve can be found 
by a process similar to the one we used for finding the cen- 
troid of a region. If C is a curve with length L, then the cen- 
troid is (x, y) where x = (1/L) f x ds and y = (1/L) | y ds. 
Here we assign appropriate limits of integration, and ds is as 
defined in Sections 8.1 and 8.2. (The centroid often doesn’t 
lie on the curve itself. If the curve were made of wire and 
placed on a weightless board, the centroid would be the bal- 
ance point on the board.) Find the centroid of the quarter- 
circle y = //16 — x?,0<x <4. 


48-49 The Second Theorem of Pappus The Second Theorem of 
Pappus is in the same spirit as Pappus’s Theorem discussed in 
this section, but for surface area rather than volume: let C be a 
curve that lies entirely on one side of a line / in the plane. If C 

is rotated about /, then the area of the resulting surface is the 
product of the arc length of C and the distance traveled by the 
centroid of C (see Exercise 47). 


48. (a) Prove the Second Theorem of Pappus for the case 
where C is given by y = f(x), f(x) = 0, and C is 
rotated about the x-axis. 

(b) Use the Second Theorem of Pappus to compute the 
surface area of the half-sphere obtained by rotating 
the curve from Exercise 47 about the x-axis. Does 
your answer agree with the one given by geometric 
formulas? 


49. Use the Second Theorem of Pappus to find the surface area 
of the torus in Example 7. 


50. Let R be the region that lies between the curves 


y=x"” y=x" O<sx<!l 


where m and n are integers with 0 S n < m. 

(a) Sketch the region R. 

(b) Find the coordinates of the centroid of R. 

(c) Try to find values of m and n such that the centroid lies 
outside R. 


51. Prove Formulas 9. 
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DISCOVERY PROJECT | COMPLEMENTARY COFFEE CUPS 


Suppose you have a choice of two coffee cups of the type shown, one that bends outward and 
one inward, and you notice that they have the same height and their shapes fit together snugly. 
You wonder which cup holds more coffee. Of course you could fill one cup with water and 
pour it into the other one but, being a calculus student, you decide on a more mathematical 
approach. Ignoring the handles, you observe that both cups are surfaces of revolution, so you 
can think of the coffee as a volume of revolution. 


yA x=k 
h 
| A, A, 
x= f(y) 
> 
Cup A Cup B % k 
all> << 


1. Suppose the cups have height h, cup A is formed by rotating the curve x = f(y) about the 
y-axis, and cup B is formed by rotating the same curve about the line x = k. Find the value 
of k such that the two cups hold the same amount of coffee. 


2. What does your result from Problem 1 say about the areas A; and A» shown in the figure? 
3. Use Pappus’s Theorem to explain your result in Problems 1 and 2. 


4. Based on your own measurements and observations, suggest a value for h and an equation 
for x = f(y) and calculate the amount of coffee that each cup holds. 


8.4 | Applications to Economics and Biology 


In this section we consider some applications of integration to economics (consumer 
surplus) and biology (blood flow, cardiac output). Additional applications are described 
in the exercises. 


E Consumer Surplus 


Recall from Section 4.7 that the demand function p(x) is the price that a company can 
charge in order to sell x units of a commodity. Usually, selling larger quantities requires 
lowering prices, so the demand function is a decreasing function. The graph of a typical 
demand function, called a demand curve, is shown in Figure 1. If X is the amount of the 
commodity that can currently be sold, then P = p(X) is the current selling price. 

At a given price, some consumers who buy a good would be willing to pay more; they 
benefit by not having to. The difference between what a consumer is willing to pay and 
what the consumer actually pays for a good is called the consumer surplus. By finding 


0 X x the total consumer surplus among all purchasers of a good, economists can assess the 
overall benefit of a market to society. 

FIGURE 1 To determine the total consumer surplus, we look at the demand curve and divide the 

A typical demand curve interval [0, X] into n subintervals, each of length Ax = X/n, and let x;* = x; be the right 
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xy 


consumer 


ay 


FIGURE 3 


ay 


endpoint of the ith subinterval, as in Figure 2. According to the demand curve, x;-; units 
would be purchased at a price of p(x;-1) dollars per unit. To increase sales to x; units, the 
price would have to be lowered to p(x;) dollars. In this case, an additional Ax units would 
be sold (but no more). In general, the consumers who would have paid p(x;) dollars 
placed a high value on the product; they would have paid what it was worth to them. So 
in paying only P dollars they have saved an amount of 


(savings per unit)(number of units) = [p(x;) — P] Ax 


Considering similar groups of willing consumers for each of the subintervals and adding 
the savings, we get the total savings: 


© Eola) — Pax 


(This sum corresponds to the area enclosed by the rectangles in Figure 2.) If we let 
n — ©, this Riemann sum approaches the integral 


m | PO) = Plax 


which gives the total consumer surplus for the commodity. It represents the amount of 
money saved by consumers in purchasing the commodity at price P, corresponding to an 
amount demanded of X. Figure 3 shows the interpretation of the consumer surplus as the 
area under the demand curve and above the line p = P. 


EXAMPLE 1 The demand for a product, in dollars, is 


p = 1200 — 0.2x — 0.0001x? 
Find the consumer surplus when the sales level is 500. 
SOLUTION Since the number of products sold is X = 500, the corresponding price is 
P = 1200 — (0.2)(500) — (0.0001)(500)* = 1075 


Therefore, from Definition 1, the total consumer surplus is 


l) E(x) — P] dx = l) 7 (1200 — 0.2x — 0.0001x? — 1075) dx 


0 0 


500 
= { (125 — 0.2x — 0.0001x2) dx 


3 \ 7500 
i x 
= 125x — 0.1x? cocoon (=) | 


0 


(0.0001)(500)? 
3 


= $33,333.33 a 


= (125)(500) — (0.1)(500)? 


E Blood Flow 


In Example 3.7.7 we discussed the law of laminar flow: 


= =H) 
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which gives the velocity v of blood that flows along a blood vessel with radius R and 
length / at a distance r from the central axis, where P is the pressure difference between 
the ends of the vessel and 7 is the viscosity of the blood. Now, in order to compute the 
rate of blood flow, or flux (volume per unit time), we consider smaller, equally spaced 
radii rı, r2, . . . . The approximate area of the ring (or washer) with inner radius 7;-; and 
outer radius r; is 

2ar; Ar where Ar=7; — ri- 


(See Figure 4.) If Ar is small, then the velocity is almost constant throughout this ring 
and can be approximated by v(r;). Thus the volume of blood per unit time that flows 
across the ring is approximately 


(2arr; Ar) v(r;) = 2ar; v(r;) Ar 


and the total volume of blood that flows across a cross-section per unit time is about 
> 2ar;v(r7;) Ar 
i=l 


This approximation is illustrated in Figure 5. Notice that the velocity (and hence the 
volume per unit time) increases toward the center of the blood vessel. The approximation 
gets better as n increases. When we take the limit we get the exact value of the flux (or 
discharge), which is the volume of blood that passes a cross-section per unit time: 


F = lim Ù, 2a; v(r;) Ar = { 2arv(r) dr 


—> 00 . 
n i=1 


P 
C 2rr — (R? — r°)dr 
0 4nl 


r=R 
P | P 2 4 
—— E C= Gps pL- 
nl m| 2 441, 


The resulting equation 
[2] = 


is called Poiseuille’s Law; it shows that the flux is proportional to the fourth power of the 
radius of the blood vessel. 


at PR* 
8yl 


E Cardiac Output 


Figure 6 shows the human cardiovascular system. Blood returns from the body through 
the veins, enters the right atrium of the heart, and is pumped to the lungs through the 
pulmonary arteries for oxygenation. It then flows back into the left atrium through the 
pulmonary veins and then out to the rest of the body through the aorta. The cardiac out- 
put is the volume of blood pumped by the heart per unit time, that is, the rate of flow into 
the aorta. 

The dye dilution method is used to measure the cardiac output. Dye is injected into the 
right atrium and flows through the heart into the aorta. A probe inserted into the aorta mea- 
sures the concentration of the dye leaving the heart at equally spaced times over a time 
interval [0, T ] until the dye has cleared. Let c(t) be the concentration of the dye at time t. If 
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CHAPTER 8 


t c(t) t c(t) 
0 0 6 6.1 
1 0.4 7 4.0 
2 2.8 8 2.3 
3 6.5 9 1.1 
4 9.8 10 0 

5 8.9 

8.4 | Exercises 


1. The marginal cost function C’(x) was defined to be the 
derivative of the cost function. (See Sections 3.7 and 4.7.) 
The marginal cost of producing x gallons of orange 
juice is 


(measured in dollars per gallon). The fixed start-up cost is 
C(0) = $18,000. Use the Net Change Theorem to find the 
cost of producing the first 4000 gallons of juice. 


Further Applications of Integration 


we divide [0, T] into subintervals of equal length Az, then the amount of dye that flows past 
the measuring point during the subinterval from t = f;-; to f = t; is approximately 


(concentration)(volume) = c(t;)(F At) 


where F is the rate of flow that we are trying to determine. Thus the total amount of dye 
is approximately 


Selt) F At = F Scelti) At 
i=1 i=1 


and, letting n — ©, we find that the amount of dye is 
A=F f " c(t) dt 
0 
Thus the cardiac output is given by 


El P= 


A. 
N c(t) dt 


where the amount of dye A is known and the integral can be approximated from the con- 
centration readings. 


EXAMPLE2 A 5-mg dose (called a bolus) of dye is injected into a patient’s right 
atrium. The concentration of the dye (in milligrams per liter) is measured in the aorta at 
one-second intervals as shown in the table. Estimate the cardiac output. 


SOLUTION Here A = 5, At = 1, and T = 10. We use Simpson’s Rule to approximate 
the integral of the concentration: 
ie c(t) dt ~ ŁO + 4(0.4) + 2(2.8) + 4(6.5) + 209.8) + 4(8.9) 
+ 2(6.1) + 4(4.0) + 2(2.3) + 41.1) + 0] 
= 41.87 


Thus Formula 3 gives the cardiac output to be 


A _ 5 
{° et de 41-87 


= 0.12 L/s = 7.2 L/min E 


2. A company estimates that the marginal revenue (in dollars per 
unit) realized by selling x units of a product is 48 — 0.0012x. 
Assuming the estimate is accurate, find the increase in rev- 
enue if sales increase from 5000 units to 10,000 units. 


C'(x) = 0.82 — 0.00003x + 0.000000003x? 3. A mining company estimates that the marginal cost of extract- 


ing x tons of copper ore from a mine is 0.6 + 0.008x, mea- 
sured in thousands of dollars per ton. Start-up costs are 
$100,000. What is the cost of extracting the first 50 tons of 
copper? What about the next 50 tons? 
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4. The demand function for a particular vacation package is 
p(x) = 2000 — 46./x. Find the consumer surplus when the 
sales level for the packages is 400. Illustrate by drawing the 
demand curve and identifying the consumer surplus as an 
area. 


5. The demand function for a manufacturer’s microwave oven 
is p(x) = 870e °*, where x is measured in thousands. Cal- 
culate the consumer surplus when the sales level for the 
ovens is 45,000. 


6. If a demand curve is modeled by p = 6 — (x/3500), find 
the consumer surplus when the selling price is $2.80. 


7. A concert-promoting company has been selling an average 
of 210 T-shirts at performances for $18 each. The company 
estimates that for each dollar that the price is lowered, an 
additional 30 shirts will be sold. Find the demand function 
for the shirts and calculate the consumer surplus if the shirts 
are sold for $15 each. 


8. A company modeled the demand curve for its product (in 
dollars) by the equation 


800,000 7/50 
x + 20,000 


Use a graph to estimate the sales level when the selling 
price is $16. Then find (approximately) the consumer sur- 
plus for this sales level. 


9-11 Producer Surplus The supply function ps(x) for a 
commodity gives the relation between the selling price and the 
number of units that manufacturers will produce at that price. 
For a higher price, manufacturers will produce more units, so ps 
is an increasing function of x. Let X be the amount of the 
commodity currently produced and let P = ps(X) be the current 
price. Some producers would be willing to make and sell the 
commodity for a lower selling price and are therefore receiving 
more than their minimal price. The excess is called the producer 
surplus. An argument similar to that for consumer surplus shows 
that the surplus is given by the integral 


i [P — ps(x)] dx 


9. Calculate the producer surplus for the supply function 
ps(x) = 3 + 0.01x? at the sales level X = 10. Illustrate by 
drawing the supply curve and identifying the producer sur- 
plus as an area. 


10. If a supply curve is modeled by the equation 
p = 125 + 0.002.x°, find the producer surplus when the 
selling price is $625. 


11. A manufacturer estimates that the supply curve for its prod- 
uct (in dollars) is 


p = 430 + 0.01xe°! 


Find (approximately) the producer surplus when the selling 
price is $30. 
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12. Market Equilibrium In a purely competitive market, the 
price of a good is naturally driven to the value where the 
quantity demanded by consumers matches the quantity 
made by producers, and the market is said to be in equilib- 
rium. These values are the coordinates of the point of inter- 
section of the supply and demand curves. 

(a) Given the demand curve p = 50 — px and the supply 
curve p = 20 + px for a good, at what quantity and 
price is the market for the good in equilibrium? 

(b) Find the consumer surplus and the producer surplus 
when the market is in equilibrium. Illustrate by 
sketching the supply and demand curves and identifying 
the surpluses as areas. 


13-14 Total Surplus The sum of consumer surplus and 
producer surplus is called the total surplus; it is one measure 
economists use as an indicator of the economic health of a 
society. Total surplus is maximized when the market for a good 
is in equilibrium. 
13. (a) The demand function for an electronics company’s 
car stereos is p(x) = 228.4 — 18x and the supply func- 
tion is ps(x) = 27x + 57.4, where x is measured in 
thousands. At what quantity is the market for the stereos 
in equilibrium? 
(b) Compute the maximum total surplus for the stereos. 


14. A camera company estimates that the demand function for 
its new digital camera is p(x) = 312e °'* and the supply 
function is estimated to be ps(x) = 26e°**, where x is mea- 
sured in thousands. Compute the maximum total surplus. 


15. If the amount of capital that a company has at time t is f(t), 
then the derivative, f'(t), is called the net investment flow. 
Suppose that the net investment flow is aft million dollars 
per year (where ¢ is measured in years). Find the increase in 
capital (the capital formation) from the fourth year to the 
eighth year. 


16. If revenue flows into a company at a rate of 
f(t) = 9000/1 + 2t, where tis measured in years and 
f(t) is measured in dollars per year, find the total revenue 


obtained in the first four years. 


17 


Future Value of Income If income is continuously collected 
at a rate of f(t) dollars per year and will be invested at a 
constant interest rate r (compounded continuously) for a 
period of T years, then the future value of the income is 
given by FO et 


6 years for income received at a rate of f(t) = 8000e°’ 


) dt. Compute the future value after 


dollars per year and invested at 6.2% interest. 


18. Present Value of Income The present value of an income 
stream is the amount that would need to be invested now to 
match the future value as described in Exercise 17 and is 
given by i f(t) e-” dt. Find the present value of the income 


stream in Exercise 17. 
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19. 


20. 


21. 


22. 


CHAPTER 8 Further Applications of Integration 


Pareto’s Law of Income states that the number of people with 23. A particular dye dilution method measures cardiac output 
incomes between x = a and x = bis N Ax * dx, where with 6 mg of dye. The dye concentrations, in mg/L, are mod- 
A and k are constants with A > 0 and k > 1. The average eled by c(t) = 20te °°", 0 < t < 10, where t is measured in 
income of these people is seconds. Find the cardiac output. 


= 1 po À 24. After a 5.5-mg injection of dye, the readings of dye concen- 
x= N f Ax "dx tration, in mg/L, at two-second intervals are as shown in the 
table. Use Simpson’s Rule to estimate the cardiac output. 
Calculate x. 


A hot, wet summer is causing a mosquito population explo- t c(t) t c(t) 
sion in a lake resort area. The number of mosquitoes is 
increasing at an estimated rate of 2200 + 10e°*’ per week 0 0.0 10 4.3 
(where f is measured in weeks). By how much does the mos- 2 4.1 12 2:5 
quito population increase between the fifth and ninth weeks 4 8.9 14 1.2 
of summer? 6 8.5 16 0.2 
Use Poiseuille’s Law to calculate the rate of flow in a small 8 6.7 
human artery where we can take n = 0.027, R = 0.008 cm, 
l = 2 cm, and P = 4000 dynes/cm’. 25. The graph of the concentration function c(t) is shown 
High blood pressure results from constriction of the arteries. after a 7-mg injection of dye into an atrium of a heart. Use 
To maintain a normal flow rate (flux), the heart has to pump Simpson’s Rule to estimate the cardiac output. 
harder, thus increasing the blood pressure. Use Poiseuille’s 
Law to show that if Ro and Po are normal values of the radius ya(mg/L) 
and pressure in an artery and the constricted values are R and 
P, then for the flux to remain constant, P and R are related by 6 
the equation 
P_(R\ i 
Po R 2 
Deduce that if the radius of an artery is reduced to three-fourths 
of its former value, then the pressure is more than tripled. 0 2 4 6 8 10 12 14 t(seconds) 


8.5 | Probability 


E Probability Density Functions 


Calculus plays a role in the analysis of random behavior. Suppose we consider the 
cholesterol level of a person chosen at random from a certain age group, or the height of 
an adult female chosen at random, or the lifetime of a randomly chosen battery of a cer- 
tain type. Such quantities are called continuous random variables because their values 
actually range over an interval of real numbers, although they might be measured or 
recorded only to the nearest integer. We might want to know the probability that a blood 
cholesterol level is greater than 250, or the probability that the height of an adult female 
is between 60 and 70 inches, or the probability that the battery we are buying lasts 
between 100 and 200 hours. If X represents the lifetime of that type of battery, we denote 
this last probability as follows: 


P(100 < X < 200) 


According to the frequency interpretation of probability, this number is the long-run pro- 
portion of all batteries of the specified type whose lifetimes are between 100 and 200 hours. 
Since it represents a proportion, the probability naturally falls between 0 and 1. 
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Note that we always use intervals of 
values when working with probability 
density functions. We wouldn't, for 
instance, use a density function to 
find the probability that X equals a. 


FIGURE 1 
Probability density function for 
the height of an adult female 
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Every continuous random variable X has a probability density function f. This 
means that the probability that X lies between a and b is found by integrating f from a 
to b: 


[4] Pla = X = b) = f fx) dx 


For example, Figure 1 shows the graph of a model for the probability density function 
f for a random variable X defined to be the height in inches of an adult female in the 
United States (according to data from the National Health Survey). The probability that 
the height of a woman chosen at random from this population is between 60 and 70 inches 
is equal to the area under the graph of f from 60 to 70. 


YA 


area = probability that the 
height of a woman 
is between 60 and 
70 inches 


In general, the probability density function f of a random variable X satisfies the con- 
dition f(x) = 0 for all x. Because probabilities are measured on a scale from 0 to 1, it 
follows that 


[2] F Ods 


EXAMPLE 1 Let f(x) = 0.006x(10 — x) for 0 < x < 10 and f(x) = 0 for all other 
values of x. 

(a) Verify that f is a probability density function. 

(b) Find P(4 < X < 8). 


SOLUTION 
(a) For 0 < x < 10 we have 0.006x(10 — x) = 0, so f(x) = 0 for all x. We also need 
to check that Equation 2 is satisfied: 


[7 £0) dx = f” 0.006x(10 — x) dx = 0.006 |." (10x — x?) dx 


= 0,006|5x? — t°]? = 0.006(500 — 1%) = 1 


Therefore f is a probability density function. 
(b) The probability that X lies between 4 and 8 is 


P4<X<8)= {| f(x) dx = 0.006 [i (10x — x?) dx 


= 0.006[5x? — 4x°]} = 0.544 m 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


594 CHAPTER 8 Further Applications of Integration 


FIGURE 2 


An exponential density function 


YA 


“y 


| 
| 
| 
| 
0 toy Tt; 


FIGURE 3 


EXAMPLE 2 Phenomena such as waiting times and equipment failure times are 
commonly modeled by exponentially decreasing probability density functions. Find the 
exact form of such a function. 


SOLUTION Think of the random variable as being the time you wait on hold before a 
customer service agent answers your phone call. So instead of x, let’s use f to represent 
time, in minutes. If f is the probability density function and you call at time t = 0, 
then, from Definition 1, i f(t) dt represents the probability that an agent answers 
within the first two minutes and |? f(t) dt is the probability that your call is answered 
during the fifth minute. 

It’s clear that f(t) = 0 for t < 0 (the agent can’t answer before you place the call). 
For t > 0 we are told to use an exponentially decreasing function, that is, a function of 
the form f(t) = Ae“, where A and c are positive constants. Thus 


0 if t<0 
fÀ = { ane 


if fr=0 


We use Equation 2 to determine the value of A: 


1= f7 fO d= f fart [soar 


= y Ae~ dt = lim [Ae “dt 


xn J0 


A A ae 
= lim | e = lim — (1 — e“) 
x0 c o ree 
7 A 
€ 


Therefore A/c = 1 and so A = c. Thus every exponential density function has the form 


r-k ift<0 


ce ift>0 
A typical graph is shown in Figure 2. E 


E Average Values 


Suppose you’re waiting for a company to answer your phone call and you wonder how 
long, on average, you can expect to wait. Let f(t) be the corresponding density function, 
where ¢ is measured in minutes, and think of a sample of N people who have called this 
company. Most likely, none of them had to wait more than an hour, so let’s restrict our 
attention to the interval 0 < t < 60. Let’s divide that interval into n intervals of length Ar 
and endpoints 0, ti, t2, . . . , tı = 60. (Think of At as lasting a minute, or half a minute, or 
10 seconds, or even a second.) The probability that somebody’s call gets answered dur- 
ing the time period from t;-; to t; is the area under the curve y = f(t) from t;-ı to t;, which 
is approximately equal to f(t;) At. (This is the area of the approximating rectangle in 
Figure 3, where f; is the midpoint of the interval.) 

Since the long-run proportion of calls that get answered in the time period from ¢;- 
to t; is f(t) At, we expect that, out of our sample of N callers, the number whose call 
was answered in that time period is approximately Nf(t;) At and the time that each 
waited is about ¢;. Therefore the total time they waited is the product of these numbers: 
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approximately #;[Nf(z;) At]. Adding over all such intervals, we get the approximate total 
of everybody’s waiting times: 


> Nis) At 


If we now divide by the number of callers N, we get the approximate average waiting 
time: 


> f0) At 


We recognize this as a Riemann sum for the function t f (f). As the time interval shrinks 
(that is, At — 0 and n — ©), this Riemann sum approaches the integral 


[e t f(t) dt 


This integral is called the mean waiting time. 
In general, the mean of any probability density function f is defined to be 


It is traditional to denote the mean by 
the Greek letter u (mu). 


u= EO dx 


The mean can be interpreted as the long-run average value of the random variable X. It 
can also be interpreted as a measure of centrality of the probability density function. 

The expression for the mean resembles an integral we have seen before. If R is the 
region that lies under the graph of f, we know from Formula 8.3.8 that the x-coordinate 
of the centroid of R is 


K x f(x) dx 
x = =|" x f(x) dx = pu 
[fede 
FIGURE 4 
R balances at a point on the line because of Equation 2. So a thin plate in the shape of R balances at a point on the vertical 
x=p line x = u. (See Figure 4.) 


EXAMPLE 3 Find the mean of the exponential distribution of Example 2: 


10= | if <0 


ce if +20 
SOLUTION According to the definition of a mean, we have 
H= a tf(t) dt = p tce “dt 


To evaluate this integral we use integration by parts, with u = t and dv = ce “' dt, so 
du = dt and v = —-e“: 


k tce dt = lim |` tce~“'dt = lim (-e-4 + F oa) 
0 œ 0 


x> 0 x30 


= lim 


x0 


( 1 =) = 1 (The limit of the first term 


AT T E c c is 0 by l’Hospital’s Rule.) 
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The mean is u = 1/c, so we can rewrite the probability density function as 


0 if t<0 
t = 
FO fone if t=0 


EXAMPLE 4 Suppose the average waiting time for a customer’s call to be answered 
by a customer service agent is five minutes. 

(a) Find the probability that a call is answered during the first minute, assuming that 
an exponential distribution is appropriate. 

(b) Find the probability that a customer waits on hold for more than five minutes 
before the call is answered. 


SOLUTION 
(a) We are given that the mean of the exponential distribution is u = 5 min and so, 
from the result of Example 3, we know that the probability density function is 


0 if r<0 
fO = oe if r=0 


where f is measured in minutes. Thus the probability that a call is answered during the 
first minute is 


PO<T<1)= [rO dt 


II 


Í ' 0.2e™5 dt = 0.2(-5)e "| 
0 


= ] — e™'^ = 0.1813 


So about 18% of customers’ calls are answered during the first minute. 


(b) The probability that a customer waits on hold more than five minutes is 


P(T > 5) = Ñ f(t) dt = f 0.2e5 dt 


= lim i 0.2e™"5 dt = lim (e™! — e™5) 
1 

= — — 0 = 0.368 
e 


About 37% of customers wait on hold more than five minutes before their calls are 
answered. 


Notice the result of Example 4(b): even though the mean waiting time is 5 minutes, 
only 37% of callers wait more than 5 minutes. The reason is that some callers have to 
wait much longer (maybe 10 or 15 minutes), and this brings up the average. 

Another measure of centrality of a probability density function is the median. That is 
a number m such that half the callers have a waiting time less than m and the other callers 
have a waiting time longer than m. In general, the median of a probability density func- 
tion is the number m such that 


[da= 


This means that half the area under the graph of f lies to the right of m. In Exercise 9 you 
are asked to show that the median waiting time for the company described in Example 4 
is approximately 3.5 minutes. 
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The standard deviation is denoted by 
the lowercase Greek letter ø (sigma). 


YA 


0.02+ 


FIGURE 5 


Normal distributions 


FIGURE 6 


60 80 100 120 140 x 
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E Normal Distributions 


Many important random phenomena—such as test scores on aptitude tests, heights and 
weights of individuals from a homogeneous population, annual rainfall in a given 
location—are modeled by a normal distribution. This means that the probability den- 
sity function of the random variable X is a member of the family of functions 


= 1 ~(x-y)?/20?) 
[3] o=- oa 

You can verify that the mean for this function is u. The positive constant ø is called 
the standard deviation; it measures how spread out the values of X are. From the bell- 
shaped graphs of members of the family in Figure 5, we see that for small values of øo 
the values of X are clustered about the mean, whereas for larger values of o the values 
of X are more spread out. Statisticians have methods for using sets of data to estimate 
pando. 


H 


The factor 1/ loy 27 ) is needed to make f a probability density function. In fact, it 
can be verified using the methods of multivariable calculus (see Exercise 15.3.48) that 


i 1 eo #)2/Q202) Jy = | 
=: 0 27 


EXAMPLE 5 Intelligence Quotient (IQ) scores are distributed normally with mean 
100 and standard deviation 15. (Figure 6 shows the corresponding probability density 
function.) 

(a) What percentage of the population has an IQ score between 85 and 115? 

(b) What percentage of the population has an IQ above 140? 


SOLUTION 
(a) Since IQ scores are normally distributed, we use the probability density function 
given by Equation 3 with u = 100 and ø = 15: 


P(85 < X < 115) =|" L eeey 


835 15./2a 


Recall from Section 7.5 that the function y = e™ doesn’t have an elementary anti- 
derivative, so we can’t evaluate the integral exactly. But we can use the numerical 
integration capability of a calculator or computer (or the Midpoint Rule or Simpson’s 
Rule) to estimate the integral. Doing so, we find that 


P(85 < X < 115) ~ 0.68 


So about 68% of the population has an IQ score between 85 and 115, that is, within one 
standard deviation of the mean. 
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(b) The probability that the IQ score of a person chosen at random is more than 140 is 


P(X > 140) = Í 


% 1 


140 154/27 


—(x—100)2 
e (x—100) /450 dx 


To avoid the improper integral we could approximate it by the integral from 140 to 200. 
(It’s quite safe to say that people with an IQ over 200 are extremely rare.) Then 


P(X > 140) = | 


200 1 


140 15.27 


e~ (7 100)2/450 dx = 0.0038 


Therefore about 0.4% of the population has an IQ score over 140. E 


8.5 | Exercises 


. Let f(x) be the probability density function for the lifetime 


of a manufacturer’s highest quality car tire, where x is mea- 
sured in miles. Explain the meaning of each integral. 


o ioa O fe fe 


. Let f(t) be the probability density function for the time it 
takes you to drive to school, where t is measured in minutes. 


Express the following probabilities as integrals. 

(a) The probability that you drive to school in less than 
15 minutes 

(b) The probability that it takes you more than half an hour 
to get to school 


. Let f(x) = 30x7(1 — x)? for 0 < x < 1 and f(x) = 0 for 


all other values of x. 
(a) Verify that f is a probability density function. 
(b) Find P(X < 4). 


. The density function 


e? x 


f(x) = a+e=p 


is an example of a logistic distribution. 

(a) Verify that f is a probability density function. 

(b) Find P(3 < X < 4). 

(c) Graph f. What does the mean appear to be? What about 
the median? 


. Let f(x) = c/(1 + x’). 


(a) For what value of c is f a probability density function? 
(b) For that value of c, find P(—1 < X < 1). 


. Let f(x) = k(3x — x?) if 0 <x < 3 and f(x) = Oifx <0 


orx > 3. 

(a) For what value of k is f a probability density function? 
(b) For that value of k, find P(X > 1). 

(c) Find the mean. 


. A spinner from a board game randomly indicates a real 


number between 0 and 10. The spinner is fair in the sense 
that it indicates a number in a given interval with the same 


10. 


11. 


probability as it indicates a number in any other interval of 
the same length. 
(a) Explain why the function 


fl”) 0.1 if O<x<10 
x) = 
0 ifx<0Oorx>10 


is a probability density function for the spinner’s values. 
(b) What does your intuition tell you about the value of the 
mean? Check your guess by evaluating an integral. 


. (a) Explain why the function whose graph is shown is a 


probability density function. 

(b) Use the graph to find the following probabilities: 
(i) P(X < 3) (ii) PB <X <8) 

(c) Calculate the mean. 


. Show that the median waiting time for a phone call to the 


company described in Example 4 is about 3.5 minutes. 


(a) A type of light bulb is labeled as having an average life- 
time of 1000 hours. It’s reasonable to model the prob- 
ability of failure of these bulbs by an exponential 
density function with mean u = 1000. Use this model 
to find the probability that a bulb 

(i) fails within the first 200 hours, 
(ii) burns for more than 800 hours. 
(b) What is the median lifetime of these light bulbs? 


An online retailer has determined that the average time for 

credit card transactions to be electronically approved is 

1.6 seconds. 

(a) Use an exponential density function to find the 
probability that a customer waits less than a second for 
credit card approval. 
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12 


13 


14 


15 


16 


(b) Find the probability that a customer waits more than 
3 seconds. 

(c) What is the minimum approval time for the slowest 5% 
of transactions? 


The time between infection and the display of symptoms 

for streptococcal sore throat is a random variable whose 

probability density function can be approximated by 

foO= B t'e if 0 < t< 150 and f(t) = 0 otherwise 

(t measured in hours). 

(a) What is the probability that an infected patient will 
display symptoms within the first 48 hours? 

(b) What is the probability that an infected patient will not 
display symptoms until after 36 hours? 


Source: Adapted from P. Sartwell, “The Distribution of Incubation Periods of 
Infectious Disease,” American Journal of Epidemiology 141 (1995): 386-94. 


REM sleep is the phase of sleep when most active dreaming 
occurs. In a study, the amount of REM sleep during the first 
four hours of sleep was described by a random variable T 
with probability density function 


aut if 0O<1<40 
5 — it if 40<1<80 


otherwise 


f= 


where ¢ is measured in minutes. 

(a) What is the probability that the amount of REM sleep is 
between 30 and 60 minutes? 

(b) Find the mean amount of REM sleep. 


According to the National Health Survey, the heights of adult 

males in the United States are normally distributed with mean 

69.0 inches and standard deviation 2.8 inches. 

(a) What is the probability that an adult male chosen at 
random is between 65 inches and 73 inches tall? 

(b) What percentage of the adult male population is more 
than 6 feet tall? 


The “Garbage Project” at the University of Arizona reports 
that the amount of paper discarded by households per week is 
normally distributed with mean 9.4 lb and standard deviation 
4.2 lb. What percentage of households throw out at least 10 Ib 
of paper a week? 


Boxes are labeled as containing 500 g of cereal. The machine 
filling the boxes produces weights that are normally distrib- 
uted with standard deviation 12 g. 

(a) If the target weight is 500 g, what is the probability that 
the machine produces a box with less than 480 g of 
cereal? 

(b) Suppose a law states that no more than 5% of a manu- 
facturer’s cereal boxes may contain less than the stated 
weight of 500 g. At what target weight should the manu- 
facturer set its filling machine? 


17. 


18. 


19. 


20 


21. 
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The speeds of vehicles on a highway with speed limit 

100 km/h are normally distributed with mean 112 km/h and 

standard deviation 8 km/h. 

(a) What is the probability that a randomly chosen vehicle is 
traveling at a legal speed? 

(b) If police are instructed to ticket motorists driving 
125 km/h or more, what percentage of motorists are 
targeted? 


Show that the probability density function for a normally dis- 
tributed random variable has inflection points at x = u £ ø. 


For any normal distribution, find the probability that the 
random variable lies within two standard deviations of 
the mean. 


The standard deviation for a random variable with probability 
density function f and mean p is defined by 


1/2 
p= ie (x = MFO a| 


Find the standard deviation for an exponential density func- 
tion with mean p. 


The hydrogen atom is composed of one proton in the nucleus 
and one electron, which moves about the nucleus. In the 
quantum theory of atomic structure, it is assumed that the 
electron does not move in a well-defined orbit. Instead, it 
occupies a state known as an orbital, which may be thought 
of as a “cloud” of negative charge surrounding the nucleus. 
At the state of lowest energy, called the ground state, or 
1s-orbital, the shape of this cloud is assumed to be a sphere 
centered at the nucleus. This sphere is described in terms of 
the probability density function 


4 
= 2,—2r/ag 
r) = r'e 
pr) Pe 


where ao is the Bohr radius (ay ~ 5.59 X 107" m). The 
integral 


4 
P(r) =f — 5767/4 ds 


2 
o aĝ 


gives the probability that the electron will be found within the 
sphere of radius r meters centered at the nucleus. 

(a) Verify that p(r) is a probability density function. 

(b) Find lim,—- p(r). For what value of r does p(r) have its 
maximum value? 

Graph the density function. 

Find the probability that the electron will be within the 
sphere of radius 4a centered at the nucleus. 

Calculate the mean distance of the electron from the 
nucleus in the ground state of the hydrogen atom. 


(c) 
(d) 


(e) 
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E review 


CONCEPT CHECK 


Answers to the Concept Check are available at StewartCalculus.com. 


1. 


(a) How is the length of a curve defined? 

(b) Write an expression for the length of a smooth curve 
given by y=f(x),a S x S b. 

(c) What if x is given as a function of y? 


. (a) Write an expression for the surface area of the surface 


obtained by rotating the curve y = f(x),a <x Sb, 
about the x-axis. 

(b) What if x is given as a function of y? 

(c) What if the curve is rotated about the y-axis? 


. Describe how we can find the hydrostatic force against a 


vertical wall submersed in a fluid. 


. (a) What is the physical significance of the center of mass of 


a thin plate? 

(b) If the plate lies between y = f(x) and y = 0, where 
a S x < b, write expressions for the coordinates of the 
center of mass. 


. What does the Theorem of Pappus say? 


TRUE-FALSE QUIZ 


10. 


. Given a demand function p(x), explain what is meant by the 


consumer surplus when the amount of a commodity currently 
available is X and the current selling price is P. Illustrate with 
a sketch. 


. (a) What is cardiac output? 


(b) Explain how the cardiac output can be measured by the 
dye dilution method. 


. What is a probability density function? What properties does 


such a function have? 


. Suppose f(x) is the probability density function for the 


weight of a female college student, where x is measured in 
pounds. 

(a) What is the meaning of the integral KOF (x) dx? 

(b) Write an expression for the mean of this density function. 
(c) How can we find the median of this density function? 


What is a normal distribution? What is the significance of the 
standard deviation? 


Determine whether the statement is true or false. If it is true, 
explain why. If it is false, explain why or give an example that 
disproves the statement. 


1. 


The arc lengths of the curves y = f(x) and y = f(x) + c for 
a S x < bare equal. 


2. If the curve y = f(x), a < x < b, lies above the x-axis and if 


c > 0, then the areas of the surfaces obtained by revolving 
y = f(x) and y = f(x) + c about the x-axis are equal. 


. If f(x) S g(x) for a < x < b, then the arc length of the curve 


y = f(x) for a < x < bis less than or equal to the arc length 
of the curve y = g(x) fora S x <b. 


EXERCISES 


. The length of the curve y = x*,0 <x < 1, is 


L= fo v1 + x dx. 


. If f is continuous, f(0) = 0, and f(3) = 4, then the arc 


length of the curve y = f(x) for 0 < x < 3 is at least 5. 


. The center of mass of a lamina of uniform density p depends 


only on the shape of the lamina and not on p. 


. Hydrostatic pressure on a dam depends only on the water 


level at the dam and not on the size of the reservoir created by 
the dam. 


. If f is a probability density function, then Í i f(x)dx = 1. 


1-3 Find the length of the curve. 


1. 


y =4(x — 177, 


lsxx4 


2. y=2In(sin$x), 7/3<x<7 


3. 12x = 4y? + 3y', 1sy<3 


. (a) Find the length of the curve 
Capd 1<x<2 
=—+—— <x< 
VT e 2x? 


(b) Find the area of the surface obtained by rotating the curve 
in part (a) about the y-axis. 
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5. Let C be the arc of the curve y = 2/(x + 1) from the point 
(0, 2) to (3, 5). Find a numerical approximation for each of 
the following, correct to four decimal places. 

(a) The length of C 

(b) The area of the surface obtained by rotating C about the 
X-axis 

(c) The area of the surface obtained by rotating C about the 
y-axis 


6. (a) The curve y = x’, 0 < x < 1, is rotated about the 
y-axis. Find the area of the resulting surface. 
(b) Find the area of the surface obtained by rotating the curve 
in part (a) about the x-axis. 


7. Use Simpson’s Rule with n = 10 to estimate the length of the 
sine curve y = sin x, 0 < x < m. Round your answer to four 
decimal places. 


8. (a) Set up, but do not evaluate, an integral for the area of the 
surface obtained by rotating the sine curve in Exercise 7 
about the x-axis. 

(b) Evaluate your integral correct to four decimal places. 


9. Find the length of the curve 
y= [Ve — Idt 1<x<16 


10. Find the area of the surface obtained by rotating the curve in 
Exercise 9 about the y-axis. 


11. A gate in an irrigation canal is constructed in the form of a 
trapezoid 3 ft wide at the bottom, 5 ft wide at the top, and 
2 ft high. It is placed vertically in the canal so that the water 
just covers the gate. Find the hydrostatic force on one side of 
the gate. 


12. A trough is filled with water and its vertical ends have the 
shape of the parabolic region in the figure. Find the hydro- 
static force on one end of the trough. 


le 8 ft = B 
| 
4 ft 
| 


13-14 Find the centroid of the region shown. 


13. 7 
(4, 2) 
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15-16 Find the centroid of the region bounded by the given 
curves. 


15. y=5x, y= vx 


16. y= sinx, y=0, x=7/4, x= 37/4 


17. Find the volume obtained when the circle of radius 1 with 
center (1, 0) is rotated about the y-axis. 

18. Use the Theorem of Pappus and the fact that the volume of 
a sphere of radius r is $7rr* to find the centroid of the semi- 
circular region bounded by the curve y = yr? — x? and 
the x-axis. 

19. The demand function for a commodity is given by 

p = 2000 — 0.1x — 0.01x? 


Find the consumer surplus when the sales level is 100. 


20. After a 6-mg injection of dye into an atrium of a heart, the 
readings of dye concentration at two-second intervals are as 
shown in the table. Use Simpson’s Rule to estimate the car- 
diac output. 


t c(t) t c(t) 
0 0 14 4.7 
2 1.9 16 3.3 
4 3.3 18 2.1 
6 5.1 20 1.1 
8 7.6 22 0.5 
10 7.1 24 (0) 
12 5.8 


21. (a) Explain why the function 


in if 0<% = 10 
fi) = $ 20 10 


(0) ifx<0 or x> 10 


is a probability density function. 
(b) Find P(X < 4). 
(c) Calculate the mean. Is the value what you would expect? 


22. Lengths of human pregnancies are normally distributed with 
mean 268 days and standard deviation 15 days. What percent- 
age of pregnancies last between 250 days and 280 days? 


23. The length of time spent waiting in line at a certain bank is 

modeled by an exponential density function with mean 

8 minutes. 

(a) What is the probability that a customer is served in the 
first 3 minutes? 

(b) What is the probability that a customer has to wait more 
than 10 minutes? 

(c) What is the median waiting time? 
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Problems Plus 


1. Find the area of the region S = {(x, y) |x 20, y <1, x? + y? < 4y}. 
2. Find the centroid of the region enclosed by the loop of the curve y? = x? — x*. 


3. If a sphere of radius r is sliced by a plane whose distance from the center of the sphere is d, 
then the sphere is divided into two pieces called segments of one base (see the first figure). 
The corresponding surfaces are called spherical zones of one base. 

(a) Determine the surface areas of the two spherical zones indicated in the first figure. 

(b) Determine the approximate area of the Arctic Ocean by assuming that it is approxi- 
mately circular in shape, with center at the North Pole and “circumference” at 75° north 
latitude. Use r = 3960 mi for the radius of the earth. 

(c) A sphere of radius r is inscribed in a right circular cylinder of radius r. Two planes per- 
pendicular to the central axis of the cylinder and a distance h apart cut off a spherical 
zone of two bases on the sphere (see the second figure). Show that the surface area of the 
spherical zone equals the surface area of the region that the two planes cut off on the 
cylinder. 

(d) The Torrid Zone is the region on the surface of the earth that is between the Tropic of 
Cancer (23.45° north latitude) and the Tropic of Capricorn (23.45° south latitude). What 
is the area of the Torrid Zone? 


4. (a) Show that an observer at height H above the north pole of a sphere of radius r can see a 
part of the sphere that has area 
Qar°-H 
r+H 


(b) Two spheres with radii r and R are placed so that the distance between their centers is d, 
where d > r + R. Where should a light be placed on the line joining the centers of the 
spheres in order to illuminate the largest total surface? 


5. Suppose that the density of seawater, p = p(z), varies with the depth z below the surface. 
(a) Show that the hydrostatic pressure is governed by the differential equation 


dP 


a p(z)g 


where g is the acceleration due to gravity. Let Po and po be the pressure and density at 
z = 0. Express the pressure at depth z as an integral. 


(b) Suppose the density of seawater at depth z is given by p = poe”, where H is a positive 


constant. Find the total force, expressed as an integral, exerted on a vertical circular port- 
hole of radius r whose center is located at a distance L > r below the surface. 


P Q 6. The figure shows a semicircle with radius 1, horizontal diameter PQ, and tangent lines at P 
and Q. At what height above the diameter should the horizontal line be placed so as to mini- 
FIGURE FOR PROBLEM 6 mize the shaded area? 


7. Let P be a pyramid with a square base of side 2b and suppose that S is a sphere with its 
center on the base of P and S is tangent to all eight edges of P. Find the height of P. Then 
find the volume of the intersection of S and P. 
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y h h sin 0 
T l 
L 
yA 
iE 
h+ 
T T 
A 
FIGURE FOR PROBLEM 11 


>60 


8. Consider a flat metal plate to be placed vertically underwater with its top 2 m below the sur- 
face of the water. Determine a shape for the plate so that if the plate is divided into any num- 
ber of horizontal strips of equal height, the hydrostatic force on each strip is the same. 


10 


11 


12 


A uniform disk with radius 1 m is to be cut by a line so that the center of mass of the smaller 
piece lies halfway along a radius. How close to the center of the disk should the cut be 
made? (Express your answer correct to two decimal places.) 


A triangle with area 30 cm? is cut from a corner of a square with side 10 cm, as shown in the 
figure. If the centroid of the remaining region is 4 cm from the right side of the square, how 
far is it from the bottom of the square? 


10cm 


In a famous 18th-century problem, known as Buffon’s needle problem, a needle of length h 
is dropped onto a flat surface (for example, a table) on which parallel lines L units apart, 

L = h, have been drawn. The problem is to determine the probability that the needle will 
come to rest intersecting one of the lines. Assume that the lines run east-west, parallel to the 
x-axis in a rectangular coordinate system (as in the figure). Let y be the distance from the 
“southern” end of the needle to the nearest line to the north. (If the needle’s southern end lies 
on a line, let y = 0. If the needle happens to lie east-west, let the “western” end be the 
“southern” end.) Let 6 be the angle that the needle makes with a ray extending eastward 
from the southern end. Then 0 < y S Land 0 < 0 < m. Note that the needle intersects 

one of the lines only when y < A sin 0. The total set of possibilities for the needle can be 
identified with the rectangular region 0 < y < L, 0 < @ < 7, and the proportion of times 
that the needle intersects a line is the ratio 


area under y = h sin 0 


area of rectangle 


This ratio is the probability that the needle intersects a line. Find the probability that the 
needle will intersect a line if h = L. What if h = iL? 


If the needle in Problem 11 has length h > L, it’s possible for the needle to intersect more 

than one line. 

(a) If L = 4, find the probability that a needle of length 7 will intersect at least one line. 
[Hint: Proceed as in Problem 11. Define y as before; then the total set of possibilities 
for the needle can be identified with the same rectangular region 0 <S y < L, 
0 < 6 < m. What portion of the rectangle corresponds to the needle intersecting a line?] 

(b) If L = 4, find the probability that a needle of length 7 will intersect two lines. 

(c) If2L < h < 3L, find a general formula for the probability that the needle intersects 
three lines. 


13. Find the centroid of the region enclosed by the ellipse x? + (x + y + 1? = 1. 
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Sea ice is an important part of the earth’s ecology. In Exercise 9.3.56 you are asked to derive a differential equation that models the 


thickness of sea ice as it changes over time. 
© Alexey Seafarer / Shutterstock.com 


Differential Equations 


PERHAPS THE MOST IMPORTANT of all the applications of calculus is to differential equations. 
When physical scientists or social scientists use calculus, more often than not it is to analyze a 
differential equation that has arisen in the process of modeling some phenomenon that they are 
studying. Although it is often impossible to find an explicit formula for the solution of a differ- 
ential equation, we will see that graphical and numerical approaches provide the needed 


information. 
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606 CHAPTER 9 Differential Equations 


9.1 


Now is a good time to read (or reread) 
the discussion of mathematical mod- 
eling in Section 1.2. 


~y 


FIGURE 1 
The family of solutions of dP/dt = kP 


Modeling with Differential Equations 


In describing the process of modeling in Chapter 1, we talked about formulating a 
mathematical model of a real-world problem either through intuitive reasoning about 
the phenomenon or from a physical law based on evidence from experiments. The 
mathematical model often takes the form of a differential equation, that is, an equation 
that contains an unknown function and some of its derivatives. This is not surprising 
because in a real-world situation we often notice that changes occur and we want to 
predict future behavior on the basis of how current values change. We begin by examin- 
ing several examples of how differential equations arise when we model physical 
phenomena. 


E Models for Population Growth 


One model for the growth of a population is based on the assumption that the population 
grows at a rate proportional to the size of the population. That is a reasonable assumption 
for a population of bacteria or animals under ideal conditions (unlimited environment, 
adequate nutrition, absence of predators, immunity from disease). 

Let’s identify and name the variables in this model: 


t = time (the independent variable) 
P = the number of individuals in the population (the dependent variable) 


The rate of growth of the population is the derivative dP/dt. So our assumption that 
the rate of growth of the population is proportional to the population size is written as the 
equation 


dP 


[1] y E 


where k is the proportionality constant. Equation 1 is our first model for population 
growth; it is a differential equation because it contains an unknown function P and its 
derivative dP/dt. 

Having formulated a model, let’s look at its consequences. If we rule out a population 
of 0, then P(t) > 0 for all t. So, if k > 0, then Equation 1 shows that P'(t) > 0 for all t. 
This means that the population is always increasing. In fact, as P(t) increases, 
Equation 1 shows that dP/dt becomes larger. In other words, the growth rate increases as 
the population increases. 

Let’s try to think of a solution of Equation 1. This equation asks us to find a function 
whose derivative is a constant multiple of itself. We know from Chapter 3 that exponen- 
tial functions have that property. In fact, if we let P(t) = Ce“, then 


P(t) = C(ke™) = k(Ce™') = kP(t) 


Thus any exponential function of the form P(t) = Ce“ is a solution of Equation 1. In 
Section 9.4, we will see that there is no other solution. 

Allowing C to vary through all the real numbers, we get the family of solutions 
P(t) = Ce“ whose graphs are shown in Figure 1. But populations have only positive 
values and so we are interested only in the solutions with C > 0. If we are concerned 
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FIGURE 2 
The family of solutions P(t) = Ce" 
with C > Oandt = 0 
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Solutions of the logistic equation 


A 


L HAAAY 


m 


FIGURE 4 


equilibrium +0 


position 


yx 


MMMM bt 


EW) 


~y 


SECTION 9.1 Modeling with Differential Equations 607 


only with values of ¢ greater than the initial time tf = 0, then Figure 2 shows the physi- 
cally meaningful solutions. Putting t = 0, we get P(0) = Ce“ = C, so the constant C 
turns out to be the initial population, P(0). 

Equation | is appropriate for modeling population growth under ideal conditions, but 
we have to recognize that a more realistic model must reflect the fact that a given envi- 
ronment has limited resources. Many populations start by increasing in an exponential 
manner, but the population levels off when it approaches its carrying capacity M (or 
decreases toward M if it ever exceeds M). For a model to take into account both trends, 
it should satisfy both of the following assumptions: 


dP 
e a = kP if Pis small (Initially, the growth rate is proportional to P.) 


dP 
° FA <0if P>M (P decreases if it ever exceeds M.) 


One way to incorporate both assumptions is to assume that the rate of population growth 
is proportional to both the population and the difference between the carrying capacity and 
the population. The corresponding differential equation is dP/dt = cP(M — P), where c 
is the proportionality constant, or equivalently, 


dP ( P ) 

[2] = kP| 1 where k = cM 
dt M 

Notice that if P is small compared with M, then P/M is close to 0 and so dP/dt ~ kP. 

If P > M, then 1 — P/M is negative and so dP/dt < 0. 

Equation 2 is called the logistic differential equation and was proposed by the Dutch 
mathematical biologist Pierre-Frangois Verhulst in the 1840s as a model for world 
population growth. We will develop techniques that enable us to find explicit solutions of 
the logistic equation in Section 9.4, but for now we can deduce qualitative characteristics 
of the solutions directly from Equation 2. We first observe that the constant functions 
P(t) = 0 and P(t) = M are solutions because, in either case, one of the factors on the 
right side of Equation 2 is zero. (This certainly makes physical sense: if the population is 
ever either 0 or at the carrying capacity, it stays that way.) In general, constant solutions 
of a differential equation, like these two solutions, are called equilibrium solutions. 

If the initial population P(0) lies between 0 and M, then the right side of Equation 2 
is positive, so dP/dt > 0 and the population increases. But if the population exceeds the 
carrying capacity (P > M), then 1 — P/M is negative, so dP/dt < 0 and the population 
decreases. Notice that in either case, if the population approaches the carrying capacity 
(P — M), then dP/dt — 0, which means the population levels off. So we expect that the 
solutions of the logistic differential equation have graphs that look something like the 
ones in Figure 3. Notice that the graphs move away from the equilibrium solution P = 0 
and move toward the equilibrium solution P = M. 


E A Model for the Motion of a Spring 


Let’s now look at an example of a model from the physical sciences. We consider the 
motion of an object with mass m at the end of a vertical spring (as in Figure 4). In Sec- 
tion 6.4 we discussed Hooke’s Law, which says that if the spring is stretched (or com- 
pressed) x units from its natural length, then it exerts a force that is proportional to x: 


restoring force = —kx 


where k is a positive constant (called the spring constant). If we ignore any external 
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resisting forces (due to air resistance or friction) then, by Newton’s Second Law (force 
equals mass times acceleration), we have 


d°x 
[3] m de = —kx 


This is an example of what is called a second-order differential equation because it 
involves second derivatives. Let’s see what we can guess about the form of the solution 
directly from the equation. We can rewrite Equation 3 in the form 


d°x k 


This says that the second derivative of x is proportional to x but has the opposite sign. We 
know two functions with this property, the sine and cosine functions. In fact, it turns out 
that all solutions of Equation 3 can be written as combinations of certain sine and cosine 
functions (see Exercise 16). This is not surprising; we expect the spring to oscillate about 
its equilibrium position and so it is natural to think that trigonometric functions are 
involved. 


E General Differential Equations 


In general, a differential equation is an equation that contains an unknown function and 
one or more of its derivatives. The order of a differential equation is the order of the high- 
est derivative that occurs in the equation. Thus Equations 1 and 2 are first-order equations 
and Equation 3 is a second-order equation. In all three of those equations the independent 
variable is called ¢ and represents time, but in general the independent variable doesn’t 
have to represent time. For example, when we consider the differential equation 


[4] y = xy 


it is understood that y is an unknown function of x. 

A function f is called a solution of a differential equation if the equation is satisfied 
when y = f(x) and its derivatives are substituted into the equation. Thus f is a solution 
of Equation 4 if 

Fx) = xf (x) 


for all values of x in some interval. 

When we are asked to solve a differential equation we are expected to find all possible 
solutions of the equation. We have already solved some particularly simple differential 
equations, namely, those of the form 


y'= fx) 
For instance, we know that the general solution of the differential equation 
y= 
is given by 
4 
y= a +C 


where C is an arbitrary constant. 

But, in general, solving a differential equation is not an easy matter. There is no sys- 
tematic technique that enables us to solve all differential equations. In Section 9.2, how- 
ever, we will see how to draw rough graphs of solutions even when we have no explicit 
formula. We will also learn how to find numerical approximations to solutions. 
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EXAMPLE 1 Determine whether the function y = x + 1/x is a solution of the given 
differential equation. 


(a) xy’ + y = 2x (b) xy” + 2y’ =0 

SOLUTION The first and second derivatives of y = x + 1/x (with respect to x) are 

y =1— 1/x* and y” = 2/x?. 

(a) Substituting the expressions for y and y’ into the left side of the differential equa- 


tion, we get 
, 1 1 
xy t+y=xtl—-——] a E 
x x 
1 


Because 2x is equal to the right side of the differential equation, y = x + 1/xisa 
solution. 
(b) Substituting for y’ and y”, the left side becomes 


n Ẹ 2 1 
xy" + 2y' =x F +2 L=- 


which is not equal to the right side of the differential equation. Thus y = x + 1/x is 
not a solution. E 


EXAMPLE 2 Show that every member of the family of functions 


. lce 
V Ice 
is a solution of the differential equation y’ = $(y? — 1). 
SOLUTION We use the Quotient Rule to differentiate the expression for y: 


, (= ce')(ce') — (1 + ce')(~ce') 


(1 — ce'y 
Figure 5 shows graphs of seven mem- 
bers of the family in Example 2. The — ce ee ce k ee” _ 2ce' 
differential equation shows that if (1 — ce’) (l= «ey 


y = +1, then y’ = 0. That is borne 
out by the flatness of the graphs near The right side of the differential equation becomes 


a al L(y? j= lee \ i 
5 3 25y 2 1 = ce’ 
i [£ + ce'f — (1 -— 1] 
5 5 2 (1 a ce!) 
l 4ce' 2ce' 
p. 2 (1— ce} (1 — ce? 
=5 


This shows that the left and right sides of the differential equation are equal. Therefore, 
FIGURE 5 for every value of c, the given function is a solution of the differential equation. E 
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When applying differential equations, we are usually not as interested in finding a 
family of solutions (the general solution) as we are in finding a solution that satisfies 
some additional requirement. In many physical problems we need to find the particular 
solution that satisfies a condition of the form y(to) = yo. This is called an initial condi- 
tion, and the problem of finding a solution of the differential equation that satisfies the 
initial condition is called an initial-value problem. 

Geometrically, when we impose an initial condition, we look at the family of solution 
curves and pick the one that passes through the point (to, yo). Physically, this corresponds 
to measuring the state of a system at time fo and using the solution of the initial-value 
problem to predict the future behavior of the system. 


EXAMPLE 3 Find a solution of the differential equation y’ = 5(y? — 1) that satisfies 
the initial condition y(0) = 2. 


SOLUTION From Example 2 we know that for any value of c, the function 


E eee 


y= 1 — ce' 


is a solution of this differential equation. Substituting the values t = 0 and y = 2, we get 


tee +e 


2 0 
5 1 — ce l-e 
Solving this equation for c, we get 2 — 2c = 1 + c, which gives c = L. So the solution 
(0, 2) of the initial-value problem is 
5 
1+ te! 3 + e! 
Á 1-4e 3-e' 
=9 so og : x $ 
The graph of the solution is shown in Figure 6. The curve is the one member of the 
FIGURE 6 family of solution curves from Figure 5 that passes through the point (0, 2). a 
9.1 | Exercises 
1-5 Write a differential equation that models the given situation. 5. When an advertising campaign for a new product is intro- 
In each case the stated rate of change is with respect to time t. duced into a city of fixed population N, the rate of change of 


1. The rate of change of the radius r of a tree trunk is inversely 
proportional to the radius. 


2. The rate of change of the velocity v of a falling body is 


the number y of individuals who have heard about the product 
at time f is proportional to the number of individuals in the 
population who have not yet heard about the product. 


constant. i i SEN i 
6-12 Determine whether the given function is a solution of the 
3. For a car with maximum velocity M, the rate of change of the differential equation. 
velocity v of the car is proportional to the difference between ; , } 
Manda 6. y = sinx — cosx; y +y=2sinx 


4. When an infectious disease is introduced into a city of fixed 


I y=3et +e; y + 2y =2e* 


population N, the rate of change of the number y of infected 8. y=tanx; y =y =l 


individuals is proportional to the product of the number 
of infected individuals and the number of noninfected 


individuals. 


9. y= Vx; xy'-y=0 


10. y= V1 = x7; yy’ —-x =0 
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11. y=x3; x?y” — 6y=0 
12. y=Inx; xy”—y' =0 


13-14 Show that the given function is a solution of the 
initial-value problem. 


d 
@y»y teost—t; t— y + sin t, y(r) = 0 
dt 
d 
14. y = 5e” + x; 2 2y = 1 — 2x, y(0) =5 
dx 


(E) (a) For what values of r does the function y = e™ satisfy 
the differential equation 2y” + y’ — y = 0? 
(b) If rı and r are the values of r that you found in part (a), 
show that every member of the family of functions 
y = ae" + be™ is also a solution. 


16. (a) For what values of k does the function y = cos kt sat- 
isfy the differential equation 4y” = —25y? 
(b) For those values of k, verify that every member of the 
family of functions y = A sin kt + B cos kt is also a 
solution. 


17. Which of the following functions are solutions of the dif- 
ferential equation y” + y = sin x? 


(a) y = sinx (b) y = cosx 


(c) y= bx sin x (d) y= —tx cos x 

18. @) Show that every member of the family of functions 
y = (ln x + C)/x is a solution of the differential equa- 
tion x’y' + xy = 1. 


(b) Illustrate part (a) by graphing several members of the 


family of solutions on a common screen. 

(c) Find a solution of the differential equation that satisfies 
the initial condition y(1) = 2. 

(d) Find a solution of the differential equation that satisfies 
the initial condition y(2) = 1. 


19. (a) What can you say about a solution of the equation 
y’ = —y* just by looking at the differential equation? 
(b) Verify that all members of the family y = 1/(x + C) 
are solutions of the equation in part (a). 
(c) Can you think of a solution of the differential equation 


y’ = —y’ that is not a member of the family in part (b)? 
(d) Find a solution of the initial-value problem 
y = y’ y(0) = 0.5 


20. (a) What can you say about the graph of a solution of the 
equation y’ = xy? when x is close to 0? What if x is 
large? 

(b) Verify that all members of the family y = (c — x°) 
are solutions of the differential equation y’ = xy’. 


1/2 


(c) Graph several members of the family of solutions on 


a common screen. Do the graphs confirm what you 
predicted in part (a)? 


SECTION 9.1 Modeling with Differential Equations 611 


(d) Find a solution of the initial-value problem 


y = xy? y(0) = 2 


21. A population is modeled by the differential equation 


dP P 
— = 12P\) 1 = 
dt 4200 


(a) For what values of P is the population increasing? 
(b) For what values of P is the population decreasing? 
(c) What are the equilibrium solutions? 


22. The Fitzhugh-Nagumo model for the electrical impulse in a 
neuron states that, in the absence of relaxation effects, the 
electrical potential in a neuron v(t) obeys the differential 
equation 


dv 
dt 


viv — (1 +ajv+al] 


where a is a positive constant such that0 < a < 1. 

(a) For what values of v is v unchanging (that is, 
dv/dt = 0)? 

(b) For what values of v is v increasing? 

(c) For what values of v is v decreasing? 


23. Explain why the functions with the given graphs can’t be 
solutions of the differential equation 


(a) YA 


24. The function with the given graph is a solution of one of the 
following differential equations. Decide which is the correct 
equation and justify your answer. 


A. y’=1+xy B. y’ = —2xy C y =1—2xy 
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612 CHAPTER 9 Differential Equations 


25. Match the differential equations with the solution graphs 27. Psychologists interested in learning theory study learning 
labeled I-IV. Give reasons for your choices. curves. A learning curve is the graph of a function P(t), the 
(a) y =14+x24+y? (b) y =xer performance of someone learning a skill as a function of the 
training time t. The derivative dP/dt represents the rate at 
(c) y= — (d) y' = sin(xy) cos(xy) which performance improves. 
Lte (a) When do you think P increases most rapidly? What 


happens to dP/dt as t increases? Explain. 

(b) If M is the maximum level of performance of which 
the learner is capable, explain why the differential 
equation 


0 x dP oan 
Po k(M — P) k a positive constant 


© 
=y 


is a reasonable model for learning. 
(c) Make a rough sketch of a possible solution of this 
differential equation. 


et 
> 


m YA IV A f : 
28. Von Bertalanffy’s equation states that the rate of growth in 


length of an individual fish is proportional to the difference 

between the current length L and the asymptotic length L- 

(in centimeters). 

(a) Write a differential equation that expresses this idea. 

(b) Make a rough sketch of the graph of a solution of a 
typical initial-value problem for this differential 
equation. 


RY 
RY 


29 


Differential equations have been used extensively in the study 
of drug dissolution for patients given oral medications. One 
such equation is the Weibull equation for the concentration 


26. Suppose you have just poured a cup of freshly brewed coffee 
with temperature 95°C in a room where the temperature 


is 20°C. : 
; ; c(t) of the drug: 
(a) When do you think the coffee cools most quickly? What 
happens to the rate of cooling as time goes by? Explain. de k 
(b) Newton’s Law of Cooling states that the rate of cooling nw OF (cs — c) 


of an object is proportional to the temperature difference 
between the object and its surroundings, provided that 


soi , : | : where k and c, are positive constants and 0 < b < 1. Verify 
this difference is not too large. Write a differential 


equation that expresses Newton’s Law of Cooling for this ia 
particular situation. What is the initial condition? In view c(t) = c(1 — ew) 
of your answer to part (a), do you think this differential 
equation is an appropriate model for cooling? is a solution of the Weibull equation for t > 0, where 
(c) Make a rough sketch of the graph of the solution of the a = k/(1 — b). What does the differential equation say about 
initial-value problem in part (b). how drug dissolution occurs? 


9.2 | Direction Fields and Euler’s Method 


Unfortunately, it’s impossible to solve most differential equations in the sense of obtain- 
ing an explicit formula for the solution. In this section we show that, despite the absence 
of an explicit solution, we can still learn a lot about the solution through a graphical 
approach (direction fields) or a numerical approach (Euler’s method). 
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E Direction Fields 


YA Suppose we are asked to sketch the graph of the solution of the initial-value problem 


Slope at y=xty y(0) = 1 

(X25 Y2) is 

Xa + ya. We don’t know a formula for the solution, so how can we possibly sketch its graph? Let’s 
think about what the differential equation means. The equation y’ = x + y tells us 
that the slope at any point (x, y) on the graph (called the solution curve) is equal to the 


Slope at 


(Xi, Yı) is 
Xit yy. 


0 * sum of the x- and y-coordinates of the point (see Figure 1). In particular, because the 

curve passes through the point (0, 1), its slope there must be 0 + 1 = 1. So a small por- 

FIGURE 1 tion of the solution curve near the point (0, 1) looks like a short line segment through 
A solution of y' =x + y (0, 1) with slope 1. (See Figure 2.) 


As a guide to sketching the rest of the curve, let’s draw short line segments at a num- 

ber of points (x, y) with slope x + y. The result is called a direction field and is shown in 

YA Figure 3. For instance, the line segment at the point (1, 2) has slope 1 + 2 = 3. The 

direction field allows us to visualize the general shape of the solution curves by indi- 
cating the direction in which the curves proceed at each point. 


Slope at (0, 1) 
0, 1) p 
Ser isO+1=1. 


YA YA 

- See, Phe i i of Sf ft CREJ 

j Be PE PE EL | Nae y/ KATA 
wA A A A a NS eA ke A 

FIGURE 2 Ve Ss LOE VAR a yi ill 
Beginning of the solution curve RO eer fh fo WA = ae Lok id 
through (0, 1) ver © ye ep? a x <a ee ot tat 
WYNN NOS SS SH Sd LY ADM ESS A 

eM A A ie eS A OA AOS SH ey 

We A PRE ig er E AGE Ae ON SS ere 

Ne SUE Yo A OO Se Me UO A ay Re ie Sect 

Ne A Oe, See es a a S A Se a 

FIGURE 3 FIGURE 4 
Direction field for y’ = x + y The solution curve through (0, 1) 


Now we can sketch the solution curve through the point (0, 1) by following the direc- 
tion field as in Figure 4. Notice that we have drawn the curve so that it is parallel to 
nearby line segments. 

In general, suppose we have a first-order differential equation of the form 


y'= F(x, y) 


where F(x, y) is some expression in x and y. The differential equation says that the slope 
of a solution curve at a point (x, y) on the curve is F(x, y). If we draw short line segments 
with slope F(x, y) at several points (x, y), the result is called a direction field (or slope 
field). These line segments indicate the direction in which a solution curve is heading, so 
the direction field helps us visualize the general shape of these curves. 


EXAMPLE 1 
(a) Sketch the direction field for the differential equation y’ = x? + y? — 1. 
(b) Use part (a) to sketch the solution curve that passes through the origin. 
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FIGURE 7 


SOLUTION 
(a) We start by computing the slope at several points in the following table: 


de —2 -1 0 1 2 | —2 =i 0 1 2 
y 0 0 oloļlolı 1 lailai 
W= aye l 3 0 =i | 0 | 3 4 1 Oo; 144 


Now we draw short line segments with these slopes at these points. The result is the 
direction field shown in Figure 5. 


pe 
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sss t i aa 
Pa (as 
Sh 
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f 
x 
f 
\ 
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=y 


\ 
| 
\ 
% 
ae 


~~~ 


T 
N 
= 
a oe 
ag, ay, 
PETA 


FIGURE 5 FIGURE 6 


(b) We start at the origin and move to the right in the direction of the line segment 
(which has slope — 1). We continue to draw the solution curve so that it moves parallel 
to the nearby line segments. The resulting solution curve is shown in Figure 6. Return- 
ing to the origin, we draw the solution curve to the left as well. E 


The more line segments we draw in a direction field, the clearer the picture becomes. 
Of course, it’s tedious to compute slopes and draw line segments by hand for a huge 
number of points, but computers are well suited for this task. Figure 7 shows a more 
detailed, computer-drawn direction field for the differential equation in Example 1. It 
enables us to draw, with reasonable accuracy, the solution curves with y-intercepts —2, 
—1, 0, 1, and 2. 

Now let’s see how direction fields give insight into physical situations. The simple 
electric circuit shown in Figure 8 contains an electromotive force (usually a battery or 
generator) that produces a voltage of E(t) volts (V) and a current of I(t) amperes (A) at 
time t. The circuit also contains a resistor with a resistance of R ohms (Q) and an induc- 
tor with an inductance of L henries (H). 

Ohm’s Law gives the drop in voltage due to the resistor as RZ. The voltage drop due 
to the inductor is L(di/dt). One of Kirchhoff’s laws says that the sum of the voltage drops 
is equal to the supplied voltage E(t). Thus we have 


T 
[1] LŽ + RI= EW) 


which is a first-order differential equation that models the current / at time t. 
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R EXAMPLE 2 Suppose that in the simple circuit of Figure 8 the resistance is 12 Q, the 
inductance is 4 H, and a battery gives a constant voltage of 60 V. 
(a) Draw a direction field for Equation | with these values. 
L (b) What can you say about the limiting value of the current? 
(c) Identify any equilibrium solutions. 
(d) If the switch is closed when t = 0 so the current starts with J(0) = 0, use the 


switch direction field to sketch the solution curve. 
FIGURE 8 SOLUTION 
(a) If we put L = 4, R = 12, and E(t) = 60 in Equation 1, we get 


dI dI 
4— + 121 = — = 15-3] 
v7 60 or a I= 


The direction field for this differential equation is shown in Figure 9. 
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FIGURE 9 


(b) It appears from the direction field that all solutions approach the value 5 A, that is, 
lim Z(t) =5 
t— œ 


Recall that an equilibrium solution is (c) From the direction field we see that the constant function /(t) = 5 is an equi- 
a constant solution (its graph isa hor- librium solution. Indeed, we can verify this directly from the differential equation 
izontal line). dl/dt = 15 — 31. If I(t) = 5, then the left side is di/dt = 0 and the right side is 
15 — 3(5) = 0. 
(d) We use the direction field to sketch the solution curve that passes through (0, 0), 
as shown in red in Figure 10. 
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FIGURE 10 
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solution curve 


FIGURE 11 


First Euler approximation 


Notice from Figure 9 that the line segments along any horizontal line are parallel. 
That is because the independent variable t does not occur on the right side of the equation 
I' = 15 — 3/2. In general, a differential equation of the form 


y = f(y) 


in which the independent variable is missing from the right side, is called autonomous. 
For such an equation, the slopes corresponding to two different points with the same 
y-coordinate must be equal. This means that if we know one solution to an autonomous 
differential equation, then we can obtain infinitely many others just by shifting the graph 
of the known solution to the right or left. In Figure 10 we have shown the solutions that 
result from shifting the solution curve of Example 2 one and two time units (namely, 
seconds) to the right. They correspond to closing the switch when t = 1 ort = 2. 


E Euler’s Method 


The basic idea behind direction fields can be used to find numerical approximations to 
solutions of differential equations. We illustrate the method on the initial-value problem 
that we used to introduce direction fields: 


yuxty y(0) = 1 


The differential equation tells us that y'(0) = 0 + 1 = 1, so the solution curve has slope 1 
at the point (0, 1). As a first approximation to the solution we could use the linear approxi- 
mation L(x) = x + 1. In other words, we could use the tangent line at (0, 1) as a rough 
approximation to the solution curve (see Figure 11). 


YA YA 
1 | 1 
j 1.5 
| —> - i - ~ 
o 0.5 i * Ol 0.25 1 * 
FIGURE 12 FIGURE 13 
Euler approximation with step size 0.5 Euler approximation with step size 0.25 


Euler’s idea was to improve on this approximation by proceeding only a short distance 
along this tangent line and then making a midcourse correction by changing direction as 
indicated by the direction field. Figure 12 shows what happens if we start out along the 
tangent line but stop when x = 0.5. (This horizontal distance traveled is called the step 
size.) Since L(0.5) = 1.5, we have y(0.5) ~ 1.5 and we take (0.5, 1.5) as the starting point 
for a new line segment. The differential equation tells us that y'(0.5) = 0.5 + 1.5 = 2, so 
we use the linear function 


y= 1.5 + 2(x — 0.5) = 2x + 0.5 


as an approximation to the solution for x > 0.5 (the purple segment in Figure 12). If we 
decrease the step size from 0.5 to 0.25, we get the better Euler approximation shown in 
Figure 13. 

In general, Euler’s method says to start at the point given by the initial value and pro- 
ceed in the direction indicated by the direction field. Stop after a short distance, look at 
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the slope at the new location, and proceed in that direction. Keep stopping and changing 
direction according to the direction field. Euler’s method does not produce the exact 
solution to an initial-value problem—it gives approximations. But by decreasing the step 
Xi 1) size (and therefore increasing the number of midcourse corrections), we obtain succes- 
hF(Xo Yo) sively better approximations to the exact solution. (Compare Figures 11, 12, and 13.) 
For the general first-order initial-value problem y’ = F(x, y), y(xo) = yo, our aim is to 
find approximate values for the solution at equally spaced numbers xo, xı = xo + h, 
X2 =x, +h,..., where his the step size. The differential equation tells us that the slope 
at (xo, yo) is y’ = F(Xo, yo), so Figure 14 shows that the approximate value of the solu- 
> tion when x = x; is 


slope = F(X, Yo) 


0 Xp x, x 
yi = yo + AF (Xo, yo) 
FIGURE 14 
Similarly, y2 = yı + AF (x1, yı) 
In general, Yn = Yn- + AF (Xn-1, Yn-1) 


Euler’s Method Approximate values for the solution of the initial-value problem 
y’ = F(x, y), y(xo) = yo, with step size h, at x, = Xn-1 + h, are 


Yn = Yn-1 + NF (Xn-1, Yn-1) n= Í; 2, 3 rar 


EXAMPLE3 Use Euler’s method with step size 0.1 to construct a table of approximate 
values for the solution of the initial-value problem 


y =x+ty y(0) = 1 
SOLUTION We are given that h = 0.1, xo = 0, yo = 1, and F(x, y) = x + y. So we have 
yı = yo + AF(xo, yo) = 1 + 0.100 + 1) = 1.1 
yo = yı + hF(x, y) = 1.1 + 0.10.1 + 1.1) = 1.22 
ys = yo + hF (x2, y2) = 1.22 + 0.1(0.2 + 1.22) = 1.362 


This means that if y(x) is the exact solution, then y(0.3) ~ 1.362. 
Proceeding with similar calculations, we get the values in the table: 


Computer software that produces 
: s P n Xn Yn n Xn Yn 

numerical approximations to solu- 

tions of differential equations uses 1 0.1 1.100000 6 0.6 1.943122 

methods that are refinements of 2 0.2 1.220000 7 0.7 2.197434 

Euler’s method. Although Euler’s 3 0.3 1.362000 8 0.8 2.487178 

method is simple and not as accurate, 4 0.4 1.528200 9 0.9 2.815895 

it is the basic idea on which the more 5 0.5 1.721020 10 1.0 3.187485 

accurate methods are based. E 


For a more accurate table of values in Example 3 we could decrease the step size. But 
for a large number of small steps the amount of computation is considerable and so we 
need to program a calculator or computer to carry out these calculations. The following 
table shows the results of applying Euler’s method with decreasing step size to the initial- 
value problem of Example 3. 
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618 CHAPTER 9 Differential Equations 


Notice that the Euler estimates in the table below seem to be approaching limits, 
namely, the true values of y(0.5) and y(1). Figure 15 shows graphs of the Euler approxi- 
mations with step sizes 0.5, 0.25, 0.1, 0.05, 0.02, 0.01, and 0.005. They are approaching 
the exact solution curve as the step size h approaches 0. 


Euler estimate of | Euler estimate of a 
Step size y(0.5) y(1) 
0.500 1.500000 2.500000 
0.250 1.625000 2.882813 
0.100 1.721020 3.187485 
0.050 1.757789 3.306595 
0.020 1.781212 3.383176 
0.010 1.789264 3.409628 
0.005 1.793337 3.423034 
0.001 1.796619 3.433848 l 
+ + = 
0 0.5 1 * 
FIGURE 15 Euler approximation approaching the exact solution 
Euler EXAMPLE 4 In Example 2 we discussed a simple electric circuit with resistance 
12 Q, inductance 4 H, and a battery with voltage 60 V. If the switch is closed when 
Leonhard Euler (1707-1783) was the =0 deled th ‘Tait by the initiàl-val bl 
leading mathematician of the mid- t = 0, we modeled the current / at time ż by the initial-value problem 
18th century and the most prolific 
mathematician of all time. He was dI 
born in Switzerland but spent most of dt =15- 37 1(0) = 0 
his career at the academies of science 
supported by Catherine the Great in . . oo, . À 
St. Petersburg and Frederick the Great Estimate the current in the circuit half a second after the switch is closed. 
in Berlin. The collected works of Euler ; 3 E E — 
(pronounced Oiler) fill about 100 large SOLUTION We use Euler’s method with F(t, I) = 15 — 3I, to = 0, Io = 0, and step 
volumes. As the French physicist size h = 0.1 second: 
Arago said, “Euler calculated without 
apparent effort, as men breathe or as l =0+0105 -—3-0)=15 
eagles sustain themselves in the air.” 
Euler’s calculations and writings were _ LA — 
not diminished by raising 13 children h= 1.5 + 0.105 — 3+ 1.5) = 2.55 
or being totally blind for the last 17 
years of his life. In fact, when blind, he h = 2.55 + 0.1(15 — 3 + 2.55) = 3.285 
dictated his discoveries to his helpers 
fror his prodigious memoryanid I, = 3.285 + 0.1(15 — 3 + 3.285) = 3.7995 
imagination. His treatises on calculus 
and most other mathematical sub- 
jects became the standard for math- I5 = 3.7995 + 0.1(15 = 3 » 3.7995) = 4.15965 
ematics instruction and the equation 
e” + 1 = 0 that he discovered brings So the current after 0.5 S is 
together the five most famous num- 
bers in all of mathematics. 1(0.5) ~ 4.16 A g 
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9.2 | Exercises 


1. A direction field for the differential equation y’ = x cos Ty is 
shown. 


6. y’ =sinx siny 


I YA Il 


(a) Sketch the graphs of the solutions that satisfy the given YA 
ee ot SEINN 
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(iii) y(0) = 1 (iv) y(0) = 1.6 ULL 07 7-1 —~SNNN NN ANNA\\WEE 
x eh hada ii NANA eee i AlaeaAaM 
(b) Find all the equilibrium solutions. aa ai Sa air aE 
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VAN NAN SSe EDL SEGA en 
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A E AE E E eee ee n V AAAA SSNS 27771 
Nac Re, ee, SE es a aaa eee! 
ene ae sate eee aaa dd VAN Ww sy A / 
\ N N N ae 7 4 4 4 LLLSPS SARA AL EELS LY Fey yy N 
ekir SSAA EET ISIS AIS LA VAAN ENAA TAA S 
EEDEN ARR AT yo Te GOGO GG UNG GUO SPRA VAAL NSN 
re WU. MASS 
= = LIELIFALALASALLLLS = 
PEA AAA TAY VRANSSS 
eee SG ee a as EERE VAN ANAS 


2. A direction field for the differential equation y’ 
is shown. 

(a) Sketch the graphs of the solutions that satisfy the given 
initial conditions. 


(i) y(0) = 1 Gi) y(0) = 0.2 


7. Use the direction field labeled I (above) to sketch the graphs 
of the solutions that satisfy the given initial conditions. 


(a) y(0) = 1 œ) y(0) = 2.5 (c) y(0) = 3.5 
8. Use the direction field labeled III (above) to sketch the graphs 


(iii) y(0) = 2 Gy y1) =3 of the solutions that satisfy the given initial conditions. 
(b) Find all the equilibrium solutions. (a) y(0) = 1 (b) y(0) = 2.5 (c) yO) = 3.5 
yA 9-10 Sketch a direction field for the differential equation. Then 
44 use it to sketch three solution curves. 
ooo eee 9. y = hy 10. y =x-y 41 
NN RAS ON } O e 8 
SIELE TITRE 
E AEA EENE ELL A PÑ 11-14 Sketch the direction field of the differential equation. 
A FF FR ONS A FP FF A i r 
P E T E E Then use it to sketch a solution curve that passes through the 
Zes ee honn given point. 
me A OS OS OAS T e OS OR On OS 2 
Ke AN O a '=y— ' yy — 
\ ` \ À À 1) À \ À \ ` 11. y =y— 2x, (1,0) 12. y =xy— x", (0,1) 
E PI EEA SOU. A 13. y =ytxy, (0,1 14. y =x+ y’, (0,0 
W A L LLANE LEE ELL 7 7 i ( ) y . ( ) 
Ae e a a E | E a E E E E 
5 a 0 7 Pa 15-16 Use a computer to draw a direction field for the given 
differential equation. Get a printout and sketch on it the solution 


3-6 Match the differential equation with its direction field 
(labeled I-IV). Give reasons for your answer. 


3. yy =2-y 


4, y =x(2-y) 


curve that passes through (0, 1). Compare your sketch to a 
computer-drawn solution curve. 


15. y =x?y —4y? 16. y'= cos(x + y) 
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CHAPTER 9 Differential Equations 


17. Use a computer to draw a direction field for the differential 


18. 


19. 


equation y’ = y? — 4y. Get a printout and sketch on it solu- 
tions that satisfy the initial condition y(0) = c for various 
values of c. For what values of c does lim, =- y(t) exist? 
What are the possible values for this limit? 


Make a rough sketch of a direction field for the autonomous 
differential equation y’ = f(y), where the graph of f is as 
shown. How does the limiting behavior of solutions depend 
on the value of y(0)? 


F(y)A 


(a) Use Euler’s method with each of the following step 
sizes to estimate the value of y(0.4), where y is the solu- 
tion of the initial-value problem y’ = y, y(0) = 1. 

G) h = 0.4 (i) h = 0.2 Gii) h = 0.1 
We know that the exact solution of the initial-value 
problem in part (a) is y = e*. Draw, as accurately as you 
can, the graph of y = e*, 0 < x < 0.4, together with the 
Euler approximations using the step sizes in part (a). 
(Your sketches should resemble Figures 11, 12, and 13.) 
Use your sketches to decide whether your estimates in 
part (a) are underestimates or overestimates. 

The error in Euler’s method is the difference between 
the exact value and the approximate value. Find the 
errors made in part (a) in using Euler’s method to 
estimate the true value of y(0.4), namely, e°*. What 
happens to the error each time the step size is halved? 


(b) 


(c) 


20. A direction field for a differential equation is shown. Draw, 


with a ruler, the graphs of the Euler approximations to the 
solution curve that passes through the origin. Use step sizes 
h = 1 and h = 0.5. Will the Euler estimates be under- 
estimates or overestimates? Explain. 


YA 


N 


=" 


SAS 
AAAS NA RAR AVAL 
WAANAASANAN SSAA 
WHNSANAN NAAN AAA 
SANA NACA VAAN A NAA 
WAAR AER WANA AA A 
WAN ANASTASIA AANA 
SUVA N AANA CANS 


ENANAR AAEN TAIA A EA AA 
=y 


© 


21. Use Euler’s method with step size 0.5 to compute the 


approximate y-values yı, y2, Y3, and y, of the solution of the 
initial-value problem y’ = y — 2x, y(1) = 0. 


22. Use Euler’s method with step size 0.2 to estimate y(1), 


where y(x) is the solution of the initial-value problem 
y =x°y -33° yO) = 1. 


(23. Use Euler’s method with step size 0.1 to estimate y(0.5), 


where y(x) is the solution of the initial-value problem 
y =y + xy, y(0) = 1. 


24. @) Use Euler’s method with step size 0.2 to estimate 


25. (a) 


27 


y(0.6), where y(x) is the solution of the initial-value 
problem y’ = cos(x + y), y(0) = 0. 
Repeat part (a) with step size 0.1. 


(b) 


Program a calculator or computer to use Euler’s method 
to compute y(1), where y(x) is the solution of the 
initial-value problem 


d 
+ 3xy=6x7  y(0) =3 
dx 
© h=1 (i) h=0.1 
(iii) h = 0.01 (iv) A = 0.001 


Verify that y = 2 + e™ is the exact solution of the 
differential equation. 

Find the errors in using Euler’s method to compute y(1) 
with the step sizes in part (a). What happens to the error 
when the step size is divided by 10? 


(b) 
(c) 


(a) 


Use Euler’s method with step size 0.01 to calculate 
y(2), where y is the solution of the initial-value problem 


y(0) = 1 


(b) Compare your answer to part (a) to the value of y(2) 
that appears on a computer-drawn solution curve. 


y =x3-y¥9 


The figure shows a circuit containing an electromotive 
force, a capacitor with a capacitance of C farads (F), and a 
resistor with a resistance of R ohms (Q). The voltage drop 
across the capacitor is Q/C, where Q is the charge (in cou- 
lombs, C), so in this case Kirchhoff’s Law gives 


r+ 2 = KK) 
C 
But J = dQ /dt, so we have 
do 1 
R +>—0=E 
dt C Q (o) 


Suppose the resistance is 5 Q, the capacitance is 0.05 F, and 

a battery gives a constant voltage of 60 V. 

(a) Draw a direction field for this differential equation. 

(b) What is the limiting value of the charge? 

(c) Is there an equilibrium solution? 

(d) If the initial charge is Q(0) = OC, use the direction 
field to sketch the solution curve. 

(e) If the initial charge is Q(0) = 0 C, use Euler’s method 
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with step size 0.1 to estimate the charge after half a 28. In Exercise 9.1.26 we considered a 95°C cup of coffee in a 


second. 


Cc 


9.3 


The technique for solving separable 
differential equations was first used 
by James Bernoulli (in 1690) in solving 
a problem about pendulums and by 
Leibniz (in a letter to Huygens in 
1691). John Bernoulli explained the 
general method in a paper published 
in 1694. 


20°C room. Suppose it is known that the coffee cools at a rate 

of 1°C per minute when its temperature is 70°C. 

(a) What does the differential equation become in this case? 

(b) Sketch a direction field and use it to sketch the solution 
curve for the initial-value problem. What is the limiting 
value of the temperature? 

(c) Use Euler’s method with step size h = 2 minutes to 
estimate the temperature of the coffee after 10 minutes. 


Separable Equations 


We have looked at first-order differential equations from a geometric point of view 
(direction fields) and from a numerical point of view (Euler’s method). What about the 
symbolic point of view? It would be nice to have an explicit formula for a solution of a 
differential equation. Unfortunately, that is not always possible. But in this section we 
examine a certain type of differential equation that can be solved explicitly. 


E Separable Differential Equations 


A separable equation is a first-order differential equation in which the expression for 
dy/dx can be factored as a function of x times a function of y. In other words, it can be 
written in the form 


OY 
5 = 92/09) 


The name separable comes from the fact that the expression on the right side can be “sep- 
arated” into a function of x and a function of y. Equivalently, if f(y) # 0, we could write 


dy _ g(x) 
fil dx hy) 


where h(y) = 1/f(y). To solve this equation we rewrite it in the differential form 
h(y) dy = g(x) dx 


so that all y’s are on one side of the equation and all x’s are on the other side. Then we 
integrate both sides of the equation: 


[2] | 10) dy = f gd) ax 


Equation 2 defines y implicitly as a function of x. In some cases we may be able to solve 
for y in terms of x. 
We use the Chain Rule to justify this procedure: If h and g satisfy (2), then 


£ ( h(y) a) = £ ( g(x) ax) 


d d 

so a ( h(y) o) = g(x) 
d 

and h(y) = = g(x) 


Thus Equation 1 is satisfied. 
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Figure 1 shows graphs of several 
members of the family of solutions of 
the differential equation in Example 1. 
The solution of the initial-value prob- 
lem in part (b) is shown in red. 


3 


FIGURE 1 


Some computer software can plot 
curves defined by implicit equations. 
Figure 2 shows the graphs of several 
members of the family of solutions of 


the differential equation in Example 2. 


As we look at the curves from left 
to right, the values of C are 3, 2, 1, 0, 
—1, —2, and —3. 


FIGURE 2 


CHAPTER 9 Differential Equations 


EXAMPLE 1 


d 
(a) Solve the differential equation = = 
dx y 


(b) Find the solution of this equation that satisfies the initial condition y(0) = 2. 


SOLUTION 
(a) We write the equation in terms of differentials and integrate both sides: 


y*dy = x? dx 
| yay = f x? dx 


sy =a + C 


where C is an arbitrary constant. (We could have used a constant C; on the left side and 
another constant C on the right side. But then we could combine these constants by 
writing C = Cz — C.) 

Solving for y, we get 


y= Ye FIC 
We could leave the solution like this or we could write it in the form 
y=¥otrK 


where K = 3C. (Since C is an arbitrary constant, so is K.) 

(b) If we put x = 0 in the general solution in part (a), we get y(0) = 3y K . To 
satisfy the initial condition y(0) = 2, we must have J/K = 2 and so K = 8. Thus the 
solution of the initial-value problem is 


y= TE 5 


. f . dy 6x? 
EXAMPLE 2 Solve the differential equation = . 
dx 2y + cosy 


SOLUTION Writing the equation in differential form and integrating both sides, we 
have 


(2y + cos y)dy = 6x? dx 
f (2y + cos y)dy = f 6x? dx 
[3] y? + siny = 2x? + C 


where C is a constant. Equation 3 gives the general solution implicitly. In this case it’s 
impossible to solve the equation to express y explicitly as a function of x. E 


EXAMPLE3 Solve the differential equation y’ = x*y. 


SOLUTION First we rewrite the equation using Leibniz notation: 
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It follows from a uniqueness theorem 
for solutions of differential equations 
like the equation in Example 3 that if 
two solutions agree at one x-value, 
then they must agree at all x-values. 
(Two solution curves are either identi- 
cal or never intersect.) Because y = 0 
is a solution of the differential equa- 
tion in Example 3, we know that all 
other solutions must have y(x) # 0 
for all x. 


Figure 3 shows a direction field for 
the differential equation in Example 3. 
Compare it with Figure 4, in which we 
use the equation y = Ae*”* to graph 
solutions for several values of A. If 
you use the direction field to sketch 
solution curves with y-intercepts 5, 2, 
1, —1, and —2, they will resemble the 
curves in Figure 4. 


switch 


FIGURE 5 
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We can easily verify that the constant function y = 0 is a solution of the given differ- 
ential equation. If y # 0, we can rewrite the equation in differential notation and 


integrate: 
dy 


je = | Pax 
y 
x? 


m|| =z +e 


wA 
= x dx 


y #0 


This equation defines y implicitly as a function of x. But in this case we can solve 
explicitly for y as follows: 


ly| = ently = e+e = efer'3 


c3 
so y = tee’ 


We can write the general solution in the form 


3/3 
y= Ae” 
: : Ẹ Cc 
where A is an arbitrary constant (A = e*, or A = —e*, or A = 0). | 
YA 6 
| TR i Hie aR A” econ, Vien a og Ca fae? Fe 
PEELS Aare SF LF OE op 
TEELT Z Ae Sap a y Areri 
bitki Aade LEVI 
EEEE T A a a ef E E 
EE A ay as ere a dae ae a 
LFA OP em eh a ee SF fF 
A AP AF 2 2 
EY, eee eee i I ee See a ee 
VN NNN SHS THK TSN NY 
TREKS eee RAH AN 
LCRA SS HS SRL AY VO 
TLAASSSSSeS ee ay OE 
ETENN SGS me a i a T O E 
Lote Vee a Se Sn il C 
Le S i i i a Se a A 
—6 

FIGURE 3 FIGURE 4 


EXAMPLE 4 In Section 9.2 we modeled the current I(¢) in the electric circuit shown 
in Figure 5 by the differential equation 


dl 
L— + RI = E(t) 
dt 


Find an expression for the current in a circuit where the resistance is 12 Q, the induc- 
tance is 4 H, a battery gives a constant voltage of 60 V, and the switch is turned on 
when ¢ = 0. What is the limiting value of the current? 


SOLUTION With L = 4, R = 12, and E(t) = 60, the equation becomes 


dI dI 
4— + 12/= — = 15- 3I 
P7 60 or p 2 =3 
and the initial-value problem is 
ee 1(0) = 0 
dt 
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Figure 6 shows how the solution in 
Example 4 (the current) approaches 
its limiting value. Comparison with 


We recognize this equation as being separable, and we solve it as follows: 
dl 
—— =} dt ls = 364 0 
[p-a] i ) 


—$in|15- 37) =t+ C 


Figure 9.2.10 shows that we were able SEO 
to draw a fairly accurate solution |15 = 31| = e” 
curve from the direction field. 


15 — 31 = te e = Ae! 


I=5 — }Ae™” 


Since /(0) = 0, we have 5 — A = 0, so A = 15 and the solution is 


Kt) = 5 — 5e* 
0 The limiting current, in amperes, is 
FIGURE 6 lim A(t) = lim (5 — 5e™™) = 5 — 5 lime * =5 -0=5 m 
t—>% tm tom 
E Orthogonal Trajectories 
An orthogonal trajectory of a family of curves is a curve that intersects each curve of 
the family orthogonally, that is, at right angles (see Figure 7). For instance, each mem- 
ber of the family y = mx of straight lines through the origin is an orthogonal trajectory 
of the family x? + y? = r?° of concentric circles with center the origin (see Figure 8). We 
say that the two families are orthogonal trajectories of each other. 
Sieh EXAMPLE 5 Find the orthogonal trajectories of the family of curves x = ky’, where k 
trajectory is an arbitrary constant. 

FIGURE 7 SOLUTION The curves x = ky” form a family of parabolas whose axis of symmetry is 
the x-axis. The first step is to find a single differential equation that is satisfied by all 
members of the family. If we differentiate x = ky’, we get 

YA 
d d 1 
l=2y2 o 2=— 
dx dx 2ky 
This differential equation depends on k, but we need an equation that is valid for all 
x values of k simultaneously. To eliminate k we note that, from the equation of the given 
general parabola x = ky?, we have k = x/y° and so the differential equation can be 
written as 
dy 1 1 dy y 
= = or = 
dx 2ky 2 x dx 2x 
FIGURE 8 y” 


This means that the slope of the tangent line at any point (x, y) on one of the parabolas 
is y’ = y/(2x). On an orthogonal trajectory the slope of the tangent line must be the 
negative reciprocal of this slope. Therefore the orthogonal trajectories must satisfy the 
differential equation 

Boa 


dx y 
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YA This differential equation is separable, and we solve it as follows: 


where C is an arbitrary positive constant. Thus the orthogonal trajectories are the 
family of ellipses given by Equation 4 and sketched in Figure 9. E 


FIGURE 9 Orthogonal trajectories occur in various branches of physics. For example, in an elec- 


trostatic field the lines of force are orthogonal to the lines of constant potential. Also, the 
streamlines in aerodynamics are orthogonal trajectories of the velocity-equipotential 
curves. 


E Mixing Problems 


A typical mixing problem involves a tank of fixed capacity containing a thoroughly 
mixed solution of some substance, such as salt. A solution of a given concentration enters 
the tank at a fixed rate and the mixture, thoroughly stirred, leaves at a fixed rate, which 
may differ from the entering rate. If y(t) denotes the amount of substance in the tank at 
time ft, then y(t) is the rate at which the substance is being added minus the rate at which 
it is being removed. The mathematical description of this situation often leads to a first- 
order separable differential equation. We can use the same type of reasoning to model a 
variety of phenomena: chemical reactions, discharge of pollutants into a lake, injection 
of a drug into the bloodstream. 


EXAMPLE6 A tank contains 20 kg of salt dissolved in 5000 L of water. Brine that 
contains 0.03 kg of salt per liter of water enters the tank at a rate of 25 L/min. The 
solution is kept thoroughly mixed and drains from the tank at the same rate. How much 
salt will there be in the tank after half an hour? 


SOLUTION Let y(t) be the amount of salt (in kilograms) after t minutes. We are given 
that y(0) = 20 and we want to find y(30). We do this by finding a differential equation 
satisfied by y(t). Note that dy/dt is the rate of change of the amount of salt, so 


d 
[5] = (rate in) — (rate out) 


where (rate in) is the rate at which salt enters the tank and (rate out) is the rate at which 
salt leaves the tank. We have 


3 kg L kg 
rate in = {| 0.03 25 — = 0.75 — 
L min min 


The tank always contains 5000 L of liquid, so the concentration at time t is y(t)/5000 
(measured in kilograms per liter). Since the brine flows out at a rate of 25 L/min, we 


have 
rate out = y(t) ke 25 z = y) kg 
5000 L min 200 min 
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Thus, from Equation 5, we get 


y(t) _ 150 — y(t) 


200 200 


Solving this separable differential equation, we obtain 


Figure 10 shows the graph of the 
function y(t) of Example 6. Notice 
that, as time goes by, the amount of 
salt approaches 150 kg. 


| dy p dt 
150 — y 200 


o= =e 


200 


Since y(0) = 20, we have —In 130 = C, so 


YA t 
—In| 150 — y| = —— — ln 130 
150 | 1 = 309 
ee Therefore | 150 — y| = 1307% 
Since y(t) is continuous and y(0) = 20, and the right side is never 0, we deduce that 
50+ 150 — y(t) is always positive. Thus | 150 — y| = 150 — y and so 
y(t) = 150 — 130e7/ 
t + > 
200 a00 ‘The amount of salt after 30 min is 
FIGURE 10 y(30) = 150 — 130e% = 38.1 kg a 
9.3 | Exercises 
1-12 Solve the differential equation. du 2t + sect 
17. = , u(0) = —5 
dy : dy x dt 2u 
1. = = 3x’y 2, == 
dx dx y 2 dy 
@ -yve +1 g7. OS 
d 
3 Say 4. xy'=y+3 
dx 19. xInx=y(1+ y3 +y?) y, y)=1 
5. xyy =x +1 6. y +xe=0 ds. Meta 
20. — = , y(0) = -1 
y , dy 2 dx y 
7. (e — l)y’ = 2 + cosx 8. — = 2x(y° + 1) á 
dx 
dp 7 a dz AO 21. Find an equation of the curve that passes through the point 
9. dt p= pirt 1 10. dt se ia (0, 2) and whose slope at (x, y) is x/y. 
dö. tsecð dH REJS FR 22. Find the function f such that f'(x) = xf (x) — x and 
= z 12. = 
d dR nH f0) =2. 


13-20 Find the solution of the differential equation that satisfies 
the given initial condition. 


d dP 
13. Doo y0) = 0 14. —=j/Pt, P(1)=2 
dx dt 
dA A 3 
15. —— = Ab’ cos br, A(0)=b 
dr 
16. x’y' =ksecy, y(1) = 7/6 


23. 


24. 


25. 


Solve the differential equation y’ = x + y by making the 
change of variable u = x + y. 


Solve the differential equation xy’ = y + xe” by making the 
change of variable v = y/x. 
(a) Solve the differential equation y’ = 2xV1 — y?. 
(b) Solve the initial-value problem y’ = 2x41 — y?, 
y(0) = 0, and graph the solution. 
(c) Does the initial-value problem y’ = 2x./1 — y?, 
y(0) = 2, have a solution? Explain. 
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26. Solve the differential equation ey’ + cos x = 0 and graph 
several members of the family of solutions. How does the 
solution curve change as the constant C varies? 


27. Solve the initial-value problem y’ = (sin x)/sin y, 
y(0) = 7/2, and graph the (implicitly defined) solution. 


FM 28. Solve the differential equation y’ = x./x? + 1/(ye”) and 
graph several members of the family of (implicitly defined) 
solutions. How does the solution curve change as the constant 
C varies? 


29-30 


(a) Use a computer to draw a direction field for the differential 
equation. Get a printout and use it to sketch some solution 
curves without solving the differential equation. 

(b) Solve the differential equation. 

(c) Graph several members of the family of solutions obtained 
in part (b). Compare with the curves from part (a). 


29. y = y? 30. y'= xy 


31-34 Find the orthogonal trajectories of the family of curves. 
Graph several members of each family on a common screen. 


@ yk 32. y? = kx? 
myi 34. y= — 
rE oro FE 


35-37 Integral Equations An integral equation is an equation 
that contains an unknown function y(x) and an integral that 
involves y(x). Solve the given integral equation. [Hint: Use an 
initial condition obtained from the integral equation.] 


35. y(x) =2 + | [t — ty(t)] dt 


f dt 


36. y(x) =2 + Ji ty(t)’ 


37. y(x) =4 + i 2tyy (t) dt 


38. Find a function f such that f(3) = 2 and 
7+ Df) +[fH)?+1=0 t#1 


[Hint: Use the addition formula for tan(x + y) on Reference 
Page 2.] 


39. Solve the initial-value problem in Exercise 9.2.27 to find an 
expression for the charge at time t. Find the limiting value of 
the charge. 


40. In Exercise 9.2.28 we discussed a differential equation that 
models the temperature of a 95°C cup of coffee in a 20°C 
room. Solve the differential equation to find an expression for 
the temperature of the coffee at time t. 
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41. In Exercise 9.1.27 we formulated a model for learning in the 
form of the differential equation 
dP 
— =kM-P 
an ) 
where P(t) measures the performance of someone learning a 
skill after a training time t, M is the maximum level of per- 
formance, and k is a positive constant. Solve this differential 
equation to find an expression for P(t). What is the limit of 
this expression? 


42. In an elementary chemical reaction, single molecules of 
two reactants A and B form a molecule of the product C: 
A + B —> C. The law of mass action states that the rate of 
reaction is proportional to the product of the concentrations 
of A and B: 
d{C] 


7 RAI) 


(See Example 3.7.4.) Thus, if the initial concentrations are 
[A] = a moles/L and [B] = b moles/L and we write x = [C], 
then we have 

dx 

dt 


k(a — x)(b — x) 


(a) Assuming that a # b, find x as a function of t. Use the 
fact that the initial concentration of C is 0. 

(b) Find x(t) assuming that a = b. How does this expres- 
sion for x(t) simplify if it is known that [C] = ża after 
20 seconds? 


43. In contrast to the situation of Exercise 42, experiments show 
that the reaction Hə + Br, — 2HBr satisfies the rate law 


d|HBr| 
dt 


T k{H2][Bro]'” 
and so for this reaction the differential equation becomes 


d ba 
* Z k(a = ab = x)? 
dt 


where x = [HBr] and a and b are the initial concentrations of 

hydrogen and bromine. 

(a) Find x as a function of ż in the case where a = b. Use the 
fact that x(0) = 0. 

(b) If a > b, find t as a function of x. 


[ Hint: In performing the integration, make the substitu- 
tion u = yb — x.| 


44. A sphere with radius 1 m has temperature 15°C. It lies inside 
a concentric sphere with radius 2 m and temperature 25°C. 
The temperature T(r) at a distance r from the common center 
of the spheres satisfies the differential equation 


aT 2 dT 
4 = 
dr’ r dr 


If we let S = dT/dr, then S satisfies a first-order differential 
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45 


46. 


47. 


48. 


49 


50. 


CHAPTER 9 Differential Equations 


equation. Solve it to find an expression for the temperature 
T(r) between the spheres. 


A glucose solution is administered intravenously into the 

bloodstream at a constant rate r. As the glucose is added, it is 

converted into other substances and removed from the blood- 
stream at a rate that is proportional to the concentration at 
that time. Thus a model for the concentration C = C(t) of the 
glucose solution in the bloodstream is 

dC 

u r— kC 

where k is a positive constant. 

(a) Suppose that the concentration at time t = 0 is Co. 
Determine the concentration at any time t by solving the 
differential equation. 

(b) Assuming that Cy < r/k, find lim, —- C(t) and interpret 
your answer. 


A certain small country has $10 billion in paper currency in 
circulation, and each day $50 million comes into the coun- 
try’s banks. The government decides to introduce new cur- 
rency by having the banks replace old bills with new ones 
whenever old currency comes into the banks. Let x = x(t) 
denote the amount of new currency in circulation at time f, 
with x(0) = 0. 

(a) Formulate a mathematical model in the form of an 
initial-value problem that represents the “flow” of the 
new currency into circulation. 

(b) Solve the initial-value problem found in part (a). 

(c) How long will it take for the new bills to account for 90% 
of the currency in circulation? 


A tank contains 1000 L of brine with 15 kg of dissolved salt. 
Pure water enters the tank at a rate of 10 L/min. The solution 
is kept thoroughly mixed and drains from the tank at the 
same rate. How much salt is in the tank (a) after t minutes 
and (b) after 20 minutes? 


The air in a room with volume 180 m° contains 0.15% carbon 
dioxide initially. Fresher air with only 0.05% carbon dioxide 
flows into the room at a rate of 2 m/min and the mixed air 
flows out at the same rate. Find the percentage of carbon 
dioxide in the room as a function of time. What happens in 
the long run? 


A vat with 500 gallons of beer contains 4% alcohol (by vol- 
ume). Beer with 6% alcohol is pumped into the vat at a rate 
of 5 gal/min and the mixture is pumped out at the same rate. 
What is the percentage of alcohol after an hour? 


A tank contains 1000 L of pure water. Brine that contains 
0.05 kg of salt per liter of water enters the tank at a rate of 

5 L/min. Brine that contains 0.04 kg of salt per liter of water 
enters the tank at a rate of 10 L/min. The solution is kept 
thoroughly mixed and drains from the tank at a rate of 

15 L/min. How much salt is in the tank (a) after t minutes 
and (b) after one hour? 


51. 


52. 


53 


54. 


Terminal Velocity When a raindrop falls, it increases in size 
and so its mass at time ¢ is a function of t, namely, m(t). The 
rate of growth of the mass is km(t) for some positive constant 
k. When we apply Newton’s Law of Motion to the raindrop, 
we get (mv)' = gm, where v is the velocity of the raindrop 
(directed downward) and g is the acceleration due to gravity. 
The terminal velocity of the raindrop is lim,» v(t). Find an 
expression for the terminal velocity in terms of g and k. 


An object of mass m is moving horizontally through a 
medium which resists the motion with a force that is a func- 
tion of the velocity; that is, 


d’s dv 


ey fo 


m 
where v = v(t) and s = s(t) represent the velocity and posi- 
tion of the object at time ¢, respectively. For example, think of 
a boat moving through the water. 

(a) Suppose that the resisting force is proportional to the 
velocity, that is, f(v) = —kv, k a positive constant. (This 
model is appropriate for small values of v.) Let v(0) = vo 
and s(0) = so be the initial values of v and s. Determine v 
and s at any time ft. What is the total distance that the 
object travels from time t = 0? 

(b) For larger values of v a better model is obtained by 
supposing that the resisting force is proportional to the 
square of the velocity, that is, f(v) = —kv*, k > 0. (This 
model was first proposed by Newton.) Let vo and so be the 
initial values of v and s. Determine v and s at any time t. 
What is the total distance that the object travels in this 
case? 


Allometric Growth In biology, allometric growth refers to 
relationships between sizes of parts of an organism (skull 
length and body length, for instance). If L;(t) and L(t) are 
the sizes of two organs in an organism of age t, then L, and L, 
satisfy an allometric law if their specific growth rates are 
proportional: 


1 dL, 1 dL, 
Lı dt Lı dt 


where k is a constant. 

(a) Use the allometric law to write a differential equation 
relating Lı and L, and solve it to express L, as a function 
of Lo. 

(b) Ina study of several species of unicellular algae, the 
proportionality constant in the allometric law relating B 
(cell biomass) and V (cell volume) was found to be 
k = 0.0794. Write B as a function of V. 


A model for tumor growth is given by the Gompertz 
equation 

A (lnb — In V)V 

q aha n 


where a and b are positive constants and V is the volume of 
the tumor measured in mm* 
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(a) Find a family of solutions for tumor volume as a func- 
tion of time. 

(b) Find the solution that has an initial tumor volume of 
V(0) = 1 mm? 


Let A(t) be the area of a tissue culture at time ¢ and let M be 

the final area of the tissue when growth is complete. Most 

cell divisions occur on the periphery of the tissue and the 

number of cells on the periphery is proportional to VA(t). 

So a reasonable model for the growth of tissue is obtained 

by assuming that the rate of growth of the area is jointly 

proportional to VA(t) and M — A(t). 

(a) Formulate a differential equation and use it to show that 
the tissue grows fastest when A(t) = iM A 

(b) Solve the differential equation to find an expression for 
A(t). Use a computer to perform the integration. 


Sea Ice Many factors influence the formation and growth of 
sea ice. In this exercise we develop a simplified model that 
describes how the thickness of sea ice is affected over time 
by the temperatures of the air and ocean water. As we com- 
mented in Section 1.2, a good model simplifies reality 
enough to permit mathematical calculations but is accurate 
enough to provide valuable conclusions. 

Consider a column of air/ice/water as shown in the fig- 
ure. Let’s assume that the temperature T, (in °C) at the 
ice/air interface is constant (with T, below the freezing 
point of the ocean water) and that the temperature T„ at 
the ice/water interface also remains constant (where T, is 
greater than the water’s freezing point). 


air 


Heat escapes 
through the ice 


' 


Thin layer A 
of water 

freezes as 

heat escapes 


ice 


water 


Energy transfers upward through the ice from the warmer 
seawater to the colder air in the form of heat Q, measured in 
joules (J). By Fourier’s law of heat conduction, the rate of 
heat transfer dQ /dt satisfies the differential equation 

dQ kA 


— (Ta — T, 
dt h ( ) 
where k is a constant called the thermal conductivity of the 
ice, A is the (horizontal) cross-sectional area (in m°) of the 


column, and A is the ice thickness (in m). 


57 
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(a) The loss of a small amount of heat AQ from the 
seawater causes a thin layer of thickness Ah of water at 
the ice/water interface to freeze. The mass density D 
(measured in kg/m*) of seawater varies with tempera- 
ture, but at the interface we can assume that the 
temperature is constant (near 0°C) and hence D is 
constant. Let L be the latent heat of seawater, defined 
as the amount of heat loss required to freeze 1 kg of 
the water. Show that Ah ~ (1/LAD)AQ and hence 


dh 1 


dQ LAD 


(b) 


Use the Chain Rule to write the differential equation 


dhL k OTT) 
dt LDh`” ‘ 


and explain why this equation predicts the fact that thin 
ice grows more rapidly than thick ice, and thus a crack 
in ice tends to “heal” and the thickness of an ice field 
tends to become uniform over time. 

If the thickness of the ice at time t = 0 is họ, finda 
model for the ice thickness at any time t by solving the 
differential equation in part (b). 


(c) 


Source: Adapted from M. Freiberger, “Maths and Climate Change: The 
Melting Arctic,” Plus (2008): http://plus.maths.org/content/maths-and- 
climate-change-melting-arctic. Accessed March 9, 2019. 


Escape Velocity According to Newton’s Law of Universal 
Gravitation, the gravitational force on an object of mass m 
that has been projected vertically upward from the earth’s 
surface is 


_ mgR? 
(x + RP? 


where x = x(t) is the object’s distance above the sur- 
face at time t, R is the earth’s radius, and g is the accel- 
eration due to gravity. Also, by Newton’s Second Law, 
F = ma = m(dv/dt) and so 


(a) Suppose a rocket is fired vertically upward with an 
initial velocity vo. Let h be the maximum height above 
the surface reached by the object. Show that 


[Hint: By the Chain Rule, m (dv/dt) = mv (dv/dx).] 

(b) Calculate ve = lim;—. vo. This limit is called the escape 
velocity for the earth. (Another method of finding 
escape velocity is given in Exercise 7.8.77.) 

(c) Use R = 3960 mi and g = 32 ft/s’ to calculate », in 
feet per second and in miles per second. 
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APPLIED PROJECT | HOW FAST DOES A TANK DRAIN? 


If water (or other liquid) drains from a tank, we expect that the flow will be greatest at first 
(when the water depth is greatest) and will gradually decrease as the water level decreases. But 
we need a more precise mathematical description of how the flow decreases in order to answer 
the kinds of questions that engineers ask: How long does it take for a tank to drain completely? 
How much water should a tank hold in order to guarantee a certain minimum water pressure 
for a sprinkler system? 

Let A(t) and V(t) be the height and volume of water in a tank at time t. If water drains 
through a hole with area a at the bottom of the tank, then Torricelli’s Law says that 


m] X = ~aV2gh 


where g is the acceleration due to gravity. So the rate at which water flows from the tank is 
proportional to the square root of the water height. 


1. (a) Suppose the tank is cylindrical with height 6 ft and radius 2 ft and the hole is circular 
with radius 1 inch. If we take g = 32 ft/s”, show that h satisfies the differential 
equation 


(b) Solve this equation to find the height of the water at time t, assuming the tank is full at 
time t = 0. 
(c) How long will it take for the water to drain completely? 


Problem 2(b) is best done as a 2. Because of the rotation and viscosity of the liquid, the theoretical model given by Equa- 
classroom demonstration or as a tion 1 isn’t quite accurate. Instead, the model 


group project with three students dh 
in each group: a timekeeper to call [2] —=kfh 
out seconds, a bottle keeper to dt 
estimate the height every 10 sec- 
onds, and a recordkeeper to record 
these values. 


is often used and the constant k (which depends on the physical properties of the liquid) is 

determined from data concerning the draining of the tank. 

(a) Suppose that a hole is drilled in the side of a cylindrical bottle and the height h of the 
water (above the hole) decreases from 10 cm to 3 cm in 68 seconds. Use Equation 2 to 
find an expression for h(t). Evaluate h(t) for t = 10, 20, 30, 40, 50, 60. 

(b) Drill a 4-mm hole near the bottom of the cylindrical part of a two-liter plastic soft- 
drink bottle. Attach a strip of masking tape marked in centimeters from 0 to 10, with 0 
corresponding to the top of the hole. With one finger over the hole, fill the bottle with 
water to the 10-cm mark. Then take your finger off the hole and record the values of 
h(t) for t = 10, 20, 30, 40, 50, 60 seconds. (You will probably find that it takes 68 sec- 
onds for the level to decrease to h = 3 cm.) Compare your data with the values of A(t) 
from part (a). How well did the model predict the actual values? 


3. In many parts of the world, the water for sprinkler systems in large hotels and hospitals is 
supplied by gravity from cylindrical tanks on or near the roofs of the buildings. Suppose 
such a tank has radius 10 ft and the diameter of the outlet is 2.5 inches. An engineer has to 
guarantee that the water pressure at the tank outlet will be at least 2160 Ib/ft* for a period 
of 10 minutes. (When a fire happens, the electrical system might fail and it could take up 
to 10 minutes for the emergency generator and fire pump to be activated.) How tall should 
the engineer specify the tank to be in order to make such a guarantee? (Use the fact that 


© Richard Le Borne, Dept. Mathematics, $ 3 h 
Tennessee Technological University the water pressure at a depth of d feet is P = 62.5d lb/ft”. See Section 8.3.) 
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4. Not all water tanks are shaped like cylinders. Suppose a tank has cross-sectional area 
A(h) at height h. Then the volume of water up to height his V = Ji Alu) du and so the 
Fundamental Theorem of Calculus gives dV/dh = A(h). It follows that 


dV dV dh 
dt dh dt 


dh 
A(h 
(h) i 
and so Torricelli’s Law becomes 


dh 


—a/2gh 


(a) Suppose the tank has the shape of a sphere with radius 2 m and is initially half full of 
water. If the radius of the circular hole is 1 cm and we take g = 10 m/s’, show that h 
satisfies the differential equation 


ay Cle 
(4h — k’) cia —0.0001 20h 


(b) How long will it take for the water to drain completely? 


9.4 | Models for Population Growth 


In Section 9.1 we developed two differential equations that describe population growth. 
In this section we further investigate these equations and use the techniques of Sec- 
tion 9.3 to obtain explicit models for a population. 


E The Law of Natural Growth 


One of the models for population growth that we considered in Section 9.1 was based 
on the assumption that the population grows at a rate proportional to the size of the 
population: 

dP 

— = kP 

dt 
Is that a reasonable assumption? Suppose we have a population (of bacteria, for instance) 
with size P = 1000 and at a certain time it is growing at a rate of P’ = 300 bacteria per 
hour. Now let’s take another 1000 bacteria of the same type and put them with the first 
population. Each half of the combined population was previously growing at a rate of 
300 bacteria per hour. We would expect the total population of 2000 to increase at a rate 
of 600 bacteria per hour initially (provided there’s enough room and nutrition). So if we 
double the size, we double the growth rate. It seems reasonable that the growth rate 
should be proportional to the size. 

In general, if P(t) is the value of a quantity y at time ¢ and if the rate of change of P 

with respect to ¢ is proportional to its size P(t) at any time, then 


dP 
1] — = kP 
dt 


where k is a constant. Equation 1 is sometimes called the law of natural growth. If k is 
positive, then the population increases; if k is negative, it decreases. 
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Because Equation | is a separable differential equation, we can solve it by the meth- 
ods of Section 9.3: 


Ejea 


In| P| =kt+C 
| P| = ek* = efe" 


P= Ae" 


where A (= +e“ or 0) is an arbitrary constant. To see the significance of the constant A, 
we observe that 
P(0) = Ae*°=A 


Therefore A is the initial value of the function. 


[2] The solution of the initial-value problem 


Examples and exercises on the use dP 
of (2) are given in Section 3.8. dt = kP PO) = Po 


P(t) = Poe" 


Another way of writing Equation | is 


dP/dt 
jdt _ 
P 


which says that the relative growth rate (the growth rate divided by the population size; 
see Section 3.8) is constant. Then (2) says that a population with constant relative growth 
rate must grow exponentially. 

We can account for emigration (or “harvesting”) from a population by modifying 
Equation 1: if the rate of emigration is a constant m, then the rate of change of the popu- 
lation is modeled by the differential equation 


[3] —=kP-m 
dt 
See Exercise 17 for the solution and consequences of Equation 3. 


E The Logistic Model 


As we discussed in Section 9.1, a population often increases exponentially in its early 
stages but levels off eventually and approaches its carrying capacity because of limited 
resources. If P(t) is the size of the population at time t, we assume that 


dP aoe 
— = kP if P is small 
dt 


This says that the growth rate is initially close to being proportional to size. In other 
words, the relative growth rate is almost constant when the population is small. But we 
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also want to reflect the fact that the relative growth rate decreases as the population P 
increases and becomes negative if P ever exceeds its carrying capacity M, the maxi- 
mum population that the environment is capable of sustaining in the long run. The sim- 
plest expression for the relative growth rate that incorporates these assumptions is 


dPldt ( z) 
=k 1 
P M 


Multiplying by P, we obtain the model for population growth known as the logistic dif- 
ferential equation, which we first saw in Section 9.1: 


[4] Zoef z) 


Notice from Equation 4 that if P is small compared with M, then P/M is close to 0 and 
so dP/dt ~ kP. However, if P — M (the population approaches its carrying capacity), 
then P/M — 1, so dP/dt — 0. We can deduce information about whether solutions 
increase or decrease directly from Equation 4. If the population P lies between 0 and M, 
then the right side of the equation is positive, so dP/dt > 0 and the population increases. 
But if the population exceeds the carrying capacity (P > M), then 1 — P/M is negative, 
so dP/dt < 0 and the population decreases. 

Let’s start our more detailed analysis of the logistic differential equation by looking 
at a direction field. 


EXAMPLE 1 Draw a direction field for the logistic equation with k = 0.08 and 
carrying capacity M = 1000. What can you deduce about the solutions? 


SOLUTION In this case the logistic differential equation is 


dP P 
— = 0.08P| 1 - —— 
dt 1000 


A direction field for this equation is shown in Figure 1. We show only the first quadrant 
because negative populations aren’t meaningful and here we are interested only in what 
happens after t = 0. 


VANS S544) | A 


VASA SA eee 
SPVANASAA YY I eee 


CNES ere 
SrA A yes 
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EANNAN SIAN fee 


BIPAAWNek  Lvee 


FIGURE 1 
Direction field for the logistic 
equation in Example 1 


=y 
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FIGURE 2 
Solution curves for the logistic 
equation in Example 1 


The logistic equation is autonomous (dP/dt depends only on P, not on f), so the 
slopes are the same along any horizontal line. As expected, the slopes are positive for 


0 < P < 1000 and negative for P > 1000. 


The slopes are small when P is close to 0 or 1000 (the carrying capacity). Notice 
that the solutions move away from the equilibrium solution P = 0 and move toward the 


equilibrium solution P = 1000. 


In Figure 2 we use the direction field to sketch solution curves with initial popula- 
tions P(0) = 100, P(0) = 400, and P(0) = 1300. Notice that solution curves that start 
below P = 1000 are increasing and those that start above P = 1000 are decreasing. 
The slopes are greatest when P ~ 500 and therefore the solution curves that start below 
P = 1000 have inflection points when P ~ 500. In fact we can prove that all solution 
curves that start below P = 500 have an inflection point when P is exactly 500. (See 


Exercise 13.) 
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So 


The logistic equation (4) is separable and so we can solve 


method of Section 9.3. Since 


dP ( z) 
=kP\ 1 
dt M 
we have 


dP 
H la-m 7S 


To evaluate the integral on the left side, we write 


1 = M 
PO — P/M) P(M — P) 


Using partial fractions (see Section 7.4), we get 


M 1 1 
=— + 
P(M-P) P M-P 


This enables us to rewrite Equation 5: 


[ (E+ ata) e fea 


In| P| = h|M=P|H=e+ Cc 


SI VANNSAGA 7 2- 


y 


it explicitly using the 
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M-P 
ln = —kt — C 
P 
M-P = gE = p Cph 
P 
M-P 


[6] == Ae ™ 


where A = +e “© Solving Equation 6 for P, we get 


M yk pe 5 Pa o 
P M  1+Ae™ 
B M 
= ~ 1+ Ae* 


We find the value of A by putting t = 0 in Equation 6. If t = 0, then P = Po (the initial 
population), so 
M-P 
Po 


2 = Ae? =A 


Thus the solution to the logistic equation is 


M M — Po 
7 P(t) = ———_ hi A = —— 
[7] () = Where = 


Using the expression for P(t) in Equation 7, we see that 


lim P(t) = M 


tm 


which is to be expected. 


EXAMPLE 2 Write the solution of the initial-value problem 


aP = 0.08P i P(0) = 100 
f 1000 


dt 
and use it to find the population sizes P(40) and P(80). At what time does the popula- 
tion reach 900? 


SOLUTION The differential equation is a logistic equation with k = 0.08, carrying 
capacity M = 1000, and initial population Pp = 100. So Equation 7 gives the popula- 
tion at time f as 


1000 1000 — 100 
A) = rr where A = =9 
1 + Ae 100 
1000 
Thus P(t) = 14 ge 
So the population sizes when t = 40 and t = 80 are 
P(40) = = 731.6 P(80) = ee 985.3 
1 + 0e 3? j 1 + Oe 64 : 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


636 CHAPTER 9 Differential Equations 


The population reaches 900 when 


1000 _ 
1 + 9e~ 008" = 900 
Compare the solution curve in Fig- 
ure 3 with the lowest solution curve Solving this equation for t, we get 
we drew from the direction field in ini 10 
; 1+ 960" = 
Figure 2. 9 
~0.08 _ 1 
1000 en =e 


0.084 = Ing; = —In81 


p- 1000 _ 0.08 
1+ Oe 9-088 


So the population reaches 900 when ft is approximately 55. As a check on our work, we 
graph the population curve in Figure 3 and observe that it intersects the line P = 900 
FIGURE 3 att = 55. a 


0 


E Comparison of the Natural Growth and Logistic Models 


In the 1930s the biologist G. F. Gause conducted an experiment with the protozoan Para- 
mecium and used a logistic equation to model his data. The table gives his daily count of 
the population of protozoa. He estimated the initial relative growth rate to be 0.7944 and 
the carrying capacity to be 64. 


t (days) 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 


P (observed) 2 3 22 16 39 52 54 47 50 76 69 51 57 70 53 59 57 


EXAMPLE 3 Find the exponential and logistic models for Gause’s data. Compare the 
predicted values with the observed values and comment on the fit for each model. 


SOLUTION Given the relative growth rate k = 0.7944 and the initial population 
Po = 2, the exponential model is 


P(t) = Poe = 2e? 


Gause used the same value of k for his logistic model. [This is reasonable because 
Po = 2 is small compared with the carrying capacity (M = 64). The equation 


2 
=k{1 =k 
1=0 ( 2) 


shows that the value of k for the logistic model is very close to the value for the 
exponential model.] 
Then the solution of the logistic equation, given in Equation 7, is 


M è 6 


1 dP 
Po dt 


P — 
W 1+ Ae™ 1 + Aet 
M-P 64-2 
where A= un = 31 
Po 2 
64 
So PUS 


1 + 31e 0 
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We use these equations to calculate the predicted values (rounded to the nearest integer) 
and compare them in the following table. 


t (days) 0 1 2 3 4 =) 6 7 8 9 10 | 11 12 | 13 14 | 15 16 
P (observed) 2 3 22 | 16 | 39 | 52 | 54 | 47 | 50 | 76 | 69 | 51 | 57 | 70 | 53 | 59 | 57 
P (logistic model) 2 4 9 17 | 28 | 40 | 51 | 57 | 61 | 62 | 63 | 64 | 64 | 64 | 64 | 64 | 64 


P (exponential model) 2 4 


10 | 22 | 48 | 106 


FIGURE 4 
The exponential and logistic 
models for the Paramecium data 


Population 
Year (thousands) 
1960 94,092 
1965 98,883 
1970 104,345 
1975 111,573 
1980 116,807 
1985 120,754 
1990 123,537 
1995 125,327 
2000 126,776 
2005 127,715 
2010 127,579 
2015 126,920 


Source: U.S. Census Bureau / International 
Programs / International Data Base. Revised 
Sept. 18, 2018. Version data 18.0822. Code 
12.0321. 


FIGURE 5 
Logistic model for the 
population of Japan 


We observe from the table and from the graph in Figure 4 that for the first three or 
four days the exponential model gives results comparable to those of the more sophisti- 
cated logistic model. For t = 5, however, the exponential model is hopelessly inaccu- 
rate, but the logistic model fits the observations reasonably well. 


PA 


P= 2e0 7944 ° 


Many countries that formerly experienced exponential growth are now finding that 
their rates of population growth are declining and the logistic model provides a better 
model. The table in the margin shows midyear values of the population of Japan, in thou- 
sands, from 1960 to 2015. Figure 5 shows these data points, using t = 0 to represent 
1960, together with a shifted logistic function (obtained from a calculator with the ability 
to fit a logistic function to data points by regression; see Exercise 15). At first the data 
points appear to be following an exponential curve but overall a logistic function pro- 
vides a much more accurate model. 


PA (thousands) 


130,000 + 
120,000 + 

T 37,419 

P= 90,000 + — >*= — 

110,000 + au 1+ 6.56e°°!*" 
100,000 + 

Y 

+ + + + + ł > 
0 10 20 30 40 50 60 (years) 


Years since 1960 
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E Other Models for Population Growth 


The Law of Natural Growth and the logistic differential equation are not the only equa- 
tions that have been proposed to model population growth. In Exercise 22 we look at the 
Gompertz growth function and in Exercises 23 and 24 we investigate seasonal-growth 
models. 

Two additional models are modifications of the logistic model. The differential 


equation 
dP P 
= kP\ 1 c 
dt M 


has been used to model populations that are subject to harvesting of one sort or another. 
(Think of a population of fish being caught at a constant rate.) This equation is explored 
in Exercises 19 and 20. 

For some species there is a minimum population level m below which the species 
tends to become extinct. (Adults may not be able to find suitable mates.) Such popula- 
tions have been modeled by the differential equation 


dP P m 
= kP\ 1 1 
dt ( Fy n) 


where the extra factor, 1 — m/P, takes into account the consequences of a sparse popula- 
tion (see Exercise 21). 


Exercises 
1-2 A population grows according to the given logistic equation, PA 
where ¢ is measured in weeks. 0% SNS ANNAN ANNA SS 
(a) What is the carrying capacity? What is the value of k? eee ee ee ee ee 
(b) Write the solution of the equation. Be ce eee Re ee Are ey 
(c) What is the population after 10 weeks? ee ee ee 
a oe a ee the aoe isy one 
dt | 1200 J’ eee ee ee 
2,” = 0.02P — 0.0004P? P(0) = 40 | a an A 
sg i > PO = 0 20 40 60 í 
(c) Use the direction field to sketch solutions for initial 
3. Suppose that a population develops according to the logistic populations of 20, 40, 60, 80, 120, and 140. What do 


equation 


dP : 
7 7 0.05P = 0.0005P 


where f is measured in weeks. 

(a) What is the carrying capacity? What is the value of k? 

(b) A direction field for this equation is shown. Where 
are the slopes close to 0? Where are they largest? 
Which solutions are increasing? Which solutions are 
decreasing? 


(T) 4. 


these solutions have in common? How do they differ? 
Which solutions have inflection points? At what popu- 
lation levels do they occur? 

(d) What are the equilibrium solutions? How are the other 
solutions related to these solutions? 


Suppose that a population grows according to a logistic 
model with carrying capacity 6000 and k = 0.0015 per year. 
(a) Write the logistic differential equation for these values. 
(b) Draw a direction field (either by hand or with a com- 
puter). What does it tell you about the solution curves? 
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(c) Use the direction field to sketch the solution curves for 
initial populations of 1000, 2000, 4000, and 8000. What 
can you say about the concavity of these curves? What is 
the significance of the inflection points? 

(d) Program a calculator or computer to use Euler’s method 
with step size h = 1 to estimate the population after 
50 years if the initial population is 1000. 

(e) If the initial population is 1000, write a formula for the 
population after t years. Use it to find the population after 
50 years and compare with your estimate in part (d). 

(£) Graph the solution in part (e) and compare with the 
solution curve you sketched in part (c). 


. The Pacific halibut fishery has been modeled by the differen- 


tial equation 
dy y 
dt 7 ( M ) 


where y(t) is the biomass (the total mass of the members of 
the population) in kilograms at time ¢ (measured in years), 
the carrying capacity is estimated to be M = 8 X 10’ kg, and 
k = 0.71 per year. 
(a) If y(0) = 2 X 10’ kg, find the biomass a year later. 
(b) How long will it take for the biomass to reach 

4 X 10’kg? 


. Suppose a population P(t) satisfies 


dP , 
— = 0.4P — 0.001 P? 


P(0) = 50 
= (0) 


where t is measured in years. 

(a) What is the carrying capacity? 

(b) What is P’(0)? 

(c) When will the population reach 50% of the carrying 
capacity? 


. Suppose a population grows according to a logistic model 
with initial population 1000 and carrying capacity 10,000. If 
the population grows to 2500 after one year, what will the 
population be after another three years? 


. The table gives the number of yeast cells in a new laboratory 
culture. 


Time (hours) | Yeast cells || Time (hours) | Yeast cells 
0 18 10 509 
2 39 12 597 
4 80 14 640 
6 171 16 664 
8 336 18 672 


(a) Plot the data and use the plot to estimate the carrying 
capacity for the yeast population. 

(b) Use the data to estimate the initial relative growth rate. 

(c) Find both an exponential model and a logistic model for 
these data. 


10. 


11. 


12. 


13. 


SECTION 9.4 Models for Population Growth 639 


(d) For each model, compare the predicted values with the 
observed values, both in a table and with graphs. 
Comment on how well your models fit the data. 

(e) Use your logistic model to estimate the number of yeast 
cells after 7 hours. 


. The population of the world was about 6.1 billion in 2000. 


Birth rates around that time ranged from 35 to 40 million per 
year and death rates ranged from 15 to 20 million per year. 
Let’s assume that the carrying capacity for world population 
is 20 billion. 

(a) Write the logistic differential equation for these data. 
(Because the initial population is small compared to the 
carrying capacity, you can take k to be an estimate of 
the initial relative growth rate.) 

(b) Use the logistic model to estimate the world population 
in the year 2010 and compare with the actual population 
of 6.9 billion. 

(c) Use the logistic model to predict the world population in 
the years 2100 and 2500. 


(a) Assume that the carrying capacity for the US population 
is 800 million. Use it and the fact that the population was 
282 million in 2000 to formulate a logistic model for the 
US population. 

(b) Determine the value of k in your model by using the 
fact that the population in 2010 was 309 million. 

(c) Use your model to predict the US population in the 
years 2100 and 2200. 

(d) Use your model to predict the year in which the 
US population will exceed 500 million. 


One model for the spread of a rumor is that the rate of spread 

is proportional to the product of the fraction y of the popula- 

tion who have heard the rumor and the fraction who have not 

heard the rumor. 

(a) Write a differential equation that is satisfied by y. 

(b) Solve the differential equation. 

(c) A small town has 1000 inhabitants. At 8 am, 80 people 
have heard a rumor. By noon half the town has heard it. 
At what time will 90% of the population have heard the 
rumor? 


Biologists stocked a lake with 400 fish and estimated the 
carrying capacity (the maximal population for the fish of that 
species in that lake) to be 10,000. The number of fish tripled 
in the first year. 

(a) Assuming that the size of the fish population satisfies the 
logistic equation, find an expression for the size of the 
population after t years. 

(b) How long will it take for the population to increase 
to 5000? 


(a) Show that if P satisfies the logistic equation (4), then 


dP.» P 2P 
— = k*p| 1 1 
dt“ M M 


(b) Deduce that a population grows fastest when it reaches 
half its carrying capacity. 
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14 


(T]15. 


[T] 16. 


CHAPTER 9 Differential Equations 


. For a fixed value of M (say M = 10), the family of logistic 


functions given by Equation 7 depends on the initial value 
Po and the proportionality constant k. Graph several mem- 
bers of this family. How does the graph change when Po 
varies? How does it change when k varies? 


A Shifted Logistic Model The table gives the midyear popu- 
lation P of Trinidad and Tobago, in thousands, from 1970 
to 2015. 


Population Population 
Year (thousands) Year (thousands) 
1970 955 1995 1264 
1975 1007 2000 1252 
1980 1091 2005 1237 
1985 1189 2010 1227 
1990 1255 2015 1222 


Source: US Census Bureau / International Programs / International Data 
Base. Revised Sept. 18, 2018. Version data 18.0822. Code 12.0321. 


(a) Make a scatter plot of these data. Choose t = 0 to 
correspond to the year 1970. 

(b) From the scatter plot, it appears that a logistic model 
might be appropriate if we first shift the data points 
downward (so that the initial P-values are closer 
to 0). Subtract 900 from each value of P. Then use a 
calculator or computer to obtain a logistic model for 
the shifted data. 

(c) Add 900 to your model from part (b) to obtain a shifted 
logistic model for the original data. Graph the model 
with the data points from part (a) and comment on the 
accuracy of the model. 

(d) If the model remains accurate, what do you predict for 
the future population of Trinidad and Tobago? 


The table gives the number of active Twitter users world- 
wide, semiannually from 2010 to 2016. 


Years since | Twitter users Years since | Twitter users 
January 1, 2010| (millions) || January 1, 2010] (millions) 
0 30 3.5 232 
0.5 49 4.0 255 
1.0 68 4.5 284 
15 101 5.0 302 
2.0 138 5.5 307 
23 167 6.0 310 
3.0 204 6.5 317 
Source: www.statistica.com/statistics/282087/number-of-monthly-active-twitter- 
users/. Accessed March 9, 2019. 


Use a calculator or computer to fit both an exponential func- 
tion and a logistic function to these data. Graph the data 
points and both functions, and comment on the accuracy of 
the models. 


17. 


18. 


(T]19. 


Consider a population P = P(t) with constant relative birth 
and death rates a and ß, respectively, and a constant emi- 
gration rate m, where a, B, and m are positive constants. 
Assume that a > ß. Then the rate of change of the popula- 
tion at time ¢ is modeled by the differential equation 


where k = a — B 


(a) Find the solution of this equation that satisfies the initial 
condition P(O) = Po. 

What condition on m will lead to an exponential 
expansion of the population? 

What condition on m will result in a constant popula- 
tion? A population decline? 

In 1847, the population of Ireland was about 8 million 
and the difference between the relative birth and death 
rates was 1.6% of the population. Because of the potato 
famine in the 1840s and 1850s, about 210,000 inhabi- 
tants per year emigrated from Ireland. Was the popu- 
lation expanding or declining at that time? 


(b) 
(c) 


(d) 


Doomsday Equation Let c be a positive number. A differ- 
ential equation of the form 


dy 


k lg 
dt y 


where k is a positive constant, is called a doomsday equa- 

tion because the exponent in the expression ky'* is larger 

than the exponent 1 for natural growth. 

(a) Determine the solution that satisfies the initial condi- 
tion y(0) = yo. 

(b) Show that there is a finite time t = T (doomsday) such 
that lim,.7-y(t) = ©. 

(c) An especially prolific breed of rabbits has the growth 
term ky'°!. If 2 such rabbits breed initially and the 
warren has 16 rabbits after three months, then when is 
doomsday? 


Let’s modify the logistic differential equation of 
Example 1 as follows: 


dP = 0.08P ise = = 15 
dt i 1000 


(a) Suppose P(t) represents a fish population at time t, 
where ¢ is measured in weeks. Explain the meaning of 
the final term in the equation (— 15). 

Draw a direction field for this differential equation. 
What are the equilibrium solutions? 

Use the direction field to sketch several solution curves. 
Describe what happens to the fish population for 
various initial populations. 

Solve this differential equation explicitly, either by 
using partial fractions or with a computer. Use the 
initial populations 200 and 300. Graph the solutions and 
compare with your sketches in part (d). 


(b) 
(c) 
(d) 


(e) 
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20. 


21. 


22. 


Consider the differential equation 


aP peel toa) 
ae 1000) | 


as a model for a fish population, where t is measured in 

weeks and c is a constant. 

(a) Draw direction fields for various values of c. 

(b) From your direction fields in part (a), determine the 
values of c for which there is at least one equilibrium 
solution. For what values of c does the fish population 
always die out? 

(c) Use the differential equation to prove what you 
discovered graphically in part (b). 

(d) What would you recommend for a limit to the weekly 
catch of this fish population? 


There is considerable evidence to support the theory that for 
some species there is a minimum population m such that the 
species will become extinct if the size of the population 
falls below m. This condition can be incorporated into the 
logistic equation by introducing the factor (1 — m/P). Thus 
the modified logistic model is given by the differential 
equation 

dP 


#—w(1-2)(1-4) 


(a) Use the differential equation to show that any solution 
is increasing if m < P < M and decreasing if 
0<P<m. 

For the case where k = 0.08, M = 1000, and m = 200, 
draw a direction field and use it to sketch several solu- 
tion curves. Describe what happens to the population 
for various initial populations. What are the equilibrium 
solutions? 

(c) Solve the differential equation explicitly, either by using 
partial fractions or with a computer. Use the initial 
population Po. 

Use the solution in part (c) to show that if Po < m, then 
the species will become extinct. [Hint: Show that the 
numerator in your expression for P(t) is 0 for some 
value of f.] 


(b) 


(d) 


The Gompertz Function Another model for a growth func- 
tion for a limited population is given by the Gompertz func- 
tion, which is a solution of the differential equation 


dP M 
—=cln|— |P 
dt P 


9.5 | Linear Equations 


23. 


mx] 


25. 


SECTION 9.5 Linear Equations 641 


where c is a constant and M is the carrying capacity. 

(a) Solve this differential equation. 

(b) Compute lim,_... P(t). 

(c) Graph the Gompertz function for M = 1000, Po = 100, 
and c = 0.05, and compare it with the logistic function 
in Example 2. What are the similarities? What are the 
differences? 

(d) We know from Exercise 13 that the logistic function 
grows fastest when P = M/2. Use the Gompertz differ- 
ential equation to show that the Gompertz function 
grows fastest when P = M/e. 


In a seasonal-growth model, a periodic function of time is 
introduced to account for seasonal variations in the rate of 
growth. Such variations could, for example, be caused by 
seasonal changes in the availability of food. 

(a) Find the solution of the seasonal-growth model 


dP 
— = kP cos(rt — ¢) 


P(0) = Po 
dt 


where k, r, and ¢ are positive constants. 

(b) By graphing the solution for several values of k, r, and 
œ, explain how the values of k, r, and @ affect the 
solution. What can you say about lim,_... P(t)? 


. Suppose we alter the differential equation in Exercise 23 as 


follows: 


dP 
— = kPcos*(rt — ¢) 


P(0) =P 
ii (0) = Po 


(a) Solve this differential equation with the help of a table 
of integrals or a computer. 

(b) Graph the solution for several values of k, r, and œ. 
How do the values of k, r, and @ affect the solution? 
What can you say about lim,_... P(t) in this case? 


Graphs of logistic functions (Figures 2 and 3) look suspi- 
ciously similar to the graph of the hyperbolic tangent 
function (Figure 3.11.3). Explain the similarity by show- 
ing that the logistic function given by Equation 7 can be 
written as 


P(t) =!mM[1 + tanh(L&(t — ©))| 


where c = (In A)/k. Thus the logistic function is really just 
a shifted hyperbolic tangent. 


In Section 9.3 we learned how to solve separable first-order differential equations. In this 
section we investigate a method for solving a class of differential equations that are not 


necessarily separable. 
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E Linear Differential Equations 


A first-order linear differential equation is one that can be put into the form 


dy 
[1] -5 + Play = Q(x) 
dx 
where P and Q are continuous functions on a given interval. This type of equation occurs 
frequently in various sciences, as we will see. 


An example of a linear equation is xy’ + y = 2x because, for x 0, it can be written 
in the form 


1 
E ogy me 
[2] re y=] 


Notice that this differential equation is not separable because it’s impossible to factor the 
expression for y’ as a function of x times a function of y. But we can still solve the equa- 
tion xy’ + y = 2x by noticing, by the Product Rule, that 


xy! + y = (xy)! 
and so we can rewrite the equation as 
(xy)' = 2x 


If we now integrate both sides of this equation, we get 


P C 
xy=x +C or y=x+— 
x 


If we had been given the differential equation in the form of Equation 2, we would have 
had to take the preliminary step of multiplying each side of the equation by x. 

It turns out that every first-order linear differential equation can be solved in a similar 
fashion by multiplying both sides of Equation 1 by a suitable function /(x) called an 
integrating factor. We try to find Z so that the left side of Equation 1, when multiplied by 
I(x), becomes the derivative of the product (x)y: 


[3] (y + Py) = (y) 
If we can find such a function Z, then Equation 1 becomes 


(Iy) = I(x) Q(x) 


Integrating both sides, we would have 


I(x)y = | 109 O(x) dx + C 


so the solution would be 


1 
a] yo) = Fy | | 1000) dx + c| 


To find such an J, we expand Equation 3 and cancel terms: 


Kay + I(x) Py = (Hy)! = ry + ay 


I(x) P(x) = I(x) 
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This is a separable differential equation for /, which we solve as follows: 
dI 
f a f P(x) dx 
In |Z| = | P) dx 


I =. Ae! P(x) dx 


where A = +e“. We are looking for a particular integrating factor, not the most general 
one, so we take A = 1 and use 


[5] K(x) = e! P(x) dx 


Thus a formula for the general solution to Equation 1 is provided by Equation 4, where 
Tis given by Equation 5. Instead of memorizing this formula, however, we just remember 
the form of the integrating factor. 


To solve the linear differential equation y’ + P(x)y = Q(x), multiply both sides 


by the integrating factor I(x) = e!” and then integrate both sides. 


d 
EXAMPLE 1 Solve the differential equation = + 3x*y = 6x’. 
x 


SOLUTION The given equation is linear since it has the form of Equation 1 with 
P(x) = 3x? and Q(x) = 6x*. An integrating factor is 

Figure 1 shows the graphs of several n ; 

members of the family of solutions in ieee =e 

Example 1. Notice that they all 


approach Zas psc Multiplying both sides of the differential equation by e*’, we get 


d Š 
e% ay + 3x7e"'y = 6x e“ 
dx 


d : 
or T (e*’y) = 6x7e" (Product Rule) 
Ix 


Integrating both sides, we have 


ey= f 6x7e* dx = 2e®° + C 
FIGURE 1 y=2 + Ce” E 


EXAMPLE 2 Find the solution of the initial-value problem 
xy txy=1 x>0 yl) =2 


SOLUTION We must first divide both sides by the coefficient of y’ to put the differen- 
tial equation into the standard form given in Equation 1: 


pad 1 
[6] y+-y=za x>0 
x x 
The integrating factor is 


I(x) = el My dx = em =y 
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644 CHAPTER 9 Differential Equations 


Multiplication of Equation 6 by x gives 


F 1 I 1 
xy ty= > or (xy) = 


The solution of the initial-value prob- Then xy = f LS =i C 
lem in Example 2 is shown in Figure 2. x 
lnx + C 
> and so y = —— 
x 
(1, 2) 
Since y(1) = 2, we have 
| Inl+C 
0 4 eee: 
1 
Therefore the solution to the initial-value problem is 
i Inx +2 
V 7 a 
FIGURE 2 x 
EXAMPLE3 Solve y’ + 2xy = 1. 
SOLUTION The given equation is in the standard form for a linear equation. Multiply- 
ing by the integrating factor 
e f2xdx er 
we get ety! + 2xe*’y = e” 
Even though the solutions of the dif- or (ey)! = e” 
ferential equation in Example 3 are 
expressed in terms of an integral, Therefore g y= f e” dxt C 
they can still be graphed by a com- 
puter (Figure 3). Recall from Section 7.5 that f e* dx can’t be expressed in terms of elementary func- 


tions. Nonetheless, it’s a perfectly good function and we can leave the answer as 


y=” f e dx + Ce™ 


Another way of writing the solution, using Part 1 of the Fundamental Theorem of 
Calculus, is 


y=e" { e’dt+ Ce”? 


0 


FIGURE 3 (Any number can be chosen for the lower limit of integration.) E 


E Application to Electric Circuits 


R In Section 9.2 we considered the simple electric circuit shown in Figure 4: an electro- 
motive force (usually a battery or generator) produces a voltage of E(t) volts (V) and a 
current of /(t) amperes (A) at time t. The circuit also contains a resistor with a resistance 

L ~ of R ohms (Q) and an inductor with an inductance of L henries (H). 
Ohm’s Law gives the drop in voltage due to the resistor as RI. The voltage drop due 
to the inductor is L(dI/dt). One of Kirchhoff’s laws says that the sum of the voltage drops 
switch is equal to the supplied voltage E(t). Thus we have 


FIGURE 4 dl 
L F + RI = E(t) 
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The differential equation in Example 4 
is both linear and separable, so an 
alternative method is to solve it as a 
separable equation (Example 9.3.4). 

If we replace the battery by a genera- 
tor, however, we get an equation 

that is linear but not separable 
(Example 5). 


Figure 5 shows how the current in 
Example 4 approaches its limiting 
value. 


6 


y=5 


0 2.5 


FIGURE 5 


Figure 6 shows the graph of the cur- 
rent when the battery is replaced by a 
generator. 


2 


=2 


FIGURE 6 
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which is a first-order linear differential equation. The solution gives the current J at 
time t. 


EXAMPLE 4 Suppose that in the simple circuit of Figure 4 the resistance is 12 Q and 
the inductance is 4 H. If a battery gives a constant voltage of 60 V and the switch is 
closed when t = 0 so the current starts with (0) = 0, find (a) Z(t), (b) the current after 
1 second, and (c) the limiting value of the current. 


SOLUTION 
(a) If we put L = 4, R = 12, and E(t) = 60 in Equation 7, we obtain the initial-value 
problem 


dI 
4 — + 121 = 60 I(0) = 0 
P7 (0) 
dI 
— +3/= 15 I0)=0 
or ht (0) 
Multiplying by the integrating factor el?“ = e”, we get 


dl 
e% — + 3e”I = 15e” 
dt 
d 
ye Date 
eT = í 15e” dt = 5e” + C 


I(t) = 5 + Ce™” 
Since /(0) = 0, we have 5 + C = 0, so C = —5 and 
I(t) = 51 — e*) 
(b) After 1 second the current is 
I(1) = 5(1 — e™°) ~ 4.75 A 
(c) The limiting value of the current is given by 


lim Z(t) = lim 5(1 — e™™) = 5 — 5 lim e” =5 -0 =5 a 


t—0 t—> œ% t> 0% 


EXAMPLE5 Suppose that the resistance and inductance remain as in Example 4 
but, instead of the battery, we use a generator that produces a variable voltage of 
E(t) = 60 sin 30¢ volts. Find I(t). 


SOLUTION This time the differential equation becomes 


dI . 
— + 3I = 15 sin 30t 
dt 


dI i 
4 T + 127 = 60 sin 30t or 


The same integrating factor e° gives 


d dI 
We D = = + 3e°7 = 15e” sin 30t 
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Using the formula in entry 98 of the Table of Integrals (or a computer), we have 


e” 


el= f 15e% sin 30t dt = 15 oa (3 sin 30t — 30 cos 304) + C 


L= r (sin 30t — 10 cos 304 + Ce™*’ 


Since 1(0) = 0, we get 


so 


50 
or F C=0 


I(t) = Ñ (sin 30t — 10 cos 302) + 32e" s 


9.5 | Exercises 


1-4 Determine whether the differential equation is linear. If it is 
linear, then write it in the form of Equation 1. 


Loy txJy =x? 2. y —x=ytanx 
di dR 
3. uel = 1+ Vi 4. -g + beosR =e" 


5-16 Solve the differential equation. 

5.y ty=1 6 y -y=e 

7. y =x-y 8. 4x¢y + xty' = sintx 
@ xy’ +y= yx 10. 2xy' + y = 2y/x 


11. xy- 2y =x% x>0 12. y — 3x?2y =x? 


eS y= TFT, t>0 


dr 
14. tInt— +r=te' 
dt 


15. y + ycosx=x 16. y i 2xy Spor 


17-24 Solve the initial-value problem. 
17. xy’ + y =3x, y(1)=4 

18. xy’ — 2y =2x, y(2)=0 

19. x’y' + 2xy =lnx, y(1)=2 


d 
20. t = + 3?y=cost, y(m)=0 


d 
21. i rei t>0, u(2)=4 


22. xy’ t+y=xInx, yd) =0 
@B vy’ =y+x sinx, ya) =0 


24. (x? + 1) — + 3x(y - 1)=0, y(0) =2 


25-26 Solve the differential equation and graph several members 
of the family of solutions. How does the solution curve change as 
C varies? 


25. xy’ + 2y = e" 26. xy’ =x? + 2y 


27-29 Bernoulli Differential Equations A Bernoulli differential 
equation (named after James Bernoulli) is of the form 


d 
Get Pedy = OG)y" 
x 


27. Observe that, if n = 0 or 1, the Bernoulli equation is linear. 


For other values of n, show that the substitution u = y'™” 
transforms the Bernoulli equation into the linear equation 


£ + (1 — n)P(x)u = (1 — n) Q(x) 
x 


28. Solve the differential equation xy’ + y = —xy’. 


y? 


7 
x 


2 
29. Solve the differential equation y’ + —y = 
x 


30. Solve the second-order equation xy” + 2y’ = 12x” by 
making the substitution u = y’. 


31. In the circuit shown in Figure 4, a battery supplies a constant 
voltage of 40 V, the inductance is 2 H, the resistance is 10 Q, 
and /(0) = 0. 
(a) Find I(t). 
(b) Find the current after 0.1 seconds. 


32. In the circuit shown in Figure 4, a generator supplies a volt- 
age of E(t) = 40 sin 60r volts, the inductance is 1 H, the 
resistance is 20 Q, and /(0) = 1A. 

(a) Find Z(t). 
(b) Find the current after 0.1 seconds. 
(c) Graph the current function. 


33. The figure shows a circuit containing an electromotive force, 
a capacitor with a capacitance of C farads (F), and a resistor 
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34 


35 


36. 


37 


with a resistance of R ohms (Q). The voltage drop across the 
capacitor is Q/C, where Q is the charge (in coulombs), so in 
this case Kirchhoff’s Law gives 


r+ Ê = E4) 


But J = dQ/dt (see Example 3.7.3), so we have 


dQ 1 
R— +— QS E(t 
dt C 2 ©) 
Suppose the resistance is 5 Q, the capacitance is 0.05 F, a 
battery gives a constant voltage of 60 V, and the initial charge 
is Q(0) = 0 C. Find the charge and the current at time t. 


C 


In the circuit of Exercise 33, R = 2 Q, C = 0.01 F, 
Q(0) = 0, and E(t) = 10 sin 60r. Find the charge and the cur- 
rent at time t. 


Let P(t) be the performance level of someone learning a skill 
as a function of the training time t. The graph of P is called a 
learning curve. In Exercise 9.1.27 we proposed the differen- 
tial equation 

dP 

— = k|M — P(t 

Tm- POO 
as a reasonable model for learning, where k is a positive con- 
stant. Solve it as a linear differential equation and use your 
solution to graph the learning curve. 


Two new workers were hired for an assembly line. Jim pro- 
cessed 25 units during the first hour and 45 units during the 
second hour. Mark processed 35 units during the first hour 
and 50 units the second hour. Using the model of Exercise 35 
and assuming that P(0) = 0, estimate the maximum number 
of units per hour that each worker is capable of processing. 


In Section 9.3 we looked at mixing problems in which the 
volume of fluid remained constant and saw that such prob- 
lems give rise to separable differentiable equations. (See 
Example 9.3.6.) If the rates of flow into and out of the system 
are different, then the volume is not constant and the resulting 
differential equation is linear but not separable. 

A tank contains 100 L of water. A solution with a salt con- 
centration of 0.4 kg/L is added at a rate of 5 L/min. The 
solution is kept mixed and is drained from the tank at a rate 
of 3 L/min. If y(t) is the amount of salt (in kilograms) after 
t minutes, show that y satisfies the differential equation 


dy 2 3y 
dt 100 + 2t 


38. 


39. 


40. 


41. 


42. 
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Solve this equation and find the concentration after 
20 minutes. 


A tank with a capacity of 400 L is full of a mixture of water 
and chlorine with a concentration of 0.05 g of chlorine per 
liter. In order to reduce the concentration of chlorine, fresh 
water is pumped into the tank at a rate of 4 L/s. The mixture 
is kept stirred and is pumped out at a rate of 10 L/s. Find the 
amount of chlorine in the tank as a function of time. 


An object with mass m is dropped from rest and we assume 
that the air resistance is proportional to the speed of the 
object. If s(t) is the distance dropped after t seconds, then the 
speed is v = s(t) and the acceleration is a = v(t). If g is 

the acceleration due to gravity, then the downward force on 
the object is mg — cv, where c is a positive constant, and 
Newton’s Second Law gives 


dv 
m— = mg — cv 


dt 


(a) Solve this as a linear equation to show that 


v= = em) 


my 
(b) What is the limiting velocity? 
(c) Find the distance the object has fallen after t seconds. 


If we ignore air resistance, we can conclude that heavier 
objects fall no faster than lighter objects. But if we take air 
resistance into account, our conclusion changes. Use the 
expression for the velocity of a falling object in Exercise 39(a) 
to find dv/dm and show that heavier objects do fall faster than 
lighter ones. 


(a) Show that the substitution z = 1/P transforms the 
logistic differential equation P’ = kP(1 — P/M) into 
the linear differential equation 


k 
z! + kz = — 
M 
(b) Solve the linear differential equation in part (a) and 
thus obtain an expression for P(t). Compare with 
Equation 9.4.7. 


To account for seasonal variation in the logistic differential 
equation, we could allow k and M to be functions of t: 


dP P 


(a) Verify that the substitution z = 1/P transforms this 
equation into the linear equation 
dz k(t) 


dt pa) M(t) 


(b) Write an expression for the solution of the linear equa- 
tion in part (a) and use it to show that if the carrying 
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capacity M is constant, then 


CHAPTER 9 Differential Equations 


(c) If k is constant but M varies, show that 


M 
PO = TF Me TOT 1 ke” 
z(t) = e™ ds + Ce™ 
Deduce that if is k(t) dt = ~, then lim, >» P(t) = M. 0 M(s) 
[This will be true if k(t) = ko + a cos bt with ko > 0, 
which describes a positive intrinsic growth rate with a and use l’ Hospital’s Rule to deduce that if M(t) has a 


periodic seasonal variation. ] 


APPLIED PROJECT 


In modeling force due to air resis- 
tance, various functions have been 
used, depending on the physical 
characteristics and speed of the 
ball. Here we use a linear model, 
—pv, but a quadratic model (—pv? 
on the way up and pv’ on the way 
down) is another possibility for 
higher speeds (see Exercise 9.3.52). 
For a golf ball, experiments have 
shown that a good model is —pu'* 
going up and p| v |° coming down. 
But no matter which force function 
—f(v) is used [where f(v) > 0 for 
v > Oand f(v) < 0 for v < 0], the 
answer to the question remains the 
same. See F. Brauer, “What Goes 
Up Must Come Down, Eventually,” 
American Mathematical Monthly 
108 (2001), pp. 437-40. 


limit as >, then P(t) has the same limit. 


WHICH IS FASTER, GOING UP OR COMING DOWN? 


Suppose you throw a ball into the air. Do you think it takes longer to reach its maximum 
height or to fall back to earth from its maximum height? We will solve the problem in this 
project, but before getting started, think about that situation and make a guess based on your 
physical intuition. 


1. A ball with mass m is projected vertically upward from the earth’s surface with a positive 
initial velocity vo. We assume the forces acting on the ball are the force of gravity and a 
retarding force of air resistance with direction opposite to the direction of motion and with 
magnitude p| v(t) |, where p is a positive constant and v(t) is the velocity of the ball at time 
t. In both the ascent and the descent, the total force acting on the ball is —pv — mg. [Dur- 
ing ascent, v(t) is positive and the resistance acts downward; during descent, v(t) is negative 
and the resistance acts upward.] So, by Newton’s Second Law, the equation of motion is 


mv' = —pv — mg 


Solve this linear differential equation to show that the velocity is 


v(t) (« + rm mg 
P P 


(Note that this differential equation is also separable.) 


2. Show that the height of the ball, until it hits the ground, is 


j 
2 yf P 


3. Let ż, be the time that the ball takes to reach its maximum height. Show that 


m ( mg + pvo ) 
t In 
P mg 
Find this time for a ball with mass 1 kg and initial velocity 20 m/s. Assume the air resis- 
tance is 7p of the speed. 


FAY 4. Let t be the time at which the ball falls back to earth. For the particular ball in Problem 3, 


estimate by using a graph of the height function y(t). Which is faster, going up or com- 
ing down? 


5. In general, it’s not easy to find h because it’s impossible to solve the equation y(t) = 0 
explicitly. We can, however, use an indirect method to determine whether ascent or descent 
is faster: we determine whether y(2t,) is positive or negative. Show that 


2 1 
y(24) = wY (: === 2ms) 
Pa x 
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where x = e?"/"". Then show that x > 1 and the function 
1 

fe) =2 = =S= Dias 
aE 


is increasing for x > 1. Use this result to decide whether y(2t,) is positive or negative. 
What can you conclude? Is ascent or descent faster? 


9.6 | Predator-Prey Systems 


We have looked at a variety of models for the growth of a single species that lives alone in 
an environment. In this section we consider more realistic models that take into account 
the interaction of two species in the same habitat. We will see that these models take the 
form of a pair of linked differential equations. 

We first consider the situation in which one species, called the prey, has an ample food 
supply and the second species, called the predators, feeds on the prey. Examples of prey 
and predators include rabbits and wolves in an isolated forest, food-fish and sharks, 
aphids and ladybugs, and bacteria and amoebas. Our model will have two dependent 
variables and both are functions of time. We let R(f) be the number of prey (using R for 
rabbits) and W(t) be the number of predators (with W for wolves) at time t. 

In the absence of predators, the ample food supply would support exponential growth 
of the prey, that is, 

dR a 
T = kR where k is a positive constant 
In the absence of prey, we assume that the predator population would decline through 
mortality at a rate proportional to itself, that is, 


dW . oe 
P —rW where r is a positive constant 


With both species present, however, we assume that the principal cause of death among 
the prey is being eaten by a predator, and the birth and survival rates of the predators 
depend on their available food supply, namely, the prey. We also assume that the two 
species encounter each other at a rate that is proportional to both populations and is 
therefore proportional to the product RW. (The more there are of either population, the 
more encounters there are likely to be.) A system of two differential equations that incor- 
porates these assumptions is as follows: 


W represents the predators. dR _ dW 
— = kR- —=-rW+ 
R represents the prey. m dt EE dt AEE 


where k, r, a, and b are positive constants. Notice that the term —aRW decreases the 
natural growth rate of the prey and the term bRW increases the natural growth rate of the 


predators. 
The Lotka-Volterra equations were The equations in (1) are known as the predator-prey equations, or the Lotka- 
proposed as a model to explain the Volterra equations. A solution of this system of equations is a pair of functions R(t) and 
variations in the shark and food-fish W(t) that describe the populations of prey and predators as functions of time. Because the 


populations in the Adriatic Sea by the system is coupled (R and W occur in both equations), we can’t solve one equation and 

Italian mathematician Vito Volterra then the other; we have to solve them simultaneously. Unfortunately, it is usually impos- 

(1860-1940). sible to find explicit formulas for R and W as functions of t. We can, however, use graphi- 
cal methods to analyze the equations. 
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kochanowski / Shutterstock.com 


CHAPTER 9 __ Differential Equations 


EXAMPLE 1 Suppose that populations of rabbits and wolves are described by the 
Lotka-Volterra equations (1) with k = 0.08, a = 0.001, r = 0.02, and b = 0.00002. 
The time f¢ is measured in months. 

(a) Find the constant solutions (called the equilibrium solutions) and interpret 

the answer. 

(b) Use the system of differential equations to find an expression for dW/dR. 

(c) Draw a direction field for the resulting differential equation in the RW-plane. Then 
use that direction field to sketch some solution curves. 

(d) Suppose that, at some point in time, there are 1000 rabbits and 40 wolves. Draw 
the corresponding solution curve and use it to describe the changes in both population 
levels. 

(e) Use part (d) to make sketches of R and W as functions of t. 


SOLUTION 
(a) With the given values of k, a, r, and b, the Lotka-Volterra equations become 
dR 
— = 0.08R — 0.001RW 
dt 
dW 
ae = —0.02W + 0.00002RW 


Both R and W will be constant if both derivatives are 0, that is, 
R’ = R(0.08 — 0.001W) = 0 
W’ = W(—0.02 + 0.00002R) = 0 


One solution is given by R = 0 and W = 0. (This makes sense: If there are no rabbits or 
wolves, the populations are certainly not going to increase.) The other constant solution is 


0.08 
w= n 
02 
pe 8 1000 
0.00002 


So the equilibrium populations consist of 80 wolves and 1000 rabbits. This means that 
1000 rabbits are just enough to support a constant wolf population of 80. There are 
neither too many wolves (which would result in fewer rabbits) nor too few wolves 
(which would result in more rabbits). 


(b) We use the Chain Rule to write 


dW _ dW dR 
dt dR dt 
Solving for dW/dR gives 
dw 
dW dt _— —0.02W + 0.00002RW 
dR è dR 0.08R — 0.001RW 
dt 


(c) If we think of W as a function of R, we have the differential equation 


dW _ —0.02W + 0.00002RW 
dR 0.08R — 0.001RW 
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We draw the direction field for this differential equation in Figure | and we use it to 
sketch several solution curves in Figure 2. If we move along a solution curve, we 
observe how the relationship between R and W changes as time passes. Notice that the 
curves appear to be closed in the sense that if we travel along a curve, we always return 
to the same point. Notice also that the point (1000, 80) is inside all the solution curves. 
That point is called an equilibrium point because it corresponds to the equilibrium 
solution R = 1000, W = 80. 


WA WA 
1504/1 Zz- ----~~ ee Rae a da Sy 150+ / ~~ Ss 
ls f44re--- et ~~ ~~~ E E f ~~ ~N 
(ie Aewe ee nes ee ON Re Se ee em l Is Ss AS 
[LA AS aS Sa ke se eR ROR SS ROR SS I ~N SEN 
E oS Ss So SS eS ee ee RS RO eA fi D w 
Litt a aa n a a a a NON NS RON a aie | SS, a 
OT (Pi ee ek ee E OT 4 ‘i a 
ETE de Fe OR AN OR ON Re RTA l N YY 
bw eS SH LO ED SO ESETE l "E j ine i 
LEENS AAAA A A A AOL EF \ ee PF 
UNNS S cS c-e ee a a a al od \ - "E 
DOPE a E ee 507 \ = me 
NN~ tee ee HH eH eH eH eH Ke Ke eH Ke Ke ee NN we ee Ke Ke Ke Ke Ke Ke ee 
ee ed Nw erect cc crc rrr rr rr crc ere 
Nw ee ee em em em em em er er ee er er eee ssn- er er er er er er er ere ee 
+ + + + + +—> 
0 1000 2000 3000 R 0 1000 2000 3000 R 
FIGURE 1 FIGURE 2 
Direction field for the predator-prey system Phase portrait of the system 
When we represent solutions of a system of differential equations as in Figure 2, we 
refer to the RW-plane as the phase plane, and we call the solution curves phase 
trajectories. So a phase trajectory is a path traced out by solutions (R, W) as time goes 
by. A phase portrait consists of equilibrium points and typical phase trajectories, as 
shown in Figure 2. 
(d) Starting with 1000 rabbits and 40 wolves corresponds to drawing the solution curve 
through the point Po(1000, 40). Figure 3 shows this phase trajectory with the direction 
field removed. Starting at the point Po at time t = 0 and letting ¢ increase, do we move 
Wa 
P; 
140+ 
120+ 
100 + 
80+ P, 
60+ 
40 + 
P, (1000, 40) 
20 7 
t t f t t t > 
. FIGURE 3 0 500 1000 1500 2000 2500 3000 R 
Phase trajectory through (1000, 40) 
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clockwise or counterclockwise around the phase trajectory? If we put R = 1000 and 
W = 40 in the first differential equation, we get 


dR 
aa 0.08(1000) — 0.001(1000)(40) = 80 — 40 = 40 


Since dR/dt > 0, we conclude that R is increasing at Po and so we move counter- 
clockwise around the phase trajectory. 

We see that at Po there aren’t enough wolves to maintain a balance between the 
populations, so the rabbit population increases. That results in more wolves and 
eventually there are so many wolves that the rabbits have a hard time avoiding them. So 
the number of rabbits begins to decline (at Pı, where we estimate that R reaches its 
maximum population of about 2800). This means that at some later time the wolf 
population starts to decline (at P2, where R = 1000 and W = 140). But this benefits the 
rabbits, so their population later starts to increase (at P3, where W = 80 and R = 210). 
As a consequence, the wolf population eventually starts to increase as well. This 
happens when the populations return to their initial values of R = 1000 and W = 40, 
and the entire cycle begins again. 


(e) From the description in part (d) of how the rabbit and wolf populations rise and fall, 
we can sketch the graphs of R(t) and W(t). Suppose the points P:, P2, and P; in Figure 3 
are reached at times ti, t, and ts. Then we can sketch graphs of R and W as in Figure 4. 
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FIGURE 4 Graphs of the rabbit and wolf populations as functions of time 


To make the graphs easier to compare, we draw the graphs on the same axes but 
with different scales for R and W, as in Figure 5. Notice that the rabbits reach their 
maximum populations about a quarter of a cycle before the wolves. 
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SECTION 9.6 Predator-Prey Systems 653 


An important part of the modeling process, as we discussed in Section 1.2, is to inter- 
pret our mathematical conclusions as real-world predictions and to test the predictions 
against real data. The Hudson’s Bay Company, which started trading in animal furs in 
Canada in 1670, has kept records that date back to the 1840s. Figure 6 shows graphs of 
the number of pelts of the snowshoe hare and its predator, the Canada lynx, traded by the 
company over a 90-year period. You can see that the coupled oscillations in the hare and 
lynx populations predicted by the Lotka-Volterra model do actually occur and the period 
of these cycles is roughly 10 years. 


160 


120 + 


Thousands 80 + 16 Thousands 


of hares of lynx 
40 | a 3 
FIGURE 6 
Relative abundance of hare and lynx Se e 
from Hudson’s Bay Company records 1850 1875 1900 1925 


Although the relatively simple Lotka-Volterra model has had some success in explain- 
ing and predicting coupled populations, more sophisticated models have also been pro- 
posed. One way to modify the Lotka-Volterra equations is to assume that, in the absence 
of predators, the prey grow according to a logistic model with carrying capacity M. Then 
the Lotka-Volterra equations (1) are replaced by the system of differential equations 


dR R dw 
— = kR\ 1 — — | — aRW — = -rW + bRW 
dt M dt 


This model is investigated in Exercises 11 and 12. 

Models have also been proposed to describe and predict population levels of two or 
more species that compete for the same resources or cooperate for mutual benefit. Such 
models are explored in Exercises 2—4. 


9.6 | Exercises 


1. For each predator-prey system, determine which of the vari- dx | o 3 
ables, x or y, represents the prey population and which repre- (b) d 9:27 = 00002x 0.006xy 
sents the predator population. Is the growth of the prey 
restricted just by the predators or by other factors as well? Do dy 


me = —0.015y + 0.00008xy 
the predators feed only on the prey or do they have additional dt 


food sources? Explain. 


dx 2. Each system of differential equations is a model for two spe- 
(a) — = —0.05x + 0.000Lxy 


dt cies that either compete for the same resources or cooperate 
for mutual benefit (flowering plants and insect pollinators, 

dy _ for instance). Decide whether each system describes com- 

—=0.ly — 0.005xy aa: : ; as 

dt petition or cooperation and explain why it is a reasonable 
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654 CHAPTER 9 Differential Equations 


model. (Ask yourself what effect an increase in one species 
has on the growth rate of the other.) 


d. a 
@ a = 0.12x — 0.0006x? + 0.00001xy 


dy 
— = 0.08x + 0.00004xy 
dt 
dx 5 
(b) P 0.15x — 0.0002x° — 0.0006xy 
dy j 
at = 0.2y — 0.00008y~ — 0.0002xy 


3. The system of differential equations 


dx r 

— = 0.5x — 0.004x° — 0.001xy 
dt 

dy 3 

Gr T 04 = 0.001y? = 0.002xy 


is a model for the populations of two species. 

(a) Does the model describe cooperation, or competition, 
or a predator-prey relationship? 

(b) Find the equilibrium solutions and explain their 
significance. 


4. Lynx eat snowshoe hares and snowshoe hares eat woody plants 
like willows. Suppose that, in the absence of hares, the willow 
population will grow exponentially and the lynx population 
will decay exponentially. In the absence of lynx and willow, 
the hare population will decay exponentially. If L(t), H(t), and 
W(t) represent the populations of these three species at time z, 
write a system of differential equations as a model for their 
dynamics. If the constants in your equation are all positive, 
explain why you have used plus or minus signs. 


5-6 A phase trajectory is shown for populations of rabbits (R) 

and foxes (F). 

(a) Describe how each population changes as time goes by. 

(b) Use your description to make a rough sketch of the graphs of 
R and F as functions of time. 


5. FA 
300 + 


200 + 


100 + 
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ay 
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40 + 


7-8 Graphs of populations of two species are shown. Use them to 
sketch the corresponding phase trajectory. 


species | 


species 2 


8. YA species 1 


species 2 


9. In Example 1(b) we showed that the rabbit and wolf popula- 
tions satisfy the differential equation 


dW _ —0.02W + 0.00002RW 
dR 0.08R — 0.00LRW 
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10. 


11. 


(a) By solving this separable differential equation, show 
that 
RO W? 


0.00002R „ 0.001W 
e e 


=C 


where C is a constant. 

(b) Itis impossible to solve this equation for W as an 
explicit function of R (or vice versa). Use a computer to 
graph the implicitly defined solution curve that passes 


through the point (1000, 40) and compare with Figure 3. 


Populations of aphids and ladybugs are modeled by the 
equations 


dA 

— = 2A — 0.01AL 

dt 

dL 

T = —0.5L + 0.0001AL 


(a) Find the equilibrium solutions and explain their 
significance. 

(b) Find an expression for dL/dA. 

(c) The direction field for the differential equation in 
part (b) is shown. Use it to sketch a phase portrait. 
What do the phase trajectories have in common? 
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Oil a cipal eae eet eee) Stee ea, fees ie er ee ee ete a a 
Re ae Sg ey as Se eae et ei ie ae ee ee 
SSS SSS SSS SSS SSS SSS SSS SSS SSS E 
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(d) Suppose that at time t = 0 there are 1000 aphids and 
200 ladybugs. Draw the corresponding phase trajectory 
and use it to describe how both populations change. 

(e) Use part (d) to make rough sketches of the aphid and 
ladybug populations as functions of t. How are the 
graphs related to each other? 


In Example 1 we used Lotka-Volterra equations to model 
populations of rabbits and wolves. Let’s modify those equa- 
tions as follows: 


dR 

FA = 0.08R(1 — 0.0002R) — 0.001RW 
d 

ae = —0.02W + 0.00002RW 


12. 
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(a) According to these equations, what happens to the 
rabbit population in the absence of wolves? 

(b) Find all the equilibrium solutions and explain their 
significance. 

(c) The figure shows the phase trajectory that starts at the 
point (1000, 40). Describe what eventually happens to 
the rabbit and wolf populations. 


70+ 


60 + 


50+ 


40+ 


ay 


800 1000 1200 1400 1600 


(d) Sketch graphs of the rabbit and wolf populations as 
functions of time. 


In Exercise 10 we modeled populations of aphids and 
ladybugs with a Lotka- Volterra system. Suppose we modify 
those equations as follows: 


dA 
We = 2A(1 — 0.0001A) — 0.01AL 
dL 


(a) In the absence of ladybugs, what does the model predict 
about the aphids? 

(b) Find the equilibrium solutions. 

(c) Find an expression for dL/dA. 

(d) Use a computer to draw a direction field for the 

differential equation in part (c). Then use the direction 

field to sketch a phase portrait. What do the phase 

trajectories have in common? 

Suppose that at time ¢ = 0 there are 1000 aphids and 

200 ladybugs. Draw the corresponding phase trajectory 

and use it to describe how both populations change. 

Use part (e) to make rough sketches of the aphid and 

ladybug populations as functions of t. How are the 

graphs related to each other? 


(e) 


(f) 
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656 CHAPTER 9 Differential Equations 


RJ review 


CONCEPT CHECK 


Answers to the Concept Check are available at StewartCalculus.com. 


1. (a) What is a differential equation? 
(b) What is the order of a differential equation? 
(c) What is an initial condition? 


2. What can you say about the solutions of the equation 
y’ =x? + y? just by looking at the differential equation? 


3. What is a direction field for the differential equation 
y’ = F(x, y)? 


4. Explain how Euler’s method works. 


5. What is a separable differential equation? How do you solve 
it? 


6. What is a first-order linear differential equation? How do you 
solve it? 


TRUE-FALSE QUIZ 


. (a) Write a differential equation that expresses the law of 


natural growth. What does it say in terms of relative 
growth rate? 

(b) Under what circumstances is this an appropriate model 
for population growth? 

(c) What are the solutions of this equation? 


. (a) Write the logistic differential equation. 


(b) Under what circumstances is this an appropriate model 
for population growth? 


. (a) Write Lotka-Volterra equations to model populations of 


food-fish (F) and sharks (S$). 
(b) What do these equations say about each population in the 
absence of the other? 


Determine whether the statement is true or false. If it is true, 
explain why. If it is false, explain why or give an example that 
disproves the statement. 


1. All solutions of the differential equation y’ = —1 — y* are 
decreasing functions. 


2. The function f(x) = (In x)/x is a solution of the differential 
equation x*y’ + xy = 1. 


3. The function y = 3e** — 1 is a solution of the initial-value 
problem y’ — 2y = 1, y(0) = 2. 


4. The equation y’ = x + y is separable. 


5. The equation y’ = 3y — 2x + 6xy — 1 is separable. 


EXERCISES 


. The equation e*y’ = y is linear. 
. The equation y’ + xy = e” is linear. 


. The solution curve of the differential equation 


(2x — y) y' =x + 2y 


that passes through the point (3, 1) has slope 1 at that point. 


. If y is the solution of the initial-value problem 


dy y 
2 = 2| 1 -> =1 
a ( z) y(0) 


then lim, >- y = 5. 


1. (a) A direction field for the differential equation 
y’ = y(y — 2)(y — 4) is shown. Sketch the graphs of the 
solutions that satisfy the given initial conditions. 
© y0) = -03 Gi) yO) =1 
(iii) yO) = 3 (iv) y(0) = 4.3 
(b) If the initial condition is y(0) = c, for what values of c is 
lim,_.~ y(t) finite? What are the equilibrium solutions? 
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2. (a) Sketch a direction field for the differential equation 9-11 Solve the initial-value problem. 
y’ = x/y. Then use it to sketch the four solutions that jp 
satisfy the initial conditions y(0) = 1, y(0) = —1, 9. — + 2tr=r, r(0)=5 
y(2) = 1, and y(—2) = 1. dt 
(b) Check your work in part (a) by solving the differential 10. (1 + cos x)y' = (1 + e™)sinx, y(0) = 0 
equation explicitly. What type of curve is each solution 
curve? 11. xy’ —y=xInx, y(l)=2 


3. (a) A direction field for the differential equation 
y’ = x? — y’ is shown. Sketch the solution of the 
initial-value problem 


12. Solve the initial-value problem y’ = 3x7e’, y(0) = 1, and 
graph the solution. 
y =x- y? y(0) = 1 13-14 Find the orthogonal trajectories of the family of curves. 


= ket = ykx 
Use your graph to estimate the value of y(0.3). 13y =ke I or 


y 15. (a) Write the solution of the initial-value problem 
= \ 1. 1 \ 13 $ \ A o 
# % \ \ 1 A hi 1 \ \ XN 4 P 
d — % $ \ \ $ \ ` \ — A 
O.1P\1 P(0) = 100 
bbe ® Age oR anes FY (\- 4) 
! 1 ” he * \ A * "i 4 1 1 
or are ae ee and use it to find the population P when t = 20. 
oe tees i = ate = ze A (b) When does the population reach 1200? 
I i i / 4_-_ u — 4 / ri ri I 
e oan a a 16. (a) The population of the world was 6.08 billion in 2000 and 
a E On = ae TEY 7.35 billion in 2015. Find an exponential model for these 
De ok eS A Se EO? data and use the model to predict the world population 
b hue ee ae ee oe a in the year 2030 
Do oe ee ee kG (b) According to the model in part (a), in what year will the 
a ae ae ae ae a a world population exceed 10 billion? 
Orie at Sei PS ee (c) Use the data in part (a) to find a logistic model for the 
BR. th aR I A 


population. Assume a carrying capacity of 20 billion. 
Then use the logistic model to predict the population 
in 2030. Compare with your prediction from the expo- 
nential model. 

(d) According to the logistic model, in what year will the 
world population exceed 10 billion? Compare with your 
prediction in part (b). 


(b) Use Euler’s method with step size 0.1 to estimate y(0.3), 
where y(x) is the solution of the initial-value problem in 
part (a). Compare with your estimate from part (a). 

(c) On what lines are the centers of the horizontal line 
segments of the direction field in part (a) located? What 
happens when a solution curve crosses these lines? 17. The von Bertalanffy growth model is used to predict the 

length L(t) of a fish over a period of time. If L.. is the largest 

length for a species, then the hypothesis is that the rate of 
growth in length is proportional to L.. — L, the length yet to 
be achieved. 

y' = 2xy? y(0)=1 (a) Formulate and solve a differential equation to find an 
expression for L(t). 

(b) For the North Sea haddock it has been determined that 
L.. = 53 cm, L(0) = 10 cm, and the constant of propor- 
tionality is 0.2. What does the expression for L(t) become 
with these data? 


4. (a) Use Euler’s method with step size 0.2 to estimate 
y(0.4), where y(x) is the solution of the initial-value 
problem 


(b) Repeat part (a) with step size 0.1. 

(c) Find the exact solution of the differential equation and 
compare the value at 0.4 with the approximations in 
parts (a) and (b). 


5-8 Solve the differential equation. 18. A tank contains 100 L of pure water. Brine that contains 0.1 kg 
d of salt per liter enters the tank at a rate of 10 L/min. The solu- 
5. y! = xe" — y cosx 6. T =l—-—t+x-t tion is kept thoroughly mixed and drains from the tank at the 
t 


same rate. How much salt is in the tank after 6 minutes? 


7. 2ye”y' = 2x + 3yx 8. xy’ —y=2x3e* 19. One model for the spread of an epidemic is that the rate of 
spread is jointly proportional to the number of infected people 
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20. 


21 


22 


CHAPTER 9 Differential Equations 


and the number of uninfected people. In an isolated town of 
5000 inhabitants, 160 people have a disease at the beginning 
of the week and 1200 have it at the end of the week. How 
many days does it take for 80% of the population to become 
infected? 


The Brentano-Stevens Law in psychology models the way 
that a subject reacts to a stimulus. It states that if R represents 
the reaction to an amount S of stimulus, then the relative rates 
of increase are proportional: 


dR/dt dS/dt 
R S 


where k is a positive constant. Find R as a function of S. 


The transport of a substance across a capillary wall in lung 
physiology has been modeled by the differential equation 


dh R h 
dt V \k+h 
where A is the hormone concentration in the bloodstream, 
t is time, R is the maximum transport rate, V is the volume 
of the capillary, and k is a positive constant that measures 
the affinity between the hormones and the enzymes that assist 


the process. Solve this differential equation to find a relation- 
ship between h and t. 


Populations of birds and insects are modeled by the equations 


dx 

— = 0.4x — 0.002xy 

dt g 

dy 

ra = —0.2y + 0.000008xy 


(a) Which of the variables, x or y, represents the bird 
population and which represents the insect population? 
Explain. 

(b) Find the equilibrium solutions and explain their 
significance. 

(c) Find an expression for dy/dx. 

(d) The direction field for the differential equation in part (c) 
is shown. Use it to sketch the phase trajectory correspond- 
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23 


24 


ing to initial populations of 100 birds and 40,000 insects. 
Then use the phase trajectory to describe how both 
populations change. 

(e) Use part (d) to make rough sketches of the bird and insect 
populations as functions of time. How are these graphs 
related to each other? 


Suppose the model of Exercise 22 is replaced by the 
equations 


dx 

a 0.4x(1 — 0.000005x) — 0.002xy 
d 

hh = —0.2y + 0.000008xy 


(a) According to these equations, what happens to the insect 
population in the absence of birds? 

(b) Find the equilibrium solutions and explain their 
significance. 

(c) The figure shows the phase trajectory that starts with 
100 birds and 40,000 insects. Describe what eventually 
happens to the bird and insect populations. 
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(d) Sketch graphs of the bird and insect populations as 
functions of time. 


Brett weighs 85 kg and is on a diet of 2200 calories per day, 
of which 1200 are used automatically by basal metabolism. 
He spends about 15 cal/kg/day times his weight doing exer- 
cise. If 1 kg of fat contains 10,000 cal and we assume that the 
storage of calories in the form of fat is 100% efficient, formu- 
late a differential equation and solve it to find his weight as a 
function of time. Does his weight ultimately approach an 
equilibrium weight? 
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Problems Plus 


FIGURE FOR PROBLEM 9 


w 
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ml 
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Find all functions f such that f’ is continuous and 


[ f(x)? = 100 + i LOF + L'O} dt for all real x 


A student forgot the Product Rule for differentiation and made the mistake of thinking 

that ( fg)’ = f'g’. However, he was lucky and got the correct answer. The function f that he 
used was f(x) = e*’ and the domain of his problem was the interval (4, œ). What was the 
function g? 


Let f be a function with the property that f(0) = 1, f'(0) = 1, and f(a + b) = f(a) f(b) for 
all real numbers a and b. Show that f'(x) = f(x) for all x and deduce that f(x) = e*. 


Find all functions f that satisfy the equation 


00) 58) 


Find the curve y = f(x) such that f(x) = 0, f(0) = 0, f(1) = 1, and the area under the 
graph of f from 0 to x is proportional to the (n + 1)st power of f(x). 


A subtangent is a portion of the x-axis that lies directly beneath the segment of a tangent 
line from the point of contact to the x-axis. Find the curves that pass through the point (c, 1) 
and whose subtangents all have length c. 


A peach pie is taken out of the oven at 5:00 pm. At that time it is piping hot, 100°C. At 
5:10 pM its temperature is 80°C; at 5:20 pM it is 65°C. What is the temperature of the 
room? 


Snow began to fall during the morning of February 2 and continued steadily into the after- 
noon. At noon a snowplow began removing snow from a road at a constant rate. The plow 
traveled 6 km from noon to 1 pm but only 3 km from 1 pm to 2 pM. When did the snow 
begin to fall? [Hints: To get started, let t be the time measured in hours after noon; let x(t) 
be the distance traveled by the plow at time t; then the speed of the plow is dx/dt. Let b be 
the number of hours before noon that it began to snow. Find an expression for the height of 
the snow at time ¢. Then use the given information that the rate of removal R (in m*/h) is 
constant. ] 


A dog sees a rabbit running in a straight line across an open field and gives chase. In a rect- 
angular coordinate system (as shown in the figure), assume: 


(i) The rabbit is at the origin and the dog is at the point (L, 0) at the instant the dog 
first sees the rabbit. 


Gi) The rabbit runs up the y-axis and the dog always runs straight for the rabbit. 
(iii) The dog runs at the same speed as the rabbit. 
(a) Show that the dog’s path is the graph of the function y = f(x), where y satisfies the dif- 


ferential equation 
d? d 2 
x 4 1+ a 
dx dx 


(b) Determine the solution of the equation in part (a) that satisfies the initial conditions 
y= y' = 0 when x = L. [Hint: Let z = dy/dx in the differential equation and solve the 
resulting first-order equation to find z; then integrate z to find y.] 

(c) Does the dog ever catch the rabbit? 
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10. (a) Suppose that the dog in Problem 9 runs twice as fast as the rabbit. Find a differential 
equation for the path of the dog. Then solve it to find the point where the dog catches the 
rabbit. 

(b) Suppose the dog runs half as fast as the rabbit. How close does the dog get to the 
rabbit? What are their positions when they are closest? 


11. A planning engineer for a new alum plant must present some estimates to his company 


12 


13 


14 


15 


regarding the capacity of a silo designed to store bauxite ore until it is processed into 

alum. The ore resembles pink talcum powder and is poured from a conveyor at the top of 

the silo. The silo is a cylinder 100 ft high with a radius of 200 ft. The conveyor carries ore 

at a rate of 60,0007 ft*/h and the ore maintains a conical shape whose radius is 1.5 times 

its height. 

(a) If, at a certain time f, the pile is 60 ft high, how long will it take for the pile to reach the 
top of the silo? 

(b) How much room will be left in the floor area of the silo when the pile is 60 ft high? How 
fast is the floor area of the pile growing at that height? 

(c) Suppose a loader starts removing the ore at the rate of 20,0007 ft*/h when the height of 
the pile reaches 90 ft. Suppose, also, that the pile continues to maintain its shape. How 
long will it take for the pile to reach the top of the silo under these conditions? 


Find the curve that passes through the point (3, 2) and has the property that if the tangent 
line is drawn at any point P on the curve, then the part of the tangent line that lies in the first 
quadrant is bisected at P. 


Recall that the normal line to a curve at a point P on the curve is the line that passes 
through P and is perpendicular to the tangent line at P. Find the curve that passes through 
the point (3, 2) and has the property that if the normal line is drawn at any point on the 
curve, then the y-intercept of the normal line is always 6. 


Find all curves with the property that if the normal line is drawn at any point P on the curve, 
then the part of the normal line between P and the x-axis is bisected by the y-axis. 


Find all curves with the property that if a line is drawn from the origin to any point (x, y) 
on the curve, and then a tangent is drawn to the curve at that point and extended to meet the 
x-axis, the result is an isosceles triangle with equal sides meeting at (x, y). 
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The photo shows comet Hale-Bopp as it passed the earth in 1997, due to return in 4380. One of the brightest comets of the past century, 
Hale-Bopp could be observed in the night sky by the naked eye for about 18 months. It was named after its discoverers Alan Hale and 
Thomas Bopp, who first observed it by telescope in 1995 (Hale in New Mexico and Bopp in Arizona). In Section 10.6 you will see how 
polar coordinates provide a convenient equation for the elliptical path of the comet’s orbit. 


Jeff Schneiderman / Moment Open / Getty Images 


Parametric Equations and 
Polar Coordinates 


SO FAR WE HAVE DESCRIBED plane curves by giving y as a function of x |y = f(x)] or x asa 
function of y [x = g(y)] or by giving a relation between x and y that defines y implicitly as a func- 
tion of x | f(x, y) = 0]. In this chapter we discuss two new methods for describing curves. 

Some curves, such as the cycloid, are best handled when both x and y are given in terms of a 
third variable ¢ called a parameter [x = f(t), y = g(t)]. Other curves, such as the cardioid, have 
their most convenient description when we use a new coordinate system, called the polar coordi- 
nate system. 
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CHAPTER 10 Parametric Equations and Polar Coordinates 


10.1 


FIGURE 1 


Curves Defined by Parametric Equations 


Imagine that a particle moves along the curve C shown in Figure 1. It is impossible to 
describe C by an equation of the form y = f(x) because C fails the Vertical Line Test. 
But the x- and y-coordinates of the particle are functions of time ¢ and so we can write 
x = f(t) and y = g(t). Such a pair of equations is often a convenient way of describing a 
curve. 


E Parametric Equations 


Suppose that x and y are both given as functions of a third variable f, called a parameter, 
by the equations 


x=f(t) y=(t) 


which are called parametric equations. Each value of t determines a point (x, y), which 
we can plot in a coordinate plane. As ¢ varies, the point (x, y) = (f(t), g(t)) varies and 
traces out a curve called a parametric curve. The parameter ¢ does not necessarily rep- 
resent time and, in fact, we could use a letter other than ¢ for the parameter. But in many 
applications of parametric curves, t does denote time and in this case we can interpret 
(x, y) = (f(t), g(t) as the position of a moving object at time t. 


EXAMPLE 1 Sketch and identify the curve defined by the parametric equations 
x=P-2t y=t+1 


SOLUTION Each value of t gives a point on the curve, as shown in the table. For 
instance, if t = 1, then x = —1, y = 2 and so the corresponding point is (— 1, 2). In Fig- 
ure 2 we plot the points (x, y) determined by several values of the parameter and we 
join them to produce a curve. 


t ae y 
=2 8 =] 
=1 3 0 
0 0 1 
1 =1 2 
2 0 3 
3 3 4 
4 8 5 


FIGURE 2 
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It is not always possible to eliminate 
the parameter from parametric equa- 
tions. There are many parametric 
curves that don’t have an equivalent 
representation as an equation in x 
and y. 


YA 
(8, 5) 
(0, 1) 
0 x 
FIGURE 3 
aw YA 
t= = 
2 
N , 
(cos ¢, sin t) 
t=0 
t=T i zs 
\e 0) x 
t=27 
p= 307 
FIGURE 4 
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A particle whose position at time t is given by the parametric equations moves along 
the curve in the direction of the arrows as ¢ increases. Notice that the consecutive points 
marked on the curve appear at equal time intervals but not at equal distances. That is 
because the particle slows down and then speeds up as f increases. 

It appears from Figure 2 that the curve traced out by the particle may be a parabola. 
In fact, from the second equation we obtain t = y — 1 and substitution into the first 
equation gives 


x=? -2t=(y- 1? -2%y-l=y?-4y4+3 


Since the equation x = y* — 4y + 3 is satisfied for all pairs of x- and y-values gener- 
ated by the parametric equations, every point (x, y) on the parametric curve must lie on 
the parabola x = y* — 4y + 3 and so the parametric curve coincides with at least part 
of this parabola. Because ¢ can be chosen to make y any real number, we know that the 
parametric curve is the entire parabola. E 


In Example 1 we found a Cartesian equation in x and y whose graph coincided with 
the curve represented by parametric equations. This process is called eliminating the 
parameter; it can be helpful in identifying the shape of the parametric curve, but we lose 
some information in the process. The equation in x and y describes the curve the particle 
travels along, whereas the parametric equations have additional advantages—they tell us 
where the particle is at any given time and indicate the direction of motion. If you think 
of the graph of an equation in x and y as a road, then the parametric equations could track 
the motion of a car traveling along the road. 

No restriction was placed on the parameter t in Example |, so we assumed that f could 
be any real number (including negative numbers). But sometimes we restrict ¢ to lie ina 
particular interval. For instance, the parametric curve 


x=? —-2t y=tt+1 Ox<rs<4 


shown in Figure 3 is the part of the parabola in Example | that starts at the point (0, 1) 
and ends at the point (8, 5). The arrowhead indicates the direction in which the curve is 
traced as ¢ increases from 0 to 4. 

In general, the curve with parametric equations 


x=f(t) y=gt) astsb 


has initial point (f(a), g(a)) and terminal point ( f(b), g(b)). 


EXAMPLE2 What curve is represented by the following parametric equations? 
x = cost y= sint Osts2r 


SOLUTION If we plot points, it appears that the curve is a circle. We can confirm this 
by eliminating the parameter t. Observe that 


x? + y? = cost + sint = 1 


Because x? + y? = 1 is satisfied for all pairs of x- and y-values generated by the 
parametric equations, the point (x, y) moves along the unit circle x? + y? = 1. Notice 
that in this example the parameter ¢ can be interpreted as the angle (in radians) shown 
in Figure 4. As t increases from 0 to 277, the point (x, y) = (cos f, sin t) moves once 
around the circle in the counterclockwise direction starting from the point (1, 0). E 
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FIGURE 5 
YA 
Ss 
0 x 
FIGURE 6 


x=h+rcost,y=k+rsint 


RY 


EXAMPLE3 What curve is represented by the given parametric equations? 
x = sin 2t y = cos 2t O0<t<27 
SOLUTION Again we have 
x? + y? = sin’ (2t) + cos? (24) = 1 


so the parametric equations again represent the unit circle x? + y? = 1. Butast 
increases from 0 to 27, the point (x, y) = (sin 2¢, cos 2f) starts at (0, 1) and moves 
twice around the circle in the clockwise direction as indicated in Figure 5. a 


EXAMPLE 4 Find parametric equations for the circle with center (A, k) and radius r. 


SOLUTION One way is to take the parametric equations of the unit circle in Example 2 
and multiply the expressions for x and y by r, giving x = r cos t, y = r sin t. You can 
verify that these equations represent a circle with radius r and center the origin, traced 
counterclockwise. We now shift h units in the x-direction and k units in the y-direction 
and obtain parametric equations of the circle (Figure 6) with center (h, k) and radius r: 


x= h + rcost y=k+rsint O0<t<27 a 


NOTE Examples 2 and 3 show that different parametric equations can represent the 
same curve. Thus we distinguish between a curve, which is a set of points, and a 
parametric curve, in which the points are traced out in a particular way. 


In the next example we use parametric equations to describe the motions of four dif- 
ferent particles traveling along the same curve but in different ways. 


EXAMPLE 5 Each of the following sets of parametric equations gives the position of a 
moving particle at time t. 


a x=, y=t b) x=-t, y= —t 
O x=, yout (d)x=e*%, y=e' 
In each case, eliminating the parameter gives x = y*, so each particle moves along the 


cubic curve x = y; however, the particles move in different ways, as illustrated in 
Figure 7. 


(a) The particle moves from left to right as f increases. 
(b) The particle moves from right to left as f increases. 


(c) The equations are defined only for t = 0. The particle starts at the origin (where 
t = 0) and moves to the right as ¢ increases. 


(d) Here x > 0 and y > 0 for all t. The particle moves from right to left and 
approaches the point (1,1) as f increases (through negative values) toward 0. As ¢ fur- 
ther increases, the particle approaches, but does not reach, the origin. 


y y 
> > 
0 x 0 x 
(a)jx=f,y=t (b)x=-t, y=—-t ear? pavi (d) x=", y=e" 


FIGURE 7 
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FIGURE 8 
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EXAMPLE 6 Sketch the curve with parametric equations x = sin t, y = sin’t. 


SOLUTION Observe that y = (sin A? = x? and so the point (x, y) moves on the 
parabola y = x’. But note also that, since —1 < sint < 1, we have —1 < x < 1, so 
the parametric equations represent only the part of the parabola for which —1 S x < 1. 
Since sin t is periodic, the point (x, y) = (sin f, sin’t) moves back and forth infinitely 
often along the parabola from (—1, 1) to (1, 1). (See Figure 8.) E 


EXAMPLE 7 The curve represented by the parametric equations x = cos t, y = sin 2t 
is shown in Figure 9. It is an example of a Lissajous figure (see Exercise 63). It is 
possible to eliminate the parameter, but the resulting equation (y? = 4x? — 4x*) isn’t 
very helpful. Another way to visualize the curve is to first draw graphs of x and y 
individually as functions of t, as shown in Figure 10. 


x= cos í, y= sin 2t 


FIGURE 9 

3 
=3 

=3 
FIGURE 11 


x=cost y=sin 2t 


FIGURE 10 


We see that as f increases from 0 to 7/2, x decreases from 1 to 0 while y starts at 0, 
increases to 1, and then returns to 0. Together these descriptions produce the portion of 
the parametric curve that we see in the first quadrant. If we proceed similarly, we get 
the complete curve. (See Exercises 31—33 for practice with this technique.) a 


E Graphing Parametric Curves with Technology 


Most graphing software applications and graphing calculators can graph curves defined 
by parametric equations. In fact, it’s instructive to watch a parametric curve being 
drawn by a graphing calculator because the points are plotted in order as the corre- 
sponding parameter values increase. 

The next example shows that parametric equations can be used to produce the graph 
of a Cartesian equation where x is expressed as a function of y. (Some calculators, for 
instance, require y to be expressed as a function of x.) 


EXAMPLE 8 Usea calculator or computer to graph the curve x = y* — 3y’. 


SOLUTION If we let the parameter be t = y, then we have the equations 
x=t— 3 y=t 


Using these parametric equations to graph the curve, we obtain Figure 11. It would be 
possible to solve the given equation (x = y* — 3y?) for y as four functions of x and 
graph them individually, but the parametric equations provide a much easier method. E 
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13 
0 13 
FIGURE 12 
x=t + sin 5t 
y =t+ sin 6¢ 
FIGURE 15 


In general, to graph an equation of the form x = g(y), we can use the parametric 
equations 


x = g(t) yor 


In the same spirit, notice that curves with equations y = f(x) (the ones we are most 
familiar with—graphs of functions) can also be regarded as curves with parametric 
equations 


x=t y=f(t) 


Graphing software is particularly useful for sketching complicated parametric curves. 
For instance, the curves shown in Figures 12, 13, and 14 would be virtually impossible to 
produce by hand. 


4 
4 4 
-4 
FIGURE 13 FIGURE 14 
x = cost + cos 6f + 2 sin 3t x = 2.3 cos 10t + cos 23t 
y = sint + sin 6t + 2 cos 3t y = 2.3 sin 10t — sin 23t 


One of the most important uses of parametric curves is in computer-aided design 
(CAD). In the Discovery Project after Section 10.2 we will investigate special parametric 
curves, called Bézier curves, that are used extensively in manufacturing, especially in 
the automotive industry. These curves are also employed in specifying the shapes of let- 
ters and other symbols in PDF documents and laser printers. 


E The Cycloid 


EXAMPLE 9 The curve traced out by a point P on the circumference of a circle as 
the circle rolls along a straight line is called a cycloid. (Think of the path traced out 
by a pebble stuck in a car tire; see Figure 15.) If the circle has radius r and rolls 
along the x-axis and if one position of P is the origin, find parametric equations for 
the cycloid. 


P 
< VOA NN 
> 


P 
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FIGURE 16 


cycloid 


FIGURE 17 


FIGURE 18 
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SOLUTION We choose as parameter the angle of rotation 0 of the circle (0 = 0 when 
P is at the origin). Suppose the circle has rotated through @ radians. Because the circle 
has been in contact with the line, we see from Figure 16 that the distance it has rolled 
from the origin is 

| OT| = arc PT = r0 


Therefore the center of the circle is C(r6, r). Let the coordinates of P be (x, y). Then 
from Figure 16 we see that 


x =|OT| — |PQ| =ré@—-rsin@ = r(@ — sind) 


y= |TC| — |QC| =r —rcos@ = r(1 — cos8) 


Therefore parametric equations of the cycloid are 
[1] x = r(0 — sin@) y =r(1 — cos6) OER 


One arch of the cycloid comes from one rotation of the circle and so is described by 

0 < 0 < 27. Although Equations | were derived from Figure 16, which illustrates the 
case where 0 < 6 < 7/2, it can be seen that these equations are still valid for other 
values of 0 (see Exercise 48). 

Although it is possible to eliminate the parameter 6 from Equations 1, the resulting 
Cartesian equation in x and y is very complicated [x = r cos’ '(1 — y/r) a. 2ry — y? 
gives just half of one arch] and not as convenient to work with as the parametric 
equations. a 


One of the first people to study the cycloid was Galileo; he proposed that bridges be 
built in the shape of cycloids and tried to find the area under one arch of a cycloid. Later 
this curve arose in connection with the brachistochrone problem: Find the curve along 
which a particle will slide in the shortest time (under the influence of gravity) from a 
point A to a lower point B not directly beneath A. The Swiss mathematician John 
Bernoulli, who posed this problem in 1696, showed that among all possible curves that 
join A to B, as in Figure 17, the particle will take the least time sliding from A to B if the 
curve is part of an inverted arch of a cycloid. 

The Dutch physicist Huygens had already shown by 1673 that the cycloid is also the 
solution to the tautochrone problem; that is, no matter where a particle P is placed on 
an inverted cycloid, it takes the same time to slide to the bottom (see Figure 18). Huygens 
proposed that pendulum clocks (which he invented) should swing in cycloidal arcs 
because then the pendulum would take the same time to make a complete oscillation 
whether it swings through a wide arc or a small arc. 


E Families of Parametric Curves 


EXAMPLE 10 Investigate the family of curves with parametric equations 
x=a + cost y =atant + sint 
What do these curves have in common? How does the shape change as a increases? 


SOLUTION We use a graphing calculator (or computer) to produce the graphs for the 
cases a = —2, — 1, —0.5, —0.2, 0, 0.5, 1, and 2 shown in Figure 19. Notice that all of 
these curves (except the case a = 0) have two branches, and both branches approach 
the vertical asymptote x = a as x approaches a from the left or right. 
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a=0 a=0.5 


QD 


FIGURE 19 

Members of the family x = a + cos t, 
y= atant + sint, all graphed in the 
viewing rectangle [—4, 4] by [—4, 4] 


When a < ~—1, both branches are smooth; but when a reaches —1, the right branch 
acquires a sharp point, called a cusp. For a between — 1 and 0 the cusp turns into a 
loop, which becomes larger as a approaches 0. When a = 0, both branches come 


together and form a circle (see Example 2). For a between 0 and 1, the left branch has a 
loop, which shrinks to become a cusp when a = 1. For a > 1, the branches become 
smooth again, and as a increases further, they become less curved. Notice that the 
curves with a positive are reflections about the y-axis of the corresponding curves with 


a negative. 


These curves are called conchoids of Nicomedes after the ancient Greek scholar 
Nicomedes. He called them conchoids because the shape of their outer branches 
resembles that of a conch shell or mussel shell. E 


10.1 | Exercises 
1-2 For the given parametric equations, find the points (x, y) 
corresponding to the parameter values t = —2, —1, 0, 1, 2. 
Lx=ert+t y=3"! 


2.x=In(@? +1), y=t/(t+ 4) 


3-6 Sketch the curve by using the parametric equations to plot 
points. Indicate with an arrow the direction in which the curve is 
traced as f increases. 


3.x=1-?, y=2r-P, 1<t<2 


6. x= cost, y=1+cost, 0<t<7 


7-12 

(a) Sketch the curve by using the parametric equations to plot 
points. Indicate with an arrow the direction in which the curve 
is traced as f increases. 


(b) Eliminate the parameter to find a Cartesian equation of the 


curve. 
7.x=2t-1, y=5tt+1 
8 x=3t+2, y=2t+3 
9x=P-3, y=rt2, 3<1<3 

T x = sinz, y=1-cost, 0Sts27 

11. x= Jt, y=1-t 

12. x=, y=" 

13-22 

(a) Eliminate the parameter to find a Cartesian equation of the 

curve. 


(b) Sketch the curve and indicate with an arrow the direction in 
which the curve is traced as the parameter increases. 


13. x = 3 cost, OSST 


= sin 40, 
@B x = cos 0, y= sec?9, 


y =3sint, 
y=cos40, 0<0<7/2 
0<60<7/2 
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16. x=csct, y=cotr, 0<t<7 


= 
Il 
a 
a 
< 
I 
©, 


= 

ed 

= 
I 


t+2, y=1/t, t>0 
19. x = Int, y= vi, t=1 
20. x= |t|, y=|1-— |z| 
21. x = sint, y= cos°t 


@ x = sinhz, y = cosh t 


23-24 The position of an object in circular motion is modeled by 
the given parametric equations, where ¢ is measured in seconds. 
How long does it take to complete one revolution? Is the motion 
clockwise or counterclockwise? 


23. x =Scost, y= —Ssint 


24 3 sinl + 3 cosl Zt 
a X sin 4 A y COS 4 


25-28 Describe the motion of a particle with position (x, y) as t 
varies in the given interval. 


25. x= 5 + 2cosmt, y=3+2sin7t, 1s<=t=2 


26. x=2 + sint, y=1+3cost, m/2St<2r 
@- = Ssint, y=2cost, -mS<t<5a7 


28. x = sint, y= cost, -27<t<27 


29. Suppose a curve is given by the parametric equations 
x = f(t), y = g(t), where the range of f is [1, 4] and the 
range of g is [2, 3]. What can you say about the curve? 


30. Match each pair of graphs of equations x = f(t), y = g(t) in 
(a)—(d) with one of the parametric curves x = f(t), y = g(0) 
labeled I-IV. Give reasons for your choices. 


I 
y YA 
it pall 2 
> > 
1 t x 
(b) I 
x y YA 
2 f 2 g 2 
> 
It It x 
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(c) Ill 
XA YA F 
2 f g 2 1 


31-33 Use the graphs of x = f(t) and y = g(t) to sketch the 
parametric curve x = f(t), y = g(t). Indicate with arrows the 
direction in which the curve is traced as f increases. 


31. XA YA 
1+: 


=" 
i 


32. yi 


= 
= 
> 
= 
t 


= 1 t 1? 


33. YA 


> 
> 
= 
t 


0 1¢ 1 t 


34. Match the parametric equations with the graphs labeled I-VI. 
Give reasons for your choices. 


(a) x=t t+1, y=t 
b x= 22-21, y=y/t 


() x=P-24, y=r-t 


Qa 
w~ 
= 
Il 


cos 5t, y = sin 2t 


t + sin4t, y=? + cos3t 


ie} 

VY 

= 
Il 
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(f) x=t+sin2t, y=t + sin3t [Ħ 43-44 Usea graphing calculator or computer to reproduce the 
I í m picture. 
43. y 44. y4 
4+ 
2 ti 
> 
0 3 8 x 
IV V VI 
y y y 45. (a) Show that the points on all four of the given parametric 
curves satisfy the same Cartesian equation. 
@x=?, y=r Gi) x=4 y=vi 
(iii) x = cost, y= cost (iv) x= 37%, y=3' 
X (b) Sketch the graph of each curve in part (a) and explain 
= | S; how the curves differ from one another. 
x X 
46-47 Compare the curves represented by the parametric 
35. Graph the curve x = y — 2 sin my. equations. How do they differ? 
FĦ 36. Graph the curves y = x? — 4x and x = y? — 4y and find 46. (a) x=t, y=r? (b) x= cost, y= sect 
their points of intersection correct to one decimal place. (c) x=e'", y=e 
GT (a) Show that the parametric equations 47. (a) x=, y=? b) x= 1%, y=?! 
= god = 2-2 
x= x + (x. — xı)t y= y; + (y2 — yı)t (c) x 1 y=e" 


where 0 < t < 1, describe the line segment that joins 
the points Pi(x1, yı) and P2(x2, y2). 48 

(b) Find parametric equations to represent the line segment 
from (—2, 7) to (3, — 1). 


Derive Equations | for the case 7/2 < 0 < m. 


49. Let P be a point at a distance d from the center of a circle of 
radius r. The curve traced out by P as the circle rolls along a 


FX 38. Use a graphing calculator or computer and the result of straight line is called a trochoid. (Think of the motion of a 
Exercise 37(a) to draw the triangle with vertices A(1, 1), point on a spoke of a bicycle wheel.) The cycloid is the spe- 
B(4, 2), and C(1, 5). cial case of a trochoid with d = r. Using the same param- 


eter 0 as for the cycloid, and assuming the line is the x-axis 
and 0 = 0 when P is at one of its lowest points, show that 
parametric equations of the trochoid are 


39-40 Find parametric equations for the position of a particle 
moving along a circle as described. 


39. The particle travels clockwise around a circle centered at the o E _ d 

origin with radius 5 and completes a revolution in 477 seconds. x= rð — dsind y=r— dcos? 
40. The particle travels counterclockwise around a circle with Sketch the trochoid for the cases d < r and d > r. 
center (1, 3) and radius 1 and completes a revolution in 50 


In the figure, the circle of radius a is stationary, and for 
three seconds. 


every 0, the point P is the midpoint of the segment OR. 
The curve traced out by P for 0 < 0 < ~ is called the 


@ Find parametric equations for the path of a particle that longbow curve. Find parametric equations for this curve. 
moves along the circle x? + (y — 1)* = 4 in the manner R 
described. i 


2a R 


(a) Once around clockwise, starting at (2, 1) 
(b) Three times around counterclockwise, starting at (2, 1) 
(c) Halfway around counterclockwise, starting at (0, 3) 


FS 42. (a) Find parametric equations for the ellipse 
x*/a? + y*/b? = 1. [Hint: Modify the equations of the 
circle in Example 2.] 

(b) Use these parametric equations to graph the ellipse 
when a = 3 and b = 1, 2, 4, and 8. 

(c) How does the shape of the ellipse change as b varies? 
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51. If a and b are fixed numbers, find parametric equations for the method for constructing the edge of a cube whose volume 
curve that consists of all possible positions of the point P in is twice that of a given cube.) 
the figure, using the angle @ as the parameter. Then eliminate (b) Use the geometric description of the curve to draw a 
the parameter and identify the curve. rough sketch of the curve by hand. Check your work by 


using the parametric equations to graph the curve. 


YA 


RY 
Y 


55-57 Intersection and Collision Suppose that the position of 
each of two particles is given by parametric equations. A collision 
point is a point where the particles are at the same place at the same 
time. If the particles pass through the same point but at different 
times, then the paths intersect but the particles don’t collide. 


52 


If a and b are fixed numbers, find parametric equations for the 

curve that consists of all possible positions of the point P in 

the figure, using the angle @ as the parameter. The line seg- 

ment AB is tangent to the larger circle. 

yA 55. The position of a red particle at time f is given by 
x=t+5 =¢ť+4+6 

and the position of a blue particle is given by 


x=2t+1 y=2t+6 


Their paths are shown in the graph. 


YA 
ll 
53. A curve, called a witch of Maria Agnesi, consists of all pos- 
sible positions of the point P in the figure. Show that para- 
metric equations for this curve can be written as 
~> 
x = 2a cot 0 y = 2a sin’0 0 1 6 * 
Sketch the curve. (a) Verify that the paths of the particles intersect at the points 
“a (1, 6) and (6, 11). Is either of these points a collision 
y=2a i C point? If so, at what time do the particles collide? 
(b) Suppose that the position of a green particle is given by 
Z| x=2t+4 y=2t+9 
g Show that this particle moves along the same path as the 
blue particle. Do the red and green particles collide? If 
so, at what point and at what time? 
Á 56. The position of one particle at time f is given by 
O x x = 3sint y =2cost O<t<27 


and the position of a second particle is given by 
54. (a) Find parametric equations for the set of all points P as 


shown in the figure such that | OP | = | AB |. (This curve PESE ee ae Ve = at 
is called the cissoid of Diocles after the Greek scholar (a) Graph the paths of both particles. At how many points do 
Diocles, who introduced the cissoid as a graphical the graphs intersect? 
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(b) Do the particles collide? If so, find the collision points. 
(c) Describe what happens if the path of the second particle 
is given by 
x=3 + cost y=1 + sint Ox<rtsS 


57. Find the point at which the parametric curve intersects itself 
and the corresponding values of t. 


(a) x=1-, y=t-# 
YA 
> 
1x 
b) x=2t- t, y=r-? 
> 


CHAPTER 10 Parametric Equations and Polar Coordinates 


58. If a projectile is fired from the origin with an initial velocity 
of vo meters per second at an angle a above the horizontal 
and air resistance is assumed to be negligible, then its posi- 
tion after t seconds is given by the parametric equations 


x = (vo cos a)t y = (vo sin a)t — 5 gt? 


DISCOVERY PROJECT | ææ RUNNING CIRCLES AROUND CIRCLES 


YA 


cycloid are 


mxi 


64 


x= (a= Deos 0 + boos 


where g is the acceleration due to gravity (9.8 m/s’). 

(a) If a gun is fired with a = 30° and vọ = 500 m/s, when 
will the bullet hit the ground? How far from the gun will 
it hit the ground? What is the maximum height reached 
by the bullet? 

Use a graph to check your answers to part (a). Then 
graph the path of the projectile for several other values of 
the angle æ to see where it hits the ground. Summarize 
your findings. 

Show that the path is parabolic by eliminating the 
parameter. 


(b) 


(c) 


Investigate the family of curves defined by the parametric 
equations x = t°, y = t? — ct. How does the shape change as 
c increases? Illustrate by graphing several members of the 
family. 


The swallowtail catastrophe curves are defined by the 
parametric equations x = 2ct — 4t*, y ct? ti 
Graph several of these curves. What features do the curves 
have in common? How do they change when c increases? 


Graph several members of the family of curves with para- 
metric equations x = t + a cos t, y = t + asin t, where 

a > 0. How does the shape change as a increases? For what 
values of a does the curve have a loop? 


Graph several members of the family of curves 

x = sint + sinnt, y = cost + cos nt, where n is a positive 
integer. What features do the curves have in common? What 
happens as n increases? 


The curves with equations x = a sin nt, y = bcos t are called 
Lissajous figures. Investigate how these curves vary when a, 
b, and n vary. (Take n to be a positive integer.) 


Investigate the family of curves defined by the parametric 
equations x = cos ft, y = sin t — sin ct, where c > 0. Start 
by letting c be a positive integer and see what happens to the 
shape as c increases. Then explore some of the possibilities 
that occur when c is a fraction. 


In this project we investigate families of curves, called hypocycloids and epicycloids, that are 
generated by the motion of a point on a circle that rolls inside or outside another circle. 


1. A hypocycloid is a curve traced out by a fixed point P on a circle C of radius b as C rolls 
on the inside of a circle with center O and radius a. Show that if the initial position of P is 
(a, 0) and the parameter 0 is chosen as in the figure, then parametric equations of the hypo- 


= Boe, 
b 


y= (a= B)sing = bsin( 
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10.2 


If we think of the curve as being 
traced out by a moving particle, then 
dy/dt and dx/dt are the vertical and 
horizontal velocities of the particle 
and Formula 1 says that the slope of 
the tangent is the ratio of these 
velocities. 


SECTION 10.2 Calculus with Parametric Curves 673 


2. Use a graphing calculator or computer to draw the graphs of hypocycloids with a a positive 
integer and b = 1. How does the value of a affect the graph? Show that if we take a = 4, 
then the parametric equations of the hypocycloid reduce to 


x = 4cos*6 y = 4sin°0 
This curve is called a hypocycloid of four cusps, or an astroid. 


3. Now try b = 1 and a = n/d, a fraction where n and d have no common factor. First let 
n = | and try to determine graphically the effect of the denominator d on the shape of the 
graph. Then let n vary while keeping d constant. What happens when n = d + 1? 


4. What happens if b = 1 and a is irrational? Experiment with an irrational number like \/ D 
or e — 2. Take larger and larger values for 0 and speculate on what would happen if we 
were to graph the hypocycloid for all real values of 0. 


5. If the circle C rolls on the outside of the fixed circle, the curve traced out by P is called an 
epicycloid. Find parametric equations for the epicycloid. 


6. Investigate the possible shapes for epicycloids. Use methods similar to Problems 2—4. 


Calculus with Parametric Curves 


Having seen how to represent curves by parametric equations, we now apply the methods 
of calculus to these parametric curves. In particular, we solve problems involving tan- 
gents, areas, arc length, speed, and surface area. 


E Tangents 


Suppose f and g are differentiable functions and we want to find the tangent line at a 
point on the parametric curve x = f(t), y = g(t), where y is also a differentiable function 
of x. Then the Chain Rule gives 


dy _ dy dx 


dt dx dt 


If dx/dt # 0, we can solve for dy/dx: 


dy 
dy dt dx 
kis elie if “2G 
m dx dx 2 di 
dt 


Equation 1 (which you can remember by thinking of canceling the dt’s) enables us to 
find the slope dy/dx of the tangent to a parametric curve without having to eliminate the 
parameter t. We see from (1) that the curve has a horizontal tangent when dy/dt = 0, 
provided that dx/dt 0, and it has a vertical tangent when dx/dt = 0, provided that 
dy/dt # 0. (If both dx/dt = 0 and dy/dt = 0, then we would need to use other methods 
to determine the slope of the tangent.) This information is useful for sketching paramet- 
ric curves. 
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d‘y 
Note that <> # 
@ Note tha a 


CHAPTER 10 


2 


y=V3(x- 3) 


FIGURE 1 


Parametric Equations and Polar Coordinates 


As we have learned, it is also often useful to consider d*y/dx*. This can be found by 
replacing y by dy/dx in Equation 1: 


EXAMPLE 1 A curve C is defined by the parametric equations x = t’, y = f°? — 3t. 
(a) Show that C has two tangents at the point (3, 0) and find their equations. 
(b) Find the points on C where the tangent is horizontal or vertical. 


(c) Determine where the curve is concave upward or downward. 
(d) Sketch the curve. 


SOLUTION 

(a) Notice that x = 3 for t = +,/3 and, in both cases, y = ¢(t? — 3) = 0. Therefore 
the point (3, 0) on C arises from two values of the parameter, t = ale and t = —/3. 
This indicates that C crosses itself at (3, 0). Since 


dy  dy/dt _ 31° -3 
dx dx/dt 2t 


the slope of the tangent when t = /3 is dy/dx = 6/(2,/3) = v3, and when t = —/3 
the slope is dy/dx = —6/ (2/3 ) = —,/ 3. Thus we have two different tangent lines at 
(3, 0) with equations 


y=V3(@-3) and y=-¥3 (3) 


(b) C has a horizontal tangent when dy/dx = 0, that is, when dy/dt = 0 and 

dx/dt # 0. Since dy/dt = 3t? — 3, this happens when f* = 1, that is, £ = +1. The 
corresponding points on C are (1, —2) and (1, 2). C has a vertical tangent when 
dx/dt = 2t = 0, that is, t = 0. (Note that dy/dt # 0 there.) The corresponding point 
on C is (0, 0). 


(c) To determine concavity we calculate the second derivative: 


d [dy d (317-3 6? + 6 
dy  dt\dx]) dt 2t _ A. 3+3 


dx? dx dx 2t 4t? 
dt dt 


Thus the curve is concave upward when t > 0 and concave downward when t < 0. 


(d) Using the information from parts (b) and (c), we sketch C in Figure 1. a 


EXAMPLE 2 

(a) Find the tangent to the cycloid x = r(@ — sin 0), y = r(1 — cos 0) at the point 
where 0 = 7/3. (See Example 10.1.9.) 

(b) At what points is the tangent horizontal? When is it vertical? 
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SOLUTION 
(a) The slope of the tangent line is 


dy _dy/d0__—srsin@ ~—_—_—s sin 
dx  dx/d®ð®  r(1 — cos@) 1 = cos 0 


When 0 = 77/3, we have 


dy ____sin(w/3) af Bf oz 
dx 1 — cos(7/3) 1 — v3 


and 


NIi—= 


Therefore the slope of the tangent is V3 and its equation is 


y-bai(v- 2s 2) ” B-r- 2) 


3 2 


The tangent is sketched in Figure 2. 


(3mr,2r) 


FIGURE 2 


(b) The tangent is horizontal when dy/dx = 0, which occurs when sin 0 = 0 and 
1 — cos 0 ¥ 0, that is, 9 = (2n — 1)z, n an integer. The corresponding point on the 
cycloid is ((2n — 1)ar, 2r). 

When 0 = 2n7, both dx/d6 and dy/d@ are 0. It appears from the graph that there 
are vertical tangents at those points. We can verify this by using l’ Hospital’s Rule as 


follows: 
: dy : sin 0 . cos 0 
lim —— = lim mM —= im f = 
0—2nr* dx 6—>2n7+ 1 — cos 0 @—>2nr* sin 


A similar computation shows that dy/dx —> —% as 0 — 2nT”, so indeed there are 
vertical tangents when 0 = 2n7, that is, when x = 2n7rr. (See Figure 2.) E 


E Areas 


We know that the area under a curve y = F(x) from a to b is A = j F(x) dx, where 
F(x) = 0. If the curve is traced out once by the parametric equations x = f(f) and 
y = g(t), a S t < B, then we can calculate an area formula by using the Substitution 
Rule for Definite Integrals as follows: 


The limits of integration for t are 

found as usual with the Substitution — f? _ f8 i a ' 

Rule. When x = a, t is either a or B. = i} yax i S'E) dt [o f AFO | 
When x = b, t is the remaining value. 


EXAMPLE 3 Find the area under one arch of the cycloid 


x = r(@ — sin 0) y =r(1 — cos 6) 
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RY 


0 2Qar 


FIGURE 3 


The result of Example 3 says that the 
area under one arch of the cycloid is 
three times the area of the rolling 
circle that generates the cycloid (see 
Example 10.1.9). Galileo guessed this 
result but it was first proved by the 
French mathematician Roberval and 
the Italian mathematician Torricelli. 


FIGURE 4 


SOLUTION One arch of the cycloid (shown in Figure 3) is given by 0 < 0 < 27. Using 
the Substitution Rule with y = r(1 — cos 0) and dx = r(1 — cos 0) d0, we have 


2ar 2m 
A= f ydx = f r(1 — cos 0)r(1 — cos 0) dé 


II 


s 4 (1 — cos 0} d0 = r° i (1 — 2 cos 0 + cos?) dO 


2 u [1 Se 5(1 + cos 20)| d0 


Qa 
0 


= [39 — 2sin 0 + Łsin 20] 
= r (3 : 27) = 30r E 


E Arc Length 


We already know how to find the length L of a curve C given in the form y = F(x), 
a S x < b. Formula 8.1.3 says that if F’ is continuous, then 


z "ANO 


Suppose that C can also be described by the parametric equations x = f(t) and y = g(t), 
a < t < B, where dx/dt = f'(t) > 0. This means that C is traversed once, from left to 
right, as ¢ increases from a to B and f(a) = a, f(B) = b. Putting Formula 1 into For- 
mula 2 and using the Substitution Rule, we obtain 


b 2 B T Thn 
L=] 1+ (2 ar= | 14 (ala) ax x 
a dx a dx/dt} dt 


Since dx/dt > 0, we have 


B y dx ÑY dy 
Bl al | a dt + dt ae 
Even if C can’t be expressed in the form y = F(x), Formula 3 is still valid but we 
obtain it by polygonal approximations. We divide the parameter interval [a, B] into n 
subintervals of equal width Ar. If fo, ti, t2, . . . , tn are the endpoints of these subintervals, 
then x; = f(t;) and y; = g(t;) are the coordinates of points P;(x;, y;) that lie on C and the 
polygonal path with vertices Po, Pi, . . . , Pa approximates C. (See Figure 4.) 


As in Section 8.1, we define the length L of C to be the limit of the lengths of these 
approximating polygonal paths as n — ~: 


L= lim 5 | Pi- P;| 
i=1 


no 3 


The Mean Value Theorem, when applied to f on the interval [t;-1, t;], gives a number f* 
in (¢;-, t;) such that 


fi) = fti) =7 CG = tii) 
Let Ax; = x; — x;-; and Ay; = y; — y;-:. Then the preceding equation becomes 


Ax; = f'(t*) At 
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Similarly, when applied to g, the Mean Value Theorem gives a number t¥* in (¢-1, ti) 


such that 
Ay; = g'(ti**) At 
Therefore 
| Pi-P:| = VAa) + (Ay)? = VU) At? + gA 
= VIP) + gE At 
and so 
a L= im È FOF A 


The sum in (4) resembles a Riemann sum for the function y[ f’(1)|? + [g (AF but it is 
not exactly a Riemann sum because 1; # #** in general. Nevertheless, if f’ and g’ are 
continuous, it can be shown that the limit in (4) is the same as if #;* and t¥* were equal, 
namely, 


L=|" FOF +VOF at 


Thus, using Leibniz notation, we have the following result, which has the same form as 
Formula 3. 


[5] Theorem Ifa curve C is described by the parametric equations x = f(t), 
y = g(t), œ 5 t < B, where f' and g' are continuous on [a, 8] and C is traversed 
exactly once as ¢ increases from a@ to f, then the length of C is 


Notice that the formula in Theorem 5 is consistent with the general formula L = i ds 
of Section 8.1, where 


m ee (4) (2) a 


EXAMPLE 4 If we use the representation of the unit circle given in Example 10.1.2, 


x = cost y=sint Ostas? 


then dx/dt = —sin t and dy/dt = cos t, so Theorem 5 gives 


27 dx Ý dy $ r mo dr 
L= t dt = | vsin’t + cost dt = | dt = 27 
0 dt dt 0 0 


as expected. If, on the other hand, we use the representation given in Example 10.1.3, 


x = sin 2t y = cos 2t O0<t<27 


then dx/dt = 2 cos 2t, dy/dt = —2 sin 2t, and the integral in Theorem 5 gives 


en dx f dy ; 2r Qa 
facie ay _ z — op 7 
l 1 =) + ( z) dt { 4/4 cos? (2f) + 4 sin? (2ù) dt = i 3 di =A 
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@ Notice that the integral gives twice the arc length of the circle because as t increases 
from 0 to 27, the point (sin 2t, cos 2f) traverses the circle twice. In general, when 
finding the length of a curve C from a parametric representation, we have to be careful 
to ensure that C is traversed only once as f¢ increases from a@ to B. E 


EXAMPLE5 Find the length of one arch of the cycloid x = r(@ — sin 0), 
y =r(1 — cos@). 


SOLUTION From Example 3 we see that one arch is described by the parameter 
interval 0 < 0 < 27. Since 


— = r(1 — cos0) and ver sin 0 
dé 


we have 


Qa 2 2 T 
pa | ax + y dð = 5 Vr?(1 — cosé)? + r?sin2@ dé 
0 d0 dé 0 


F Vr(1 — 2 cos0 + cos26 + sin?) dé 


The result of Example 5 says that the 
length of one arch of a cycloid is eight 
times the radius of the generating 
circle (see Figure 5). This was first = rf” J/2(1 = cos0) dé 
proved in 1658 by Sir Christopher 0 

Wren, who later became the architect 


of St. Paul’s Cathedral in London. To evaluate this integral we use the identity sin’x = (1 — cos 2x) with @ = 2x, which 
gives 1 — cos 0 = 2 sin’(6/2). Since 0 < 0 < 27, we have 0 < 0/2 < mand so 
7 L=8r sin(0/2) = 0. Therefore 


J2(1 — cos 0) = /4 sin?(0/2) = 2| sin(@/2)| = 2 sin(0/2) 


0 Inr x and so L=2r [7 sin(0/2) dð = 2r| -2 cos(0/2)]." 
FIGURE 5 = 2r[2 + 2] = 8r a 
The arc length function and speed Recall that the arc length function (Formula 8.1.5) gives the length of a curve from an 


initial point to any other point on the curve. For a parametric curve C given by x = f(t), 
y = g(t), where f' and g’ are continuous, we let s(t) be the arc length along C from an 
initial point (f(a), g(@)) to a point ( f(t), g(t)) on C. By Theorem 5, the arc length func- 
tion s for parametric curves is 


s(t) = | i ` () + (2) di 


(We have replaced the variable of integration by u so that t does not have two meanings.) 

If parametric equations describe the position of a moving particle (with t representing 
time), then the speed of the particle at time t, v(t), is the rate of change of distance trav- 
eled (arc length) with respect to time: s'(t). By Equation 7 and Part 1 of the Fundamental 
Theorem of Calculus, we have 


v(t) =s'() = 1O $ (2) 
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EXAMPLE 6 The position of a particle at time t is given by the parametric equations 
x = 2t + 3, y = 4t°, t > 0. Find the speed of the particle when it is at the point (5, 4). 


SOLUTION By Equation 8, the speed of the particle at any time t is 
v(t) = VP + (80 = 2V1 + 167 


The particle is at the point (5, 4) when ¢ = 1, so its speed at that point is 
v(1) = 2,/17 = 8.25. (If distance is measured in meters and time in seconds, then 
the speed is approximately 8.25 m/s.) a 


E Surface Area 


In the same way as for arc length, we can adapt Formula 8.2.5 to obtain a formula for 
surface area. Suppose a curve C is given by the parametric equations x = f(t), y = g(t), 
a < t < B, where f; g’ are continuous, g(t) = 0, and C is traversed exactly once as t 
increases from a to B. If C is rotated about the x-axis, then the area of the resulting sur- 
face is given by 


a fen Ee 


The general symbolic formulas $ = | 2try ds and S$ = f 27x ds (Formulas 8.2.7 and 
8.2.8) are still valid, where ds is given by Formula 6. 


EXAMPLE7 Show that the surface area of a sphere of radius r is 47rr’. 
SOLUTION The sphere is obtained by rotating the semicircle 


x =rcost y=rsint Ostas 


about the x-axis. Therefore, from Formula 9, we get 


S= ie 2rr sin t (~r sin t}? + (r cos t}? dt 
= 2r E r sin t /r?(sin?t + cost) dt = 2m H rsint: rdt 


= 2rr° F sin t dt = 2mr?(—cos Dh = 4rr° a 


10.2 | Exercises 


1-4 Find dx/dt, dy/dt, and dy/dx. 3. x=te', y=t+sint 
1x =204 34, y=4t— 52? 


4. x=t + sin(t? +2), y= tan(t? + 2) 


2 


2.x=t-Int, y= =t 
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5-6 Find the slope of the tangent to the parametric curve at the 17,.x=e', y=te™ 
indicated point. 


8% x= +1, y=e'-1 


@Bx=1- Ine y=t+Int 


5 x=? +24, y=2'- 2 


YA : 
20. x = cost, y=sin2t, 0<t<7 
21-24 Find the points on the curve where the tangent is 
horizontal or vertical. You may want to use a graph from a 
calculator or computer to check your work. 
(15, 2) = 21. x=ť- 3t, y=r?-3 
0 x 
22,.x=f-34, y=r-3f 
6.x=t+cosmt, y= -—t + sinat 23. x = cos, y = cos 30 
YA 24. x= eTe y pa e™? 
0 > [Ħ 25. Use a graph to estimate the coordinates of the rightmost 
x point on the curve x = t — f°, y = e'. Then use calculus to 
(3, -2) find the exact coordinates. 
FY 26. Use a graph to estimate the coordinates of the lowest point 
and the leftmost point on the curve x = tf — 2t, y = t + t’. 


Then find the exact coordinates. 


FX 27-28 Graph the curve in a viewing rectangle that displays all 
the important aspects of the curve. 


27,.x=-2P -—2¢, y=rr-t 


7-10 Find an equation of the tangent to the curve at the point 
corresponding to the given value of the parameter. 


7x=P4+1, yst +t, t 1 


Vt, y=P-2n t=4 28. x=7f+ 4-8, y=2t -t 


8. x 


@ = sin2t + cost, y= cos2t — sint; t=T 


F429. Show that the curve x = cos t, y = sint cos t has two 
10. x= e'sinmt, y=e"; t=0 tangents at (0, 0) and find their equations. Graph the curve. 


-4 30. Graph the curve x = —2 cost, y = sint + sin 2f to dis- 
cover where it crosses itself. Then find equations of both 
tangents at that point. 


11-12 Find an equation of the tangent to the curve at the given 
point by two methods: (a) without eliminating the parameter and 
(b) by first eliminating the parameter. 


. 31 
11. x= sint, y= cos’t; (4,3) 


(a) Find the slope of the tangent line to the trochoid 
x = r — dsin 0, y = r — d cos 0 in terms of 0. (See 
12. x= yt+4, y=1/t+4); (2,4) Exercise 10.1.49.) 
(b) Show that if d < r, then the trochoid does not have a 
vertical tangent. 


- ind an equation of the tangent to the curve at the given 
FĦ 13-14 Find an equation of the tang h he gi 
point. Then graph the curve and the tangent. 32 


(a) Find the slope of the tangent to the astroid x = acos*6, 

3.x=P-14 y=rtttis (0,3) y = a sin’ in terms of 0. (Astroids are explored in the 
Discovery Project following Section 10.1.) 

(b) At what points is the tangent horizontal or vertical? 

(c) At what points does the tangent have slope 1 or —1? 


14. x= sinmt, y=t +t; (0,2) 


15-20 Find dy/dx and d*y/dx?. For which values of t is the 
curve concave upward? 


3 


33 


1 does 


At what point(s) on the curve x = 37? + 1,y = t 
the tangent line have slope +? 


Bx=P+1, y=rvrrr f 2 
34. Find equations of the tangents to the curve x = 3f° + 1, 


t y = 2r° + 1 that pass through the point (4, 3). 


16. x= +1, y=t 
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35-36 Find the area enclosed by the given parametric curve and 41. Find the area under one arch of the trochoid of Exer- 
the x-axis. cise 10.1.49 for the case d < r. 


@xarPti, y=2-e 


42. Let R be the region enclosed by the loop of the curve in 
Example 1. 
y (a) Find the area of R. 
(b) If R is rotated about the x-axis, find the volume of the 
resulting solid. 
(c) Find the centroid of R. 


BY 


43-46 Set up an integral that represents the length of the 
part of the parametric curve shown in the graph. Then use a 
calculator (or computer) to find the length correct to four 
36. x= sint, y=sinfcost, 0<t< 7/2 decimal places. 


43.x=3fP =r, y=? -2t 


y 
YA 
3 
0 a 24 
37-38 Find the area enclosed by the given parametric curve and 0 4 A 
the y-axis. 
37. x = sint, 38. x= t — 21, 
y = cost y= t 
44. x=tte y= +t 
YA YA 
YA 
—-+ 6 ai 
0 x 
> 
0 x 
2 + 
39. Use the parametric equations of an ellipse, x = a cos 6, 7 > 
y = bsin 6, 0 < 0 < 27, to find the area that it encloses. l i 


40. Find the area of the region enclosed by the loop of the curve 


3 


2 2 
x=1-t, y=t-t @ x =1 -2sint, y=1-2cost, 0<t<47 


YA 


=y 


=Y 
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46. x = tcost, then the position (in meters) of the projectile after t seconds is 


given by the parametric equations 


y=t-—S5sint 


YA 


x = (v cos a)t y = (v sin a)t — sgt? 


where g = 9.8 m/s’ is the acceleration due to gravity. 
(a) Find the speed of the projectile when it hits the ground. 
(b) Find the speed of the projectile at its highest point. 


> 
x 62. Show that the total length of the ellipse x = a sin, 
y = b cos, a > b > 0, is 
L=4a revi = e?sin26 d0 
where e is the eccentricity of the ellipse (e = c/a, 
where c = ya? — b? ). 
47-50 Find the exact length of the curve. 
> P 63. (a) Graph the epitrochoid with equations 
47. x=5t, y=r-2, 0<t<3 
jè a Jeh Uran x = 11 cost — 4cos(11t/2) 
ex5 et, y=4e™, <t< 
49.x=tsint, y=fcost, 0Sr<1 pen m esia) 
50 E E A = Goes. Y= E E ET HSS a What parameter interval gives the complete curve? 


(b) Use a calculator or computer to find the approximate 
length of this curve. 


51-52 Graph the curve and find its exact length. 
p 


52. 


A curve called Cornu’s spiral is defined by the parametric 
equations 


<t 


<= 


e'cos t, <7 


y=e'sint, 0 


x= C(t) = i cos(au?/2) du 


x= cost + In(tan5s), y=sint, 7/4 < t< 3r/4 


53. 


Graph the curve x = sint + sin 1.5t, y = cos ¢ and find its 
length correct to four decimal places. 


y= S(t) = i sin(aru2/2) du 


where C and S are the Fresnel functions that were intro- 


54. Find the length of the loop of the curve x = 3t — t}, duced in Chapter 5. 
y = 322 (a) Graph this curve. What happens as t — © and as 
i t => —«? 


55-56 Find the distance traveled by a particle with position 
(x, y) as t varies in the given time interval. Compare with the 
length of the curve. 


(b) Find the length of Cornu’s spiral from the origin to the 
point with parameter value t. 


65-66 The curve shown in the figure is the astroid x = a cos*6, 


55. x =sin’t, y=cos*t, 0< t< 3r y = asin*6. (Astroids are explored in the Discovery Project 
56. x = cos”, y=cost, 0<t<47 following Section 10.1.) 
YA 
57-60 The parametric equations give the position (in meters) of a 
a moving particle at time rt (in seconds). Find the speed of the 
particle at the indicated time or point. 
57.x=2t-3, y=22-3t+6; t=5 a 
—a a x 
T [T 
58. x = 2 + 5 cos tl, y 2 + 7sin t|; t=3 
3 3 
59. x= e', y= te'; (e,e) = 
60. x= +1, y=rt+2P°4+1; (2,4) 


65. Find the area of the region enclosed by the astroid. 


61. A projectile is fired from the point (0, 0) with an initial veloc- 
ity of vo m/s at an angle a above the horizontal. (See Exer- 


cise 10.1.58.) If we assume that air resistance is negligible, 


66. Find the perimeter of the astroid. 
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67-70 Set up an integral that represents the area of the surface regarded as a measure of the rate of change of direction of the 
obtained by rotating the given curve about the x-axis. Then use a curve at P and will be studied in greater detail in Chapter 13. 
calculator or computer to find the surface area correct to four 
decimal places. YA 


GD = tsint, y=tcost, O<t< 7/2 
68. x=sint, y=sin2t, 0<t<7/2 


69. x=t+e, y=e"’, OXt<l $ 


79. For a parametric curve x = x(t), y = y(t), derive the 
71-73 Find the exact area of the surface obtained by rotating formula 
the given curve about the x-axis. . . 
_ 149 — ¥51 


=p =P <t< KE ea 
71x=r, y=r, Osrsl K + 3? Pp? 


72. x=2 + 1/t, y=8 Vt, 1<t<3 p T , 
where the dots indicate derivatives with respect to f, so 


73. x= acos’ð, y=asin'#, 0<0<7/2 x = dx/dt. [Hint: Use ġ = tan '(dy/dx) and Formula 2 to 
find dọ /dt. Then use the Chain Rule to find do /ds.] 
74. Graph the curve 80. By regarding a curve y = f(x) as the parametric curve 
x = x, y = f(x) with parameter x, show that the formula in 
x = 2 cos@ — cos 20 Exercise 79 becomes 
y =2 sin — sin 20 | d?y/dx?| 
If this curve is rotated about the x-axis, find the exact area . [1 + (dy / dx) }* 2 
of the resulting surface. (Use your graph to help find the 
correct parameter interval.) 81. Use the formula in Exercise 79 to find the curvature of the 
cycloid x = 0 — sin, y = 1 — cos@ at the top of one of its 
75-76 Find the surface area generated by rotating the given arches. 


curve about the y-axis. 


@ x=3P, y=2, HPSS 82. (a) Use the formula in Lepage 80 to find the curvature of 
the parabola y = x’ at the point (1, 1). 
76.x=e'-t, y=4e, 0<1t<1 (b) At what point does this parabola have maximum 
, : curvature? 
83. (a) Show that the curvature at each point of a straight line 


77. If f’ is continuous and f(t) # 0 for a < t < b, show that 
the parametric curve x = f(t), y = g(t), a S t < b, can be 
put in the form y = F(x). [Hint: Show that f~' exists.] 


isk = 0. 

(b) Show that the curvature at each point of a circle of 
radius ris K = 1/r. 

78. Use Formula 1 to derive Formula 9 from Formula 8.2.5 for 


the case in which the curve can be represented in the form 84. A cow is tied to a silo with radius r by a rope just long 
y=F(x),a<x<b. 


enough to reach the opposite side of the silo. Find the graz- 


. ; ing area available for the cow. 
79-83 Curvature The curvature at a point P of a curve is 


defined as 


do 
ds 


K= 


where œ is the angle of inclination of the tangent line at P, as 
shown in the figure. Thus the curvature is the absolute value of 
the rate of change of @ with respect to arc length. It can be 
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85. A string is wound around a circle and then unwound while yA 
being held taut. The curve traced by the point P at the end of 
the string is called the involute of the circle. If the circle has 
radius r and center O and the initial position of P is (r, 0), and YD 


vu 


if the parameter @ is chosen as in the figure, show that para- 
metric equations of the involute are 


BY 


x = r(cosé + 0 sin@) 


y = r(sin@ — 0 cos@) 


DISCOVERY PROJECT M BEZIER CURVES 


Bézier curves are used in computer-aided design (CAD) and are named after the French math- 
ematician Pierre Bézier (1910-1999), who worked in the automotive industry. A cubic Bézier 
curve is determined by four control points, Po(xo, yo), Pi(x1, yi), P2(x2, y2), and P3(x3, y3), and 
is defined by the parametric equations 


x =x(1 — A? + 3xt(1 — 2? + 3x’ (1 — t) + x32? 


y= ail 9) Src a) E ya = o) a yar 


where 0 < t < 1. Notice that when t = 0 we have (x, y) = (xo, yo) and when t = | we have 
(x, y) = (x3, y3), so the curve starts at Po and ends at P3. 


1. Graph the Bézier curve with control points Po(4, 1), Pi(28, 48), P2(50, 42), and P3(40, 5). 
Then, on the same screen, graph the line segments PoP), P;P2, and P2P3. (Exercise 10.1.37 
shows how to do this.) Notice that the middle control points P; and P don’t lie on the 


curve; the curve starts at Po, heads toward P, and P, without reaching them, and ends at P3. 


2. From the graph in Problem 1, it appears that the tangent at Po passes through P, and the 
tangent at P; passes through P». Prove it. 


3. Try to produce a Bézier curve with a loop by changing the second control point in 
Problem 1. 


4. Some laser printers use Bézier curves to represent letters and other symbols. Experiment 
with control points until you find a Bézier curve that gives a reasonable representation of 
the letter C. 


g 


More complicated shapes can be represented by piecing together two or more Bézier 
curves. Suppose the first Bézier curve has control points Po, Pı, P2, P; and the second one 
has control points P3, P4, Ps, Ps. If we want these two pieces to join together smoothly, 
then the tangents at P; should match and so the points P2, P3, and P, all have to lie on this 
common tangent line. Using this principle, find control points for a pair of Bézier curves 
that represent the letter S. 


10.3 | Polar Coordinates 


A coordinate system represents a point in the plane by an ordered pair of numbers called 
coordinates. Usually we use Cartesian coordinates, which are directed distances from 
two perpendicular axes. Here we describe a coordinate system introduced by Newton, 
called the polar coordinate system, which is more convenient for many purposes. 
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oa? 


polar axis 


FIGURE 1 
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E The Polar Coordinate System 


We choose a point in the plane that is called the pole (or origin) and is labeled O. Then 
we draw a ray (half-line) starting at O called the polar axis. This axis is usually drawn 
horizontally to the right and corresponds to the positive x-axis in Cartesian coordinates. 

If P is any other point in the plane, let r be the distance from O to P and let 0 be the 
angle (usually measured in radians) between the polar axis and the line OP as in Fig- 


x ure |. Then the point P is represented by the ordered pair (r, 0) and r, 0 are called polar 


coordinates of P We use the convention that an angle is positive if measured in the 
counterclockwise direction from the polar axis and negative in the clockwise direction. 
If P = O, then r = 0 and we agree that (0, 0) represents the pole for any value of 6. 


(r, 0) We extend the meaning of polar coordinates (r, 0) to the case in which r is negative 


by agreeing that, as in Figure 2, the points (—r, 0) and (r, 0) lie on the same line through 
O and at the same distance | r| from O, but on opposite sides of O. If r > 0, the point 
>  (r,@) lies in the same quadrant as 6; if r < 0, it lies in the quadrant on the opposite side 


(r, 8) 


FIGURE 2 


(a) 
FIGURE 3 


(1.37) 


FIGURE 4 


of the pole. Notice that (—r, 0) represents the same point as (r, 0 + 77). 


EXAMPLE 1 Plot the points whose polar coordinates are given. 
(a) (1, 57/4) (b) (2, 377) (c) (2, —27/3) (d) (—3, 37/4) 


SOLUTION The points are plotted in Figure 3. In part (d) the point (—3, 37/4) is 
located three units from the pole in the fourth quadrant because the angle 37/4 is in 


the second quadrant and r = —3 is negative. 
3m 
307 \ “4 
2,3 O 
ener o Qa a 
-27 7 
$ 
"g 
2, —27 
( 3 ) (-3 3a) Ss 
(b) (c) (d) a 


In the Cartesian coordinate system every point has only one representation, but in the 
polar coordinate system each point has many representations. For instance, the point 
(1, 57/4) in Example 1(a) could be written as (1, —32r/4) or (1, 1377/4) or (—1, 77/4). 
(See Figure 4.) 


In fact, since a complete counterclockwise rotation is given by an angle 277, the point 
represented by polar coordinates (r, 0) is also represented by 


(r, 0 + 2n7) and (—r, 0 + (2n + 1)r) 


where n is any integer. 
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(0) 


FIGURE 5 


CHAPTER 10 Parametric Equations and Polar Coordinates 


P(r, 0) = P(x, y) 


E Relationship between Polar and Cartesian Coordinates 


The connection between polar and Cartesian coordinates can be seen from Figure 5, in 
which the pole corresponds to the origin and the polar axis coincides with the positive 
x-axis. If the point P has Cartesian coordinates (x, y) and polar coordinates (r, 0), then, 
from the figure, we have cos 0 = x/r and sin @ = y/r. So to find the Cartesian coordi- 
nates (x, y) when the polar coordinates (r, 0) are known, we use the equations 


[1] x =rcos 6 y=rsin8é 


To find polar coordinates (r, 0) when the Cartesian coordinates (x, y) are known, we 
use the equations 


2 9 y 
[2] r=x +y tang = — 
x 


which can be deduced from Equations 1 or simply read from Figure 5. 

Although Equations 1 and 2 were deduced from Figure 5, which illustrates the case 
where r > 0 and 0 < 0 < 7/2, these equations are valid for all values of r and 0. (See 
the general definition of sin @ and cos 0 in Appendix D.) 


EXAMPLE 2 Convert the point (2, 7/3) from polar to Cartesian coordinates. 
SOLUTION Since r = 2 and 0 = 7/3, Equations 1 give 


=] 


T 
x = rcos@ = 2 cos 3 =2 


1 
2 
3 = 
y=rsin@ =2sin—=2- v. = 3 
3 2 
Therefore the point is (1, aS ) in Cartesian coordinates. E 


EXAMPLE3 Represent the point with Cartesian coordinates (1, — 1) in terms of polar 
coordinates. 


SOLUTION If we choose r to be positive, then Equations 2 give 
r= x2 +y = VP + (1P = v2 


imo=2= <1 


x 
Since the point (1, — 1) lies in the fourth quadrant, we can choose 0 = —7/4 or 
0 = 77/4. Thus one possible answer is (y2, — 7/4); another is (V2, 77/4). | 


NOTE Equations 2 do not uniquely determine 6 when x and y are given because, as 0 
increases through the interval 0 < 0 < 277, each value of tan 0 occurs twice. Therefore, 
in converting from Cartesian to polar coordinates, it’s not good enough just to find r and 
@ that satisfy Equations 2. As in Example 3, we must choose @ so that the point (r, 0) lies 
in the correct quadrant. 
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FIGURE 6 


FIGURE 7 


RY 


FIGURE 8 
Table of values and 
graph of r = 2 cos@ 
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E Polar Curves 


The graph of a polar equation r = f(6), or more generally F(r, 0) = 0, consists of all 
points P that have at least one polar representation (r, 0) whose coordinates satisfy the 
equation. 


EXAMPLE4 What curve is represented by the polar equation r = 2? 


SOLUTION The curve consists of all points (r, 0) with r = 2. Since r represents the 
distance from the point to the pole, the curve r = 2 represents the circle with center O 
and radius 2. In general, the equation r = a represents a circle with center O and 

radius | a |. (See Figure 6.) E 


EXAMPLE5 Sketch the polar curve 6 = 1. 


SOLUTION This curve consists of all points (r, 0) such that the polar angle 0 is 

1 radian. It is the straight line that passes through O and makes an angle of 1 radian 
with the polar axis (see Figure 7). Notice that the points (r, 1) on the line with r > 0 
are in the first quadrant, whereas those with r < 0 are in the third quadrant. E 


EXAMPLE 6 
(a) Sketch the curve with polar equation r = 2 cos 0. 
(b) Find a Cartesian equation for this curve. 


SOLUTION 

(a) In Figure 8 we find the values of r for some convenient values of 6 and plot the 
corresponding points (r, 0). Then we join these points to sketch the curve, which 
appears to be a circle. We have used only values of 6 between 0 and m, because if we 
let 0 increase beyond 77, we obtain the same points again. 


0 r =2cos 0 
0 2 
1/6 3 
7/4 4/2 
T/3 1 
T/2 0 g 
21/3 = 
37/4 —/2 
51/6 —/3 
T =2 


(b) To convert the given equation to a Cartesian equation we use Equations 1 and 2. 
From x = r cos 0 we have cos @ = x/r, so the equation r = 2 cos 0 becomes r = 2x/r, 
which gives 


2x=r =x +y or x +y —2x=0 
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Completing the square, we obtain 
(x-1? +y=1 


which is an equation of a circle with center (1, 0) and radius 1. E 


Figure 9 shows a geometric illustra- 
tion that the circle in Example 6 has 
the equation r = 2 cos 0. The angle 
OPQ is a right angle (why?) and so 


r/2 = cos0. 
FIGURE 9 
Th EXAMPLE7 Sketch the curve r = 1 + siné. 
FA 
SOLUTION Instead of plotting points as in Example 6, we first sketch the graph of 
1 r= 1 + sinô in Cartesian coordinates in Figure 10 by shifting the sine curve up one 
unit. This enables us to read at a glance the values of r that correspond to increasing 
7 } } > values of 0. For instance, we see that as @ increases from 0 to 7/2, r (the distance 
7 m ša 27 0 from O) increases from 1 to 2 (see the corresponding green arrows in Figures 10 and 
11), so we sketch the corresponding part of the polar curve in Figure 1 1(a). As 0 
FIGURE 10 increases from 7/2 to m, Figure 10 shows that r decreases from 2 to 1, so we sketch 


the next part of the curve as in Figure 11(b). As 0 increases from 7 to 37/2, r 
decreases from 1 to 0 as shown in part (c). Finally, as 6 increases from 37/2 to 27, r 
increases from 0 to | as shown in part (d). If we let 6 increase beyond 277 or decrease 
beyond 0, we would simply retrace this path. Putting together the parts of the curve 
from Figure 1 1(a)—(d), we sketch the complete curve in part (e). It is called a cardioid 
because it’s shaped like a heart. 


r= 1 + sin@ in Cartesian 
coordinates, 0 < 0 < 27 


s3 
2 
| > o > > > 
O 0=7 0=27 
30 3m 
0= P 0= z 
(a) (b) (c) (d) (e) 
FIGURE 11 Stages in sketching the cardioid r = 1 + sin@ | 


EXAMPLE 8 Sketch the curve r = cos 20. 


SOLUTION As in Example 7, we first sketch r = cos 20, 0 < 0 < 27, in Cartesian 
coordinates in Figure 12. As 0 increases from 0 to 7/4, Figure 12 shows that r 
decreases from 1 to 0 and so we draw the corresponding portion of the polar curve in 
Figure 13 (indicated by ®©). As 0 increases from 7/4 to 7/2, r decreases from 0 to — 1. 
This means that the distance from O increases from 0 to 1, but instead of being in the 
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first quadrant this portion of the polar curve (indicated by @) lies on the opposite side 
of the pole in the third quadrant. The remainder of the curve is drawn in a similar 
fashion, with the arrows and numbers indicating the order in which the portions are 
traced out. The resulting curve has four loops and is called a four-leaved rose. 


FIGURE 12 FIGURE 13 


r = cos 20 in Cartesian coordinates Four-leaved rose r = cos 20 E 


E Symmetry 


When we sketch polar curves it is sometimes helpful to take advantage of symmetry. The 
following three rules are explained by Figure 14. 


(a) If a polar equation is unchanged when @ is replaced by —0, the curve is symmetric 
about the polar axis. 


(b) If the equation is unchanged when r is replaced by —r, or when @ is replaced by 
0 + T, the curve is symmetric about the pole. (This means that the curve remains 
unchanged if we rotate it through 180° about the origin.) 


(c) If the equation is unchanged when @ is replaced by m — 0, the curve is symmetric 
about the vertical line 0 = 7/2. 


(r, 7 — 0) (r, 0) 


r, 8) 


(r,-8) 
(a) (b) (c) 
FIGURE 14 


The curves sketched in Examples 6 and 8 are symmetric about the polar axis, since 
cos(—@) = cos 0. The curves in Examples 7 and 8 are symmetric about 0 = 77/2 because 
sin(m — 0) = sin 0 and cos[2(a — 0)] = cos 20. The four-leaved rose is also symmet- 
ric about the pole. We could have used these symmetry properties in sketching the curves. 
For instance, in Example 6 we need only have plotted points for 0 < @ < 7/2 and then 
reflected about the polar axis to obtain the complete circle. 
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E Graphing Polar Curves with Technology 

Although it’s useful to be able to sketch simple polar curves by hand, we need to use a 
graphing calculator or computer when we are faced with a curve as complicated as the 
ones shown in Figures 15 and 16. 


1 2 
1 | 2 2 
= -2 
FIGURE 15 FIGURE 16 
r = sin?(2.50) + cos?(2.50) r = sin?(30/2) + cos?(20/3) 


EXAMPLE 9 Graph the curve r = sin(80/5). 


SOLUTION First we need to determine the domain for 0. So we ask ourselves: how 
many complete rotations are required until the curve starts to repeat itself? If the 
answer is n, then 


8(0 + 2n) . {30 lónT _ 80 
n = sin at = sin 
5 5 5 5 
and so we require that 16n7/5 be an even multiple of 7. This will first occur when 


n = 5. Therefore we will graph the entire curve if we specify that 0 < 6 < 107. 
Figure 17 shows the resulting curve. Notice that this curve has 16 loops. E 


EXAMPLE 10 Investigate the family of polar curves given by r = 1 + c sin. 
FIGURE 17 How does the shape change as c changes? (These curves are called limaçons, after a 
r = sin(80/5) French word for snail, because of the shape of the curves for certain values of c.) 


SOLUTION Figure 18 shows computer-drawn graphs for various values of c. (Note that 
we obtain the complete graph for 0 < 0 < 27.) For c > 1 there is a loop that decreases 


¢s c=1.7 c=1 c=0.7 c=0.5 c=0.2 


p D 


0 c=—0.2 c=—-0.5 c=—0.8 c==1 


FIGURE 18 Members of the family of limaçons r = 1 + c sin@ 
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in size as c decreases. When c = | the loop disappears and the curve becomes the 
cardioid that we sketched in Example 7. For c between | and } the cardioid’s cusp is 


In Exercise 55 you are asked to prove smoothed out and becomes a “dimple.” When c decreases from 5 to 0, the limaçon is 
analytically what we have discovered shaped like an oval. This oval becomes more circular as c — 0, and when c = 0 the 


from the graphs in Figure 18. 


curve is just the circle r = 1. 

The remaining parts of Figure 18 show that as c becomes negative, the shapes 
change in reverse order. In fact, these curves are reflections about the horizontal axis of 
the corresponding curves with positive c. a 


Limagons arise in the study of planetary motion. In particular, the trajectory of Mars, 
as viewed from the planet Earth, has been modeled by a limaçon with a loop, as in the 
parts of Figure 18 with |c| > 1. 


Table 1 gives a summary of some common polar curves. 


Table 1 Common Polar Curves 


Circles and Spiral 


Hh f f f f 


r=a r=asin 0 r=acos 0 r=ao 
circle circle circle spiral 

Limacons 
r=at+ bsin@g 
r=atxbcosé 
(a > 0, b > 0) > 
Orientation depends on a a = 
the trigonometric func- 
tion (sine or cosine) and a<b a=b a>b a=2b 
the sign of b limagon with cardioid dimpled convex 

inner loop limagon limaçon 
Roses 
r = asin nð 
r = acos no a 5 > 5 
n-leaved if n is odd 
2n-leaved if n is even 

r =a cos 20 r =a cos 30 r =a cos 40 r=a cos 50 
four-leaved rose three-leaved rose eight-leaved rose five-leaved rose 
Lemniscates 
Figure-eight-shaped 
> > 
=a’ sin 20 =a’ cos 20 
lemniscate lemniscate 
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10.3 | Exercises 


1-2 Plot the point whose polar coordinates are given. Then find 
two other pairs of polar coordinates of this point, one with r > 0 
and one with r < 0. 


1. (a) (1, 7/4) 
2. (a) (2, 57/6) 


(b) (—2, 37/2) (c) (3, =7/3) 


(b) (1, —27/3) (c) (—1, 57/4) 


3-4 Plot the point whose polar coordinates are given. Then find 
the Cartesian coordinates of the point. 


3. (a) (2,37/2) (b) (V2, 7/4) 


(b) (—2, 37/4) 


(c) (-1, —7/6) 


4. (a) (4, 47/3) (c) (—3, —7/3) 


5-6 The Cartesian coordinates of a point are given. 

(i) Find polar coordinates (r, 0) of the point, where r > 0 
and 0 < 0 < 27. 

(ii) Find polar coordinates (r, 0) of the point, where r < 0 
and 0 S 0 < 27. 


5. (a) (—4, 4) 


6. (a) (v3, —1) 


(b) (3, 3/3) 


(b) (—6, 0) 


7-12 Sketch the region in the plane consisting of points whose 
polar coordinates satisfy the given conditions. 


71<rs<3 


10.3<r<5, 
11,.2<r<4, 


12. r>0, 7<0<5n/2 


13. Find the distance between the points with polar coordinates 
(4, 47/3) and (6, 57/3). 


14. Find a formula for the distance between the points with polar 
coordinates (rı, 01) and (r2, 02). 


15-20 Identify the curve by finding a Cartesian equation for the 
curve. 


15.7 =5 16. r= 4sec0 
17. r=5cosd 18. 0 = 7/3 


19. r°cos 20 = 1 20. r°sin20 = 1 


21-26 Find a polar equation for the curve represented by the 
given Cartesian equation. 


21. x? + y?=7 @.--1 
23. y = 3x 24. y = —2x° 


Gxt y=sy 


26. x? -y =4 


27-28 For each of the described curves, decide if the curve would 
be more easily given by a polar equation or a Cartesian equation. 
Then write an equation for the curve. 


27. (a) A line through the origin that makes an angle of 77/6 with 
the positive x-axis 
(b) A vertical line through the point (3, 3) 


28. (a) A circle with radius 5 and center (2, 3) 
(b) A circle centered at the origin with radius 4 


29-32 The figure shows a graph of r as a function of @ in Cartesian 
coordinates. Use it to sketch the corresponding polar curve. 


29. r 
2 


30. rA 


31. rA 


Sy 
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Sv 


33-50 Sketch the curve with the given polar equation by 
first sketching the graph of r as a function of 0 in Cartesian 


coordinates. 

@® + = -2sino 34. r= 1 — cos0 
Gr = 2(1 + cos0) 36. r= 1 + 2cos0 

37. r=0,020 38. r= 0°, -2r S027 

E + = 3 cos 30 40. r= —sin 50 

41. r = 2 cos 40 42. r =2sin 60 

@) r=1+ 3cosé 44. r=1+5sin0 

45. r° = 9 sin 20 46. r° = cos 40 

47. r=2 + sin 30 48. r°0=1 

49. r = sin (0/2) 50. r = cos (0/3) 

51. Show that the polar curve r = 4 + 2 sec (called a con- 
choid) has the line x = 2 as a vertical asymptote by showing 
that lim „>+ x = 2. Use this fact to help sketch the conchoid. 

52. Show that the curve r = 2 — csc 0 (a conchoid) has the 
line y = —1 as a horizontal asymptote by showing that 
lim,.+. y = —1. Use this fact to help sketch the conchoid. 

53. Show that the curve r = sin @ tan @ (called a cissoid of 
Diocles) has the line x = 1 as a vertical asymptote. Show also 
that the curve lies entirely within the vertical strip 0 S x < 1. 
Use these facts to help sketch the cissoid. 

54. Sketch the curve (x? + y? P = 4x?y*. 

55. (a) In Example 10 the graphs suggest that the limaçon 

r= 1 + c sin@ has an inner loop when | c| > 1. Prove 
that this is true, and find the values of 6 that correspond 
to the inner loop. 

(b) From Figure 18 it appears that the limacon loses its 
dimple when c = 5. Prove this. 

56. Match the polar equations with the graphs labeled I-IX. Give 


reasons for your choices. 
(a) r = cos 30 
(c) r = cos(0/2) 


b) r=n0, 1<60<60 
(d) r = cos(0/3) 
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(e) r = sec(0/3) 
(s) r=02, 0X0 < 80 
G) r= 2 + cos(30/2) 


(f) r= sec 0 
(h) r= 2 + cos 30 


I I Il 
IV Vv VI 
> > D > 
Vil Vil IX 
> > 5 > 
57. Show that the polar equation r = a sin@ + b cos 6, where 
ab # O, represents a circle. Find its center and radius. 
58. Show that the curves r = a sin@ and r = a cos@ intersect at 


right angles. 


59-64 Graph the polar curve. Choose a parameter interval that 
produces the entire curve. 


59. 


60. 


61. 


62. 


63. 


64. 


r= 1+ 2sin(0/2) (nephroid of Freeth) 
r= /1-—0.8sin?@  (hippopede) 


r =e" — 2cos(40) (butterfly curve) 
r=|tan@|'*! (valentine curve) 

r= 1 + cos™0 (Pac-Man curve) 

r = 2 + cos(90/4) 


65. 


66. 


How are the graphs of r = 1 + sin(@ — 7/6) and 

r= 1+ sin(@ — 7/3) related to the graph of r = 1 + sin? 
In general, how is the graph of r = f(0 — aq) related to the 
graph of r = f(@)? 


Use a graph to estimate the y-coordinate of the highest 
points on the curve r = sin 20. Then use calculus to find 
the exact value. 
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CHAPTER 10 Parametric Equations and Polar Coordinates 


68. Investigate the family of polar curves r = 1 + cos"@, where 


DISCOVERY PROJECT | / FAMILIES OF POLAR CURVES 


10.4 


A 


FIGURE 1 


F4 67. Investigate the family of curves with polar equations nis a positive integer. How does the shape change as n 
r = 1 + c cos, where c is a real number. How does the increases? What happens as n becomes large? Explain the 
shape change as c changes? 


shape for large n by considering the graph of r as a function 
of 0 in Cartesian coordinates. 


In this project you will discover the interesting and beautiful shapes that members of families 
of polar curves can take. You will also see how the shape of the curve changes when you vary 
the constants. 


1. (a) Investigate the family of curves defined by the polar equations r = sin n6, where n is a 
positive integer. How is the number of loops related to n? 


(b) What happens if the equation in part (a) is replaced by r = | sin n8 |? 


2. A family of curves is given by the equations r = 1 + c sin n0, where c is a real number 
and n is a positive integer. How does the graph change as n increases? How does it change 
as c changes? Illustrate by graphing enough members of the family to support your 
conclusions. 


3. A family of curves has polar equations 


a 1 —acos@ 


p= 
1 + acosé 


Investigate how the graph changes as the number a changes. In particular, you should 
identify the transitional values of a for which the basic shape of the curve changes. 


4. The astronomer Giovanni Cassini (1625-1712) studied the family of curves with polar 
equations 
i= Dre 0 eG =A 


where a and c are positive real numbers. These curves are called the ovals of Cassini 
even though they are oval shaped only for certain values of a and c. (Cassini thought that 
these curves might represent planetary orbits better than Kepler’s ellipses.) Investigate the 
variety of shapes that these curves may have. In particular, how are a and c related to each 
other when the curve splits into two parts? 


Calculus in Polar Coordinates 


In this section we apply the methods of calculus to find areas, arc lengths, and tangents 
involving polar curves. 


E Area 


To develop the formula for the area of a region whose boundary is given by a polar equa- 
tion, we need to use the formula for the area of a sector of a circle: 


[1] A= $770 


where, as in Figure 1, r is the radius and @ is the radian measure of the central angle. 
Formula | follows from the fact that the area of a sector is proportional to its central 
angle: A = (0/2m)mr? = 4r70. (See also Exercise 7.3.41.) 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


SECTION 10.4 Calculus in Polar Coordinates 695 


Let R be the region, illustrated in Figure 2, bounded by the polar curve r = f(@) and 
by the rays 0 = a and 0 = b, where f is a positive continuous function and where 
0 < b — a < 27r. We divide the interval |a, b] into subintervals with endpoints 00, 01, 
02, . . . , 0, and equal width A@. The rays 0 = 6; then divide & into n smaller regions with 
central angle A0 = 0; — 0;-,. If we choose 6;* in the ith subinterval [0;-1, 0;], then the 
area AA; of the ith region is approximated by the area of the sector of a circle with central 
angle A0 and radius f(0;*). (See Figure 3.) 

Thus from Formula 1 we have 


AA; ~ 5[ f(6*)) A0 


and so an approximation to the total area A of R is 


A A = X I/O"? AO 


It appears from Figure 3 that the approximation in (2) improves as n — %. But the sums 
in (2) are Riemann sums for the function g(@) = HEFP, so 


FIGURE 3 n m 
lim X 3107) P AO = S'OP a9 
n=% i= a 
It therefore appears plausible (and can in fact be proved) that the formula for the area A 
of the polar region & is 
b 
5] A = [OPa 
Formula 3 is often written as 
a A = |" }r? do 
with the understanding that r = f(@). Note the similarity between Formulas | and 4. 
When we apply Formula 3 or 4, it is helpful to think of the area as being swept out by 
a rotating ray through O that starts with angle a and ends with angle b. 
EXAMPLE 1 Find the area enclosed by one loop of the four-leaved rose r = cos 20. 
SOLUTION The curve r = cos 20 was sketched in Example 10.3.8. Notice from Fig- 
r = cos 20 


0= 3 ure 4 that the region enclosed by the right loop is swept out by a ray that rotates from 
0 = —T/4 to 0 = 7/4. Therefore Formula 4 gives 


Because the region is symmetric about the polar axis 0 = 0, we can write 


T — 1 m/4 2 
g=-7 A =2-3("" cos?20 d0 
he i r 1 
FIGURE 4 = j z(1 + cos 40) do [because cos*u = z(1 + cos 2u)] 
a/4 — T 
= AG + 7 sin 40); 8 E 
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FIGURE 5 


FIGURE 6 


CHAPTER 10 Parametric Equations and Polar Coordinates 


EXAMPLE 2 Find the area of the region that lies inside the circle r = 3 sin 0 and 
outside the cardioid r = 1 + sin@. 


SOLUTION The cardioid (see Example 10.3.7) and the circle are sketched in Fig- 

ure 5 and the desired region is shaded. The values of a and b in Formula 4 are deter- 
mined by finding the points of intersection of the two curves. They intersect when 
3sin@ = 1 + sin@. This gives sin@ = 5, so 6 = 7/6, 57/6. The desired area can be 
found by subtracting the area inside the cardioid between 0 = 77/6 and 0 = 57/6 from 
the area inside the circle from 77/6 to 57/6. Thus 


5r, 


A =5 [7 G sing)?do — 3 [7° (1 + sino)?do 


Since the region is symmetric about the vertical axis 0 = 7/2, we can write 


T, 


A= a| [rosin do — rf" + 2sin0 + sin?0) ao | 


= m (8 sin?@ — 1 — 2 sin 8) do 


= j (3 — 4 cos 20 — 2 sin 0) dé [because sin’@ = }(1 — cos 20)] 
ar/2 
= 30 — 2 sin 20 + 2cosé], = 7 E 


Example 2 illustrates the procedure for finding the area of the region bounded by 
two polar curves. In general, let R be a region, as illustrated in Figure 6, that is 
bounded by curves with polar equations r = f(0), r = g(0), 0 = a, and 0 = b, where 
f(0) = g(0) = 0 and 0 < b — a S 27r. The area A of & is found by subtracting the 
area inside r = g(0) from the area inside r = f(0), so using Formula 3 we have 


a = "aL f0) Pde — f'La) do 


I 


= 4 f’ (LAO)P — [g(9)P) ao 


CAUTION The fact that a single point has many representations in polar coordinates 
sometimes makes it difficult to find all the points of intersection of two polar curves. 
For instance, it is obvious from Figure 5 that the circle and the cardioid have three points 
of intersection; however, in Example 2 we solved the equations r = 3 sin@ and 
r = 1 + sin@ and found only two such points, (3, T/ 6) and (3, 5a/ 6). The origin is also 
a point of intersection, but we can’t find it by solving the equations of the curves because 
the origin has no single representation in polar coordinates that satisfies both equations. 
Notice that, when represented as (0, 0) or (0, 77), the origin satisfies r = 3 sin 0 and so it 
lies on the circle; when represented as (0, 37/2), it satisfies r = 1 + sin@ and so it lies 
on the cardioid. Think of two points moving along the curves as the parameter value 0 
increases from 0 to 27. On one curve the origin is reached at 0 = 0 and 0 = 7m; on the 
other curve it is reached at 0 = 37/2. The points don’t collide at the origin because they 
reach the origin at different times, but the curves intersect there nonetheless. (See also 
Exercises 10.1.55—57.) 

Thus, to find all points of intersection of two polar curves, it is recommended that you 
draw the graphs of both curves. It is especially convenient to use a graphing calculator or 
computer to help with this task. 
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EXAMPLE 3 Find all points of intersection of the curves r = cos 26 and r = 4. 


SOLUTION If we solve the equations r = cos 26 and r = 5 simultaneously, we get 
cos 20 = 5 and, therefore, 20 = 1/3, 51/3, 77/3, 1177/3. Thus the values of 0 
between 0 and 27 that satisfy both equations are 6 = 77/6, 57/6, 77/6, 1177/6. We 

> have found four points of intersection: (3, 1/6), (4, 57/6), (3, 77/6), and (5, 1177/6). 

However, you can see from Figure 7 that the curves have four other points of 

intersection—namely, (5, 77/3), (3, 27/3), (5, 47/3), and (3, 57/3). These can be found 
using symmetry or by noticing that another equation of the circle is r = -4 and then 
solving the equations r = cos 20 and r = —4 simultaneously. E 


PARAE E Arc Length 


Recall from Section 10.3 that rectangular coordinates (x, y) and polar coordinates (r, 0) 
are related by the equations x = r cos 6, y = r sin 0. Regarding 0 as a parameter allows 
us to write parametric equations for a polar curve r = f (0) as follows. 


Parametric equations for 5] x = r cos 0 = f (0) cos 0 y = rsin 0 = f(0) sind 
a polar curve 
To find the length of a polar curve r = f (0), a < 0 < b, we start with Equations 5 
and differentiate with respect to 0 (using the Product Rule): 


d d d d 
= cos — r sin aan Sy Sino + r cos 


Then, using cos’@ + sin’@ = 1, we have 


2 2 2 
ax + oO Ei cos?ð — a cos 0 sin@ + r° sin?’0 
dé dé d0 dé 


dr 2 — dr ., 2 2 
+ {| —] sin°é + 2r — sin @cos@ + r“ cos-0 
dé do 


II 
oo 
= |= 
Qin 
ee 

N 

+ 

= 

N 


Assuming that f’ is continuous, we can use Theorem 10.2.5 to write the arc length as 


a a 


Therefore the length of a curve with polar equation r = f(0),a < 0 < b, is 


s s @ 
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FIGURE 8 
r=1+sin@ 


EXAMPLE 4 Find the length of the cardioid r = 1 + siné. 


SOLUTION The cardioid is shown in Figure 8. (We sketched it in Example 10.3.7.) Its 
full length is given by the parameter interval 0 < 0 < 277, so Formula 6 gives 


2m 2 ir vn 
L =| afr? + (z) do = |" JO + sin 0) + cos" do = |” J2 F 2sin@ do 
0 


We could evaluate this integral by multiplying and dividing the integrand by 
y2 — 2 sin0 , or we could use mathematical software. In any event, we find that the 
length of the cardioid is L = 8. E 


E Tangents 


To find a tangent line to a polar curve r = f(0), we again regard 6 as a parameter and 
write parametric equations for the curve following Equations 5: 


x =rcosé = f(0) cosé y =r sinb = f(@) sind 


Then, using the method for finding the slope of a parametric curve (Equation 10.2.1) and 
the Product Rule, we have 


dy dr . 
d 1 P sin@ + rcos@ 
Y — 
dx dx dr . 
cos@ — r sin 


dé dé 


We locate horizontal tangents by finding the points where dy/d@ = 0 (provided that 
dx/d@ # 0). Likewise, we locate vertical tangents at the points where dx/d@ = 0 (pro- 
vided that dy/d0 # 0). 
Notice that if we are looking for tangent lines at the pole, then r = 0 and Equation 7 
simplifies to 
dy dr 


Sek (ose 
io " d0 


For instance, in Example 10.3.8 we found that r = cos 20 = 0 when 0 = 77/4 or 37/4. 
This means that the lines 0 = 7/4 and 6 = 37/4 (or y = x and y = —x) are tangent 
lines to r = cos 26 at the origin. 


EXAMPLE 5 


(a) For the cardioid r = 1 + sin 0 of Example 4, find the slope of the tangent line 
when 0 = 77/3. 
(b) Find the points on the cardioid where the tangent line is horizontal or vertical. 


SOLUTION Using Equation 7 with r = 1 + sin0, we have 


dr 
— sin + rcosé 


dy dð _ cos@sin@ + (1 + sin @) cos @ 
dx dr i cos @cos@ — (1 + sin 0) sin 
— cos = rsin ð 
do 
cosO(1+2sin@) cos (1 + 2sin@) 


1—2sin?@—sin@ (1+ sin@)(1 — 2 sin@) 
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(a) The slope of the tangent at the point where 0 = 77/3 is 


dy _ _ cos(ar/3)[1 + 2 sin(7/3)] E 11 + 3) 
dx |o=n/s [1 + sin(ar/3)][1 — 2 sin(7/3)] (1 + 3/21 — 3) 


(b) Observe that 


d 3 7 11 
Gp = CSO (1 + 2 sind) = 0 when 0 = 5, a a 1 
d. 3 5 

a (1 + sina)\(1 —2sind)=0 when 0 = ail Bie 


Therefore there are horizontal tangents at the points (2, 7/2), (4, 77/6), (4, 1177/6) 
and vertical tangents at (3, 2/6) and (3, 57/6). When @ = 377/2, both dy/d0 and 
dx/d@ are 0, so we must be careful. Using |’ Hospital’s Rule, we have 


. dy : 1+2sin0 i cos 0 
lim —— = lim = ———— lim ———— 
0—>(31/2)- dx 6 (37/2)- 1 — 2 sind / \e—G7/2)- 1 + sind 
1 . cos0 1 . —sin 0 E 


im = = im 
3 0>(3n/2)-1 + sind 3 0—(7/2)- cos 


(3.75) Gw) B t jo ae 
è 2 symmetry, im —=- 
ee - 90/2) dx 
FIGURE 9 
Tangent lines for r = 1 + sin 0 Thus there is a vertical tangent line at the pole (see Figure 9). a 
NOTE Instead of having to remember Equation 7, we could employ the method used to 
derive it. For instance, in Example 5 we could have written parametric equations for the 
curve as 
x =rcos@ = (1 + sin@) cos@ = cos@ + + sin 20 
y = rsin = (1 + sin) sin = sin@ + sin’0 
Then we have 
dy _ dy/d0 _ cos + 2sinðcosð cos + sin 20 
dx — dx/d0 —sin 0 + cos 20 —sin 0 + cos 20 
which is equivalent to our previous expression. 
10.4 | Exercises 
1-4 Find the area of the region that is bounded by the given curve 3. r=sind+cosé, 0<057 
and lies in the specified sector. 
1.r=/20, 0<0<7/2 4. r=1/0, 7/2<0<27 


2. r=’, 3m/4 <0 < 37/2 
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5-8 Find the area of the shaded region. 29-34 Find the area of the region that lies inside both curves. 
@ 6. 29. r=3sin0, r= 3cos0 


30. r=1+cosé, r= 1 — cos0 
> 31. r=sin20, r=cos20 
32. r=3+2cosé, r=3 + 2sin0 


33. r? =2sin20, r=1 


r“ = sin 20 r=2+cos@ 
34. r= asin, r=bcosé, a>0, b>0 


35. Find the area inside the larger loop and outside the smaller 
loop of the limaçon r = 5 + cos@. 


> 

36. Find the area between a large loop and the enclosed small 
loop of the curve r = 1 + 2 cos 30. 
PESEE EE” r=\ing, 1<6<20 37-42 Find all points of intersection of the given curves. 

37. r = sin, r= 1 — sind 

9-12 Sketch the curve and find the area that it encloses. 38. r= 1 + cosð, r= 1 -— sind 

9. r= 4cos0 10. r=2 + 2cos0 39. r= 2sin20, r =1 
11. r=3-—2si 12. r= 2si 
A “7 r saag 40. r= cos, r= sin20 

13-16 Graph the curve and find the area that it encloses. 41. r’ =2cos290, r=1 

13. r= 2 + sin 40 14. r= 3 — 2 cos 40 42. r? = sin20, r? = cos 20 

15. r = 4/1 + cos?(50) 16. r= 1 + 5sin60 
43-46 Find the area of the shaded region. 

17-21 Find the area of the region enclosed by one loop of 43. r=3+2cos0 

the curve. 

17. r = 4 cos 30 18. r° = 4cos 20 

19. r = sin 40 20. r= 2 sin 50 


ay r= 1+ 2sin@ (inner loop) 


22. Find the area enclosed by the loop of the strophoid 
r = 2 cos@ — secé. 


23-28 Find the area of the region that lies inside the first curve 
and outside the second curve. 


23. r=4sin0, r=2 44, 2- B3 sin 26 
r’=y3 sin 


24. r= 1 — sin, r=1 

25. r? = 8 cos 20, r=2 

26. r= 1 + cos, r= 2 — cos 
@ -= 3cos0, r= 1 + cos 


28. r = 3sinð, r=2 — sin@ r=\/2 cos 
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45. -=1+ cos 53-54 Find the exact length of the portion of the curve shown 
in blue. 
53. 
r=3+3sin0 
(|) > 
46. 54. r=6+2 


F447. The points of intersection of the cardioid r = 1 + sin 0 and 
the spiral loop r = 20, —7/2 < 0 < 7/2, can’t be found 


[Ñ 55-56 Find the exact length of the curve. Use a graph to 
determine the parameter interval. 


exactly. Use a graph to find the approximate values of 6 at 55. r = cos*(0/4) 56. r= cos*(6/2) 
which the curves intersect. Then use these values to estimate 
the area that lies inside both curves. 57-58 Set up, but do not evaluate, an integral to find the length 


148. When recording live performances, sound engineers often 
use a microphone with a cardioid pickup pattern because it 57. 
suppresses noise from the audience. Suppose the microphone 
is placed 4 m from the front of the stage (as in the figure) 
and the boundary of the optimal pickup region is given by 


of the portion of the curve shown in blue. 


r = cos( 0/5) 


the cardioid r = 8 + 8 sin, where r is measured in meters 
and the microphone is at the pole. The musicians want to 
know the area they will have on stage within the optimal 
pickup range of the microphone. Answer their question. 


G) 


58. 
stage 
, microphone 59-62 Use a calculator or computer to find the length of the 
audience curve correct to four decimal places. If necessary, graph the 

curve to determine the parameter interval. 

49-52 Find the exact length of the polar curve. 59. One loop of the curve r = cos 26 

GD r=200s0, O<0<0 50. r= e", 0<9< 7/2 60. r=tand, 7/6 <0 = 7/3 

51. r=0°, 0<0<27 52. r= 2(1 + cos@) 61. r = sin(6 sin@) 62. r = sin(0/4) 
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63-68 Find the slope of the tangent line to the given polar curve 
at the point specified by the value of 6. 


74. (a) 


63. r=2cos0, 0 = 7/3 64. r=2 + sin30, 0=7/4 Æ 
65. r= 1/0, 0=T7 
66. r = sin + 2cos 0, 0 = 7/2 (c) 
67. r = cos 20, 0 = 7/4 
68. r=1+2cosé, 0=7/3 
69-72 Find the points on the given curve where the tangent line 75. (a) 
is horizontal or vertical. 
69. r = sind 70. r= 1 — sin0 
71. r= 1 + cosé 72. r=e? 
73. Let P be any point (except the origin) on the curve r = f (0). 
If w is the angle between the tangent line at P and the radial 
line OP, show that 
t ———— 
= Bide 
[Hint: Observe that y =  — 0 in the figure.] b) 
76. (a) 
(b) 


10.5 


Conic Sections 


Use Exercise 73 to show that the angle between the tan- 
gent line and the radial line is ys = 7/4 at every point on 
the curve r = e’. 


(b) Illustrate part (a) by graphing the curve and the tangent 


lines at the points where 0 = 0 and 7/2. 

Prove that any polar curve r = f(@) with the property that 
the angle y between the radial line and the tangent line is a 
constant must be of the form r = Ce**, where C and k are 
constants. 


Use Formula 10.2.9 to show that the area of the surface 
generated by rotating the polar curve 

r=f(0) ax0<b 
(where f’ is continuous and 0 < a < b < m) about the 
polar axis is 


S= |’ 2nrsino y= (z) do 


Use the formula in part (a) to find the surface area 
generated by rotating the lemniscate r” = cos 20 about 
the polar axis. 


Find a formula for the area of the surface generated by 
rotating the polar curve r = f(0),a < 0 < b (where f’ is 
continuous and 0 < a < b < r), about the line 0 = 77/2. 
Find the surface area generated by rotating the lemniscate 
r? = cos 26 about the line 0 = 77/2. 


In this section we give geometric definitions of parabolas, ellipses, and hyperbolas and 
derive their standard equations. They are called conic sections, or conics, because they 
result from intersecting a cone with a plane as shown in Figure 1. 


ellipse 


FIGURE 1 


Conics 


parabola 


hyperbola 
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E Parabolas 


axis parabola S A parabola is the set of points in a plane that are equidistant from a fixed point F (called 
focus the focus) and a fixed line (called the directrix). This definition is illustrated by Figure 2. 
NIE Notice that the point halfway between the focus and the directrix lies on the parabola; it 


is called the vertex. The line through the focus perpendicular to the directrix is called the 
axis of the parabola. 

In the 16th century Galileo showed that the path of a projectile that is shot into the air 
at an angle to the ground is a parabola. Since then, parabolic shapes have been used in 
designing automobile headlights, reflecting telescopes, and suspension bridges. (See 
FIGURE 2 Problem 22 in Problems Plus following Chapter 3 for the reflection property of parabolas 
that makes them so useful.) 

We obtain a particularly simple equation for a parabola if we place its vertex at the 
origin O and its directrix parallel to the x-axis as in Figure 3. If the focus is the point 
(0, p), then the directrix has the equation y = —p. If P(x, y) is any point on the parabola, 
then the distance from P to the focus is 


vertex directrix 


: IPF] = JP FO =o 
x 
<= and the distance from P to the directrix is | y + p |. (Figure 3 illustrates the case where 
y=-p p > 0.) The defining property of a parabola is that these distances are equal: 
Faunce x? + (=p? =|y + p] 


We get an equivalent equation by squaring and simplifying: 


xX +y- pS jy+p?= O +p? 
x + y? — 2py + p? = y? + 2py + p’ 


x? = 4py 


[1] An equation of the parabola with focus (0, p) and directrix y = —p is 


x? = Apy 


If we write a = 1/(4p), then the standard equation of a parabola (1) becomes y = ax? 
It opens upward if p > 0 and downward if p < 0 [see Figure 4, parts (a) and (b)]. The 
graph is symmetric with respect to the y-axis because (1) is unchanged when x is replaced 


by —x. 
YA YA YA YA 
y=-p 
# (0, p) — 
0 (p, 9) (p, 9) 
> > ° > e > 
0 x x 0 x 0 x 
y=—p 70>) x=—p x=—p 
(a) x? = 4py, p> 0 (b) x° = 4py, p<0 (c) y? = 4px, p > 0 (d) y? = 4px, p<0 


FIGURE 4 
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If we interchange x and y in (1), we obtain the following. 


[2] An equation of the parabola with focus (p, 0) and directrix x = —p is 


y? = 4px 


(Interchanging x and y amounts to reflecting about the diagonal line y = x.) The parab- 
ola opens to the right if p > 0 and to the left if p < 0 [see Figure 4, parts (c) and (d)]. In 
both cases the graph is symmetric with respect to the x-axis, which is the axis of the 
parabola. 


BY 


EXAMPLE 1 Find the focus and directrix of the parabola y? + 10x = 0 and sketch 
the graph. 


SOLUTION If we write the equation as y? = — 10x and compare it with Equation 2, we 
see that 4p = —10, so p = —3. Thus the focus is (p, 0) = (—3, 0) and the directrix is 
FIGURE 5 x= 3. The sketch is shown in Figure 5. Oo 


E Ellipses 


P An ellipse is the set of points in a plane the sum of whose distances from two fixed points 
a F and F; is a constant (see Figure 6). These two fixed points are called the foci (plural 
of focus). One of Kepler’s laws is that the orbits of the planets in the solar system are 
ellipses with the sun at one focus. 

In order to obtain the simplest equation for an ellipse, we place the foci on the x-axis 
FIGURE 6 at the points (—c, 0) and (c, 0) as in Figure 7 so that the origin is halfway between the 
foci. Let the sum of the distances from a point on the ellipse to the foci be 2a > 0. Then 

P(x, y) is a point on the ellipse when 


| PF; | + | PF> | = 2a 
that is, Jato? ty +a 0? + y? =2a 
or egr =~ deere 


Squaring both sides, we have 


BY 


FIGURE 7 
P is on the ellipse when 


x? — Dex + c° + y? = 4a? — dala + c} + y? +x? + Dex +c? + y? 


which simplifies to av(x + c} + y? =a? + cx 
We square again: 


a(x? + 2cx + ce? + y’) = at + 2a’ex + 7x? 


which becomes (a? — c?)x? + a’y*? = ala’ — c?) 


From triangle FıFP in Figure 7 we can see that 2c < 2a, so c < a and therefore 
a? — c? > 0. For convenience, let b? = a? — c’. Then the equation of the ellipse 
becomes b’x* + a’y* = a’b’ or, if both sides are divided by a*b’, 


x y? 
[B] ap 
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Since b? = a? — c? < a’, it follows that b < a. The x-intercepts are found by setting 


y = 0. Then x*/a? = 1, or x? = a’, so x = +a. The corresponding points (a, 0) and 
(—a, 0) are called the vertices of the ellipse and the line segment joining the vertices is 
called the major axis. To find the y-intercepts we set x = 0 and obtain y” = b’, so 
y = +b. The line segment joining (0, b) and (0, —b) is the minor axis. Equation 3 is 
unchanged if x is replaced by —x or y is replaced by —y, so the ellipse is symmetric 
about both axes. Notice that if the foci coincide, then c = 0, so a = b and the ellipse 
becomes a circle with radius r = a = b. 
We summarize this discussion as follows (see also Figure 8). 


FIGURE 8 
2 2 
<~+2-=1a>b 


a b? 


[4] The ellipse 


a=b>0 


2, 


has foci (+c, 0), where c? = a” — b?, and vertices (a, 0). 


(—b, 0) If the foci of an ellipse are located on the y-axis at (0, +c), then we can find its equa- 


x tion by interchanging x and y in (4). (See Figure 9.) 


[5] The ellipse 


2 


z» 


= =) a=b>0 
FIGURE9 
fo ve =1a>b has foci (0, +c), where c? = a? — b?, and vertices (0, +a). 
b? a , 
iy EXAMPLE 2 Sketch the graph of 9x? + 16y? = 144 and locate the foci. 
SOLUTION Divide both sides of the equation by 144: 
2 2 
CEE 
16 9 


The equation is now in the standard form for an ellipse, so we have a* = 16, b? = 9, 

a = 4, and b = 3. The x-intercepts are +4 and the y-intercepts are +3. Also, 

c? = a? — b? = 7, so c = V7 and the foci are (+/7, 0). The graph is sketched in 
Figure 10. E 


EXAMPLE3 Find an equation of the ellipse with foci (0, +2) and vertices (0, +3). 


FIGURE 10 
9x? + 16y? = 144 SOLUTION Using the notation of (5), we have c = 2 and a = 3. Then we obtain 
b? = a? — c? = 9 — 4 = 5, so an equation of the ellipse is 
2 2 
2a + one, = 1 
5 9 
Another way of writing the equation is 9x? + 5y? = 45. a 


Like parabolas, ellipses have an interesting reflection property that has practical con- 
sequences. If a source of light or sound is placed at one focus of a surface with elliptical 
cross-sections, then all the light or sound is reflected off the surface to the other focus 
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(see Exercise 67). This principle is used in lithotripsy, a treatment for kidney stones. 
A reflector with elliptical cross-section is placed in such a way that the kidney stone is 
at one focus. High-intensity sound waves generated at the other focus are reflected to 
the stone and destroy it without damaging surrounding tissue. The patient is spared the 
trauma of surgery and recovers within a few days. 


E Hyperbolas 


A hyperbola is the set of all points in a plane the difference of whose distances from 
two fixed points F; and F; (the foci) is a constant. This definition is illustrated in Fig- 
ure 11. 

Hyperbolas occur frequently as graphs of equations in chemistry, physics, biology, 
and economics (Boyle’s Law, Ohm’s Law, supply and demand curves). A particularly 
significant application of hyperbolas was found in the long-range navigation systems 
developed in World Wars I and II (see Exercise 53). 

Notice that the definition of a hyperbola is similar to that of an ellipse; the only 
FIGURE 11 P is on the hyperbola change is that the sum of distances has become a difference of distances. In fact, the 
when | PF; | — | PF:| = +2a. derivation of the equation of a hyperbola is also similar to the one given earlier for an 
ellipse. It is left as Exercise 54 to show that when the foci are on the x-axis at (+c, 0) 
and the difference of distances is |PF,| — |PF2| = +2a, then the equation of the 
hyperbola is 


x? 


2 
y 
[6] za 


a 


where c° = a? + b’. Notice that the x-intercepts are again +a and the points (a, 0) and 
(—a, 0) are the vertices of the hyperbola. But if we put x = 0 in Equation 6 we get 
y? = —b’, which is impossible, so there is no y-intercept. The hyperbola is symmetric 
with respect to both axes. 
To analyze the hyperbola further, we look at Equation 6 and obtain 
2 2 
a =1+ a >=] 


This shows that x? > a’, so |x| = y/x? = a. Therefore we have x > a or x < —a. This 
means that the hyperbola consists of two parts, called its branches. 

When we draw a hyperbola it is useful to first draw its asymptotes, which are the 
dashed lines y = (b/a)x and y = —(b/a)x shown in Figure 12. Both branches of the 
hyperbola approach the asymptotes; that is, they come arbitrarily close to the asymp- 
totes. (See Exercise 4.5.77, where these lines are shown to be slant asymptotes.) 


The hyperbola 
yp 


x? 
oe 
a 
x? y? 
ŽŽ- Ž =l . . 
ab has foci (+c, 0), where c? = a? + b’, vertices (+a, 0), and asymptotes 


y = +(d/a)x. 
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If the foci of a hyperbola are on the y-axis, then by reversing the roles of x and y we 
obtain the following information, which is illustrated in Figure 13. 


The hyperbola 


a 
a 


x2 
2 b? 


has foci (0, +c), where c? = a? + b?, vertices (0, +a), and asymptotes 


FIGURE 13 y = +(a/b)x. 
y? x? 

4 

a? b? 


EXAMPLE 4 Find the foci and asymptotes of the hyperbola 9x* — 16y? = 144 and 
sketch its graph. 


SOLUTION If we divide both sides of the equation by 144, it becomes 


2 2 
a F 
16 9 
which is of the form given in (7) with a = 4 and b = 3. Since c? = 16 + 9 = 25, the 
foci are (+5, 0). The asymptotes are the lines y = ix and y = —#x, The graph is 
shown in Figure 14. a 
FIGURE 14 EXAMPLE 5 Find the foci and equation of the hyperbola with vertices (0, +1) and 
9x? — l6y? = 144 asymptote y = 2x. 


SOLUTION From (8) and the given information, we see that a = 1 and a/b = 2. Thus 
b = a/2 = sand c? = a? + b? = 3. The foci are (0, +./5/2) and the equation of the 
hyperbola is 


y? — 4x7 = 1 on 


E Shifted Conics 


As discussed in Appendix C, we shift conics by taking the standard equations (1), (2), 
(4), (5), (7), and (8) and replacing x and y by x — hand y — k. 


EXAMPLE 6 Find an equation of the ellipse with foci (2, —2), (4, —2) and vertices 
(i =2),13.= 2); 


SOLUTION The major axis is the line segment that joins the vertices (1, —2), (5, —2) 
and has length 4, so a = 2. The distance between the foci is 2, so c = 1. Thus 

b? = a’ — c* = 3. Since the center of the ellipse is (3, —2), we replace x and y in (4) 
by x — 3 and y + 2 to obtain 


Ce aC ae 
4 3 


1 


as the equation of the ellipse. a 
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7 
FIGURE 15 
9x? — 4y? — 72x + 8y + 176 


10.5 | Exercises 


EXAMPLE 7 Sketch the conic 9x” — 4y* — 72x + 8y + 176 = 0 and find its foci. 
SOLUTION We complete the squares as follows: 


A(y* — 2y) — 9(x? — 8x) = 176 
A(y? — 2y + 1) — 9(x? — 8x + 16) = 176 + 4 — 144 
4(y — 1)? — 9(x — 4)? = 36 


w-1} @-4P | 
9 4 


1 


This is in the form (8) except that x and y are replaced by x — 4 and y — 1. Thus 
a? = 9, b? = 4, and c°? = 13. The hyperbola is shifted four units to the right and one 
unit upward. The foci are (4, 1+ ./13 ) and (4, 1-— /13 ) and the vertices are (4, 4) 


and (4, —2). The asymptotes are y — 1 = +3(x — 4). The hyperbola is sketched in 
Figure 15. 


1-8 Find the vertex, focus, and directrix of the parabola and 13. x? + 3y°=9 
sketch its graph. 
14. x? = 4 — 2y? 
1. x? = 8y 2. 9x = y? á 
3. 5x + 3y? =0 4. x? + 12y =0 15. 4x? + 25y? = 50y = 75 
5. (y + 1) = 16( — 3) 16. 9x? — 54x + y? + 2y + 46 =0 
6. (x — 3 = 8(y + 1) 
17-18 Find an equation of the ellipse. Then find its foci. 
7. y?>+6y+2x+1=0 
17. y 18. 
8. 2x? — 16x — 3y + 38 
9-10 Find an equation of the parabola. Then find the focus and 
directrix. Al 
9. 10. 


19-24 Find the vertices, foci, and asymptotes of the hyperbola 


and sketch its graph. 
2 2 2 2 
l l l 19. — -> =1 20. — -> =1 
11-16 Find the vertices and foci of the ellipse and sketch 25 9 36 64 
its graph. 
7 ? ' 21. x? — y? = 100 
1. +2 = 12. >+ >=] 
t6- 25 3 22. y? — 16x? = 16 
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23. x°-y?+2y=2 39. Ellipse, foci(+2,0), vertices (+5, 0) 


24. 9y? — 4x? — 36y — 8x =4 40. Ellipse, foci (0, +2), vertices (0, +2) 


i À i 41. Ellipse, foci (0, 2), (0, 6), vertices (0, 0), (0, 8) 
25-26 Find an equation for the hyperbola. Then find the foci and 


asymptotes. 42. Ellipse, foci (0, —1), (8, —1), vertex (9, —1) 
25. y 43. Ellipse, center (—1, 4), vertex (—1, 0), focus (—1, 6) 
44. Ellipse, foci (+4,0), passing through (—4, 1.8) 
1 ,| 45. Hyperbola, vertices (+3, 0), foci (+5, 0) 
E 46. Hyperbola, vertices (0, +2), foci (0, +5) 
47. Hyperbola, vertices (—3, —4), (—3, 6), 
foci (—3, —7), (—3, 9) 
26. y 48. Hyperbola, vertices (—1, 2), (7,2), foci (—2, 2), (8, 2) 
4 49. Hyperbola, vertices (+3, 0), asymptotes y = +2x 
T Pi > 50. Hyperbola, foci (2, 0), (2, 8), 
asymptotes y = 3 + 5x andy = 5 — bx 


51. The point in a lunar orbit nearest the surface of the moon is 
called perilune and the point farthest from the surface is 
called apolune. The Apollo 11 spacecraft was placed in an 
elliptical lunar orbit with perilune altitude 110 km and apo- 
lune altitude 314 km (above the moon). Find an equation of 
this ellipse if the radius of the moon is 1728 km and the cen- 
ter of the moon is at one focus. 


27-32 Identify the type of conic section whose equation is given 
and find the vertices and foci. 


27. 4x° =y? +4 28. 4x7 =y+4 


29. x? = 4y — 2y? 
52. A cross-section of a parabolic reflector is shown in the figure. 


The bulb is located at the focus and the opening at the focus 


31. 3x? — 6x — 2y= 1 is 10 cm. l 
(a) Find an equation of the parabola. 


30. y — 2 =x’ -— 2x 


32. x? — 2x + 2y? — 8y +7=0 
the vertex. 


33-50 Find an equation for the conic that satisfies the given C 
conditions. 


33. Parabola, vertex (0,0), focus (1, 0) 
34. Parabola, focus (0,0), directrix y = 6 
35. Parabola, focus (—4,0), directrix x = 2 


36. Parabola, focus (2, —1), vertex (2, 3) 


D 
37. Parabola, vertex (3, —1), horizontal axis, 


passing through (—15, 2) 
53. The LORAN (LOng RAnge Navigation) radio navigation 
38. Parabola, vertical axis, system was widely used until the 1990s when it was super- 
passing through (0, 4), (1, 3), and (—2, —6) seded by the GPS system. In the LORAN system, two radio 
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stations located at A and B transmit simultaneous signals to a 60. Show that if an ellipse and a hyperbola have the same foci, 
ship or an aircraft located at P. The onboard computer converts then their tangent lines at each point of intersection are 

the time difference in receiving these signals into a distance perpendicular. 

difference | PA| — | PB|, and this, according to the definition 

of a hyperbola, locates the ship or aircraft on one branch 61. Use parametric equations and Simpson’s Rule with n = 8 to 
of a hyperbola (see the figure). Suppose that station B is estimate the circumference of the ellipse 9x? + 4y* = 36. 


located 400 mi due east of station A on a coastline. A ship 

received the signal from station B 1200 microseconds (ps) 

before it received the signal from station A. 

(a) Assuming that radio signals travel at a speed of 980 ft/s, 
find an equation of the hyperbola on which the ship lies. 

(b) If the ship is due north of B, how far off the coastline is 
the ship? 


62. The dwarf planet Pluto travels in an elliptical orbit around 
the sun (at one focus). The length of the major axis 
is 1.18 X 10'° km and the length of the minor axis is 
1.14 X 10'°km. Use Simpson’s Rule with n = 10 to estimate 
the distance traveled by the planet during one complete orbit 
around the sun. 


63. Find the area of the region enclosed by the hyperbola 
x?/a?° — y*/b? = 1 and the vertical line through a focus. 


64. (a) If an ellipse is rotated about its major axis, find the vol- 
ume of the resulting solid. 
(b) If it is rotated about its minor axis, find the resulting 
volume. 


65. Find the centroid of the region enclosed by the x-axis and the 
top half of the ellipse 9x? + 4y? = 36. 


66. (a) Calculate the surface area of the ellipsoid that is gener- 
ated by rotating an ellipse about its major axis. 
(b) What is the surface area if the ellipse is rotated about its 


54. Use the definition of a hyperbola to derive Equation 6 for a minor axis? 


hyperbola with foci (+c, 0) and vertices (+a, 0). 

67-68 Reflection Properties of Conic Sections We saw the 
reflection property of parabolas in Problem 22 of Problems Plus 
following Chapter 3. Here we investigate the reflection properties 
of ellipses and hyperbolas. 


55. Show that the function defined by the upper branch of the 
hyperbola y?/a* — x?/b? = 1 is concave upward. 


56. Find an equation for the ellipse with foci (1, 1) and (—1, —1) 


and major axis of length 4. 67. Let P(x1, yı) be a point on the ellipse x*/a* + y?/b? = 1 
with foci Fı and F; and let a and B be the angles between the 
57. Determine the type of curve represented by the equation lines PF, PF, and the ellipse as shown in the figure. Prove 
that a = B. This explains how whispering galleries and litho- 
x 4 y? =] tripsy work. Sound coming from one focus is reflected and 
k k— 16 passes through the other focus. [Hint: Use the formula in 
Problem 21 in Problems Plus following Chapter 3 to show 
in each of the following cases: that tan a = tan B.] 
(a) k>16 (b) 0<k<16 (c) k<0 
(d) Show that all the curves in parts (a) and (b) have the same S 


foci, no matter what the value of k is. 


58. (a) Show that the equation of the tangent line to the parabola 
y? = 4px at the point (xo, yo) can be written as 


yoy = 2p(x + xo) 


(b) What is the x-intercept of this tangent line? Use this fact 
to draw the tangent line. 


59. Show that the tangent lines to the parabola x? = 4py drawn 68. Let P(x, yı) be a point on the hyperbola x?/a* — y*/b? = 1 
from any point on the directrix are perpendicular. with foci F, and F, and let a and B be the angles between 
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the lines PF, PF and the hyperbola as shown in the figure. 69. The graph shows two red circles with centers (—1, 0) and 
Prove that a = B. This shows that light aimed at a focus F» of (1, 0) and radii 3 and 5, respectively. Consider the collection 
a hyperbolic mirror is reflected toward the other focus F. of all circles tangent to both of these circles. (Some of these 


are shown in blue.) Show that the centers of all such circles 
lie on an ellipse with foci (+1, 0). Find an equation of this 
ellipse. 


YA 


10.6 | Conic Sections in Polar Coordinates 


In Section 10.5 we defined the parabola in terms of a focus and directrix, but we defined 
the ellipse and hyperbola in terms of two foci. In this section we give a more unified 
treatment of all three types of conic sections in terms of a focus and directrix. 


E A Unified Description of Conics 


If we place the focus at the origin, then a conic section has a simple polar equation, 
which provides a convenient description of the motion of planets, satellites, and 
comets. 


[1] Theorem Let F be a fixed point (called the focus) and / be a fixed line 
(called the directrix) in a plane. Let e be a fixed positive number (called the 
eccentricity). The set of all points P in the plane such that 


ioe 


[P| * 


(that is, the ratio of the distance from F to the distance from / is the constant e) 
is a conic section. The conic is 


(a) an ellipse ife < 1 
(b) a parabola if e = 1 
(c) a hyperbola if e > 1 
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PROOF Notice that if the eccentricity is e = 1, then | PF | = | P/| and so the given 
condition simply becomes the definition of a parabola as given in Section 10.5. 

Let us place the focus F at the origin and the directrix parallel to the y-axis and 
d units to the right. Thus the directrix has equation x = d and is perpendicular to the 
polar axis. If the point P has polar coordinates (r, 0), we see from Figure 1 that 


l (directrix) | PF | =r | Pl| = d — rcos 0 
Thus the condition | PF |/|PI| = e, or | PF | = e| PI|, becomes 
x=d 
[2] r = e(d — r cos 0) 
x If we square both sides of this polar equation and convert to rectangular coordinates, 
we get 


x? + y’ = e(d — x) = e(d? — 2dx + x°) 


or (1 — e*)x* + 2de*x + y? = e’d’ 


After completing the square, we have 


FIGURE 1 
A . e?d 2 7 y? e?d? 
X = 2 
1— e?’ l-e (-ey 


If e < 1, we recognize Equation 3 as the equation of an ellipse. In fact, it is of the form 


(ea hy yt 


1 
a’ b? 
where 
a] h= ed 2 ed’ p= ed’? 
1 — e? a (1 — e’? 1-e 
In Section 10.5 we found that the foci of an ellipse are at a distance c from the center, 
where 
5 etd? 
[5] Cao = >= (i — ey 
2 
d 
This shows that c= = 3 = -h 
=g 


and confirms that the focus as defined in Theorem 1 means the same as the focus 
defined in Section 10.5. It also follows from Equations 4 and 5 that the eccentricity is 
given by 


Cc 
eS 
a 


Ife > 1, then 1 — e? < 0 and we see that Equation 3 represents a hyperbola. Just as 
we did before, we could rewrite Equation 3 in the form 


(x — h? y? _ 


2 
a“ b? 
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and see that 


c 
e=— where c? =a’? + b? a 


E Polar Equations of Conics 


In Figure 1, the focus of the conic section is located at the origin and the directrix has 
equation x = d. By solving Equation 2 for r, we see that the polar equation of this conic 
can be written as 


ed 
r= —— 
1 + ecosé 
If the directrix is chosen to be to the left of the focus as x = —d, or if the directrix is 


chosen to be parallel to the polar axis as y = +d, then the polar equation of the conic is 
given by the following theorem, which is illustrated by Figure 2. (See Exercises 27-29.) 


YA YA 
YA YA 
x=d x=—-d y=d directrix 
directrix directrix 
? > 
o > $ > F x 
F x F x + > 
F x 
y=-d directrix 
M ed = ed _ ed i ed 
Or Fech Ors pe ceed l= TS ene r= TS ine 


FIGURE 2 Polar equations of conics 


[6] Theorem A polar equation of the form 


ed ed 


r= or r= > 
1+esin@ 


= 1+ ecosé 


represents a conic section with eccentricity e. The conic is an ellipse if e < 1, 
a parabola if e = 1, or a hyperbola if e > 1. 


EXAMPLE 1 Find a polar equation for a parabola that has its focus at the origin and 
whose directrix is the line y = —6. 


SOLUTION Using Theorem 6 with e = 1 and d = 6, and using part (d) of Figure 2, we 
see that the equation of the parabola is 
6 
t= ae 
1 — siné 


EXAMPLE 2 A conic is given by the polar equation 


10 


r= — 
3 — 2 cos0 


Find the eccentricity, identify the conic, locate the directrix, and sketch the conic. 
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714 
0 r 
0 10 
T || 
2 3 
T 2 
FIGURE 3 
3m 10 10 
2 3 "3 = 2c0s0 
0 iP 
0 6 
T 
— 2 
2 
T 6 FIGURE 4 
12 
am oe pao 
2 2+ 4sin0 


SOLUTION Dividing numerator and denominator by 3, we write the equation as 


10 
r=— 
1 $ cos 0 
From Theorem 6 we see that this represents an ellipse with e = z, Since ed = 0, 
we have 
10 10 
dais = =5 
e 3 
and so the directrix has Cartesian equation x = —5. We find the values for r when 


0 = 0, T/2, m, and 37/2, as shown in the table. The ellipse is sketched in Figure 3. 


ee O 
L=—=5 r= 3-2 cosd 
(directrix) , / 


12 
2 + 4sinĝ` 


EXAMPLE 3 Sketch the conic r = 


SOLUTION Writing the equation in the form 


6 
r= — 
1 + 2 sind 


we see that the eccentricity is e = 2 and the equation therefore represents a hyperbola. 
Since ed = 6, we have d = 3 and the directrix has equation y = 3. We find the values 
for r when 0 = 0, 77/2, a, and 37/2 as shown in the table. The vertices occur when 

0 = m/2 and 37/2, so they are (2, 77/2) and (—6, 37/2) = (6, 77/2). The x-intercepts 
occur when 0 = 0, 7; in both cases r = 6. For additional accuracy we draw the 
asymptotes. Note that r — +% when 1 + 2 sin ~0* or O~ and 1 + 2 sind = 0 
when sin@ = —5. Thus the asymptotes are parallel to the rays @ = 77/6 and 

0 = 1177/6. The hyperbola is sketched in Figure 4. 


(2, 3) Sa a = ; a 
2 `~ X y = 3 (directrix) 
"H Ro 


(6, 7) 0 N (6, 0) 


focus 


When rotating conic sections, we find it much more convenient to use polar equations 
than Cartesian equations. We just use the fact (see Exercise 10.3.65) that the graph of 
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r = f(@ — a) is the graph of r = f(@) rotated counterclockwise about the origin through 
an angle a. 


EXAMPLE 4 If the ellipse of Example 2 is rotated through an angle 77/4 about the 


E origin, find a polar equation and graph the resulting ellipse. 


= 10 
3 —2 cos(0 — 77/4) 


SOLUTION We get the equation of the rotated ellipse by replacing 6 with 0 — 7/4 in 
the equation given in Example 2. So the new equation is 


5 15 10 
p= 
_— 3 — 2cos(@ — 7/4) 
= We use this equation to graph the rotated ellipse in Figure 5. Notice that the ellipse has 
FIGURE 5 been rotated about its left focus. E 
In Figure 6 we use a computer to sketch a number of conics to demonstrate the effect 
of varying the eccentricity e. Notice that when e is close to 0 the ellipse is nearly circular, 
whereas it becomes more elongated as e — 1°. When e = 1, of course, the conic is a 
parabola. 
e=0.1 e=0.5 e= 0.68 e=0.86 e= 0.96 
e=1 e=1.1 e=14 e= 
FIGURE 6 


E Kepler's Laws 


In 1609 the German mathematician and astronomer Johannes Kepler, on the basis of huge 
amounts of astronomical data, published the following three laws of planetary motion. 


Kepler’s Laws 


1. A planet revolves around the sun in an elliptical orbit with the sun at one focus. 


2. The line joining the sun to a planet sweeps out equal areas in equal times. 


3. The square of the period of revolution of a planet is proportional to the cube of 
the length of the major axis of its orbit. 
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Although Kepler formulated his laws in terms of the motion of planets around the 
sun, they apply equally well to the motion of moons, comets, satellites, and other 
bodies that orbit subject to a single gravitational force. In Section 13.4 we will show 
how to deduce Kepler’s Laws from Newton’s Laws. Here we use Kepler’s First Law, 
together with the polar equation of an ellipse, to calculate quantities of interest in 
astronomy. 

For purposes of astronomical calculations, it’s useful to express the equation of an 
ellipse in terms of its eccentricity e and its semimajor axis a. We can write the distance d 
from the focus to the directrix in terms of a if we use (4): 


; ed? s alse) a(l — e°) 
Ipa t aen ga ee 
(1 — e’)? a g e? E e 


a 
So ed = a(1 — e°). If the directrix is x = d, then the polar equation is 


ed _ al =e’) 
1 + ecos@é 1 + ecos@é 


r= 


The polar equation of an ellipse with focus at the origin, semimajor axis a, 
eccentricity e, and directrix x = d can be written in the form 


= a(l- e?) 
1 + e cos0 


r 


The positions of a planet that are closest to and farthest from the sun are called its 
perihelion and aphelion, respectively, and correspond to the vertices of the ellipse (see 
Figure 7). The distances from the sun to the perihelion and aphelion are called the 
perihelion distance and aphelion distance, respectively. In Figure 1 the sun is at the 
focus F, so at perihelion we have 0 = 0 and, from Equation 7, 


N sun 


aphelion perihelion 


a(l — e°) _ da =e) + e) ge 8 


a 1 Seco lt+e 


FIGURE 7 o l 
Similarly, at aphelion 0 = m and r = a(1 + e). 


The perihelion distance from a planet to the sun is a(1 — e) and the aphelion 


distance is a(1 + e). 


EXAMPLE 5 


(a) Find an approximate polar equation for the elliptical orbit of the earth around the 
sun (at one focus) given that the eccentricity is about 0.017 and the length of the major 
axis is about 2.99 X 10° km. 

(b) Find the distance from the earth to the sun at perihelion and at aphelion. 
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SOLUTION 
(a) The length of the major axis is 2a = 2.99 X 108, soa = 1.495 X 10°. We are 
given that e = 0.017 and so, from Equation 7, an equation of the earth’s orbit around 
the sun is 

a(l — e°) _ (1.495 x 10*)[1 — (0.017)7] 

1 + e cos 1 + 0.017 cos 6 


or, approximately, 
_ 149 x 108 
"1 + 0.017 cos0 


(b) From (8), the perihelion distance from the earth to the sun is 
a(l — e) = (1.495 X 108)(1 — 0.017) = 1.47 X 10° km 
and the aphelion distance is 


a(l + e) ~ (1.495 X 108)(1 + 0.017) ~ 1.52 X 10ë km o 


10.6 | Exercises 


1-8 Write a polar equation of a conic with the focus at the origin I YA Il yA 
and the given data. 


1. Parabola, directrix x = 2 


2. Ellipse, eccentricity L directrix y = 6 > > 
> 


3. Hyperbola, eccentricity 2, directrix y = —4 


4. Hyperbola, eccentricity 3, directrix x = —3 
5. Ellipse, eccentricity 2 vertex (2, 77) m 
6. Ellipse, eccentricity 0.6, directrix r = 4 csc 0 


7. Parabola, vertex (3, 77/2) 


8. Hyperbola, eccentricity 2, directrix r = —2 sec 0 


9-14 Match the polar equations with the graphs labeled I-VI. 
Give reasons for your answer. 


y YA VI YA 
gre? 10. PETE a 
1 — siné 1 + 2 cos 0 x 
12 12 
11. r = ——— 12. r= ————_ > 
8 — 7cos @ 4+ 3sin0 x 
5 3 
13. 7 = —————_ 14. r= ————_ 
2 +3sin0 2 —2cos 0 
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15-22 (a) Find the eccentricity, (b) identify the conic, (c) give 
an equation of the directrix, and (d) sketch the conic. 


4 1 
15. r= ——_——_ 16. r= ——— 
5 — 4sin0 2 + sind 
2 
17. r= : 18. r= > 
3 + 3 sind 2—4cosdé 
1 
19. r= 2 20. r= - 
6 + 2 cos 3 — 3 sind 
3 4 
21. r = ————_ 22. r= —————_ 
4 — 8 cos0 2 + 3 cos 
A 23. (a) Find the eccentricity and directrix of the conic 


27. 


26. 


r = 1/(1 — 2 sin) and graph the conic and its 
directrix. 

(b) If this conic is rotated counterclockwise about the ori- 
gin through an angle 37/4, write the resulting equation 
and graph its curve. 


. Graph the conic 


4 


= 5 + 6cos@ 


and its directrix. Also graph the conic obtained by rotating 
this curve about the origin through an angle 7/3. 


. Graph the conics 


e 
p=—” 

1 — e cos0 
with e = 0.4, 0.6, 0.8, and 1.0 on a common screen. How 
does the value of e affect the shape of the curve? 


(a) Graph the conics 


ed 


pam o 
1 + e sin0 


for e = 1 and various values of d. How does the value 
of d affect the shape of the conic? 

(b) Graph these conics for d = 1 and various values of e. 
How does the value of e affect the shape of the conic? 


Show that a conic with focus at the origin, eccentricity e, 
and directrix x = —d has polar equation 
ed 
r= 
1 — e cos 


28 


29 


30 


31 


32 


33 


34 


35 


36 


37 


Show that a conic with focus at the origin, eccentricity e, 
and directrix y = d has polar equation 
ed 


f= 
1+ e sin0 


Show that a conic with focus at the origin, eccentricity e, 


and directrix y = —d has polar equation 
ed 
nE A 
1 — e sin 


Show that the parabolas r = c/(1 + cos 0) and 
r = d/(1 — cos@) intersect at right angles. 


The orbit of Mars around the sun is an ellipse with eccen- 
tricity 0.093 and semimajor axis 2.28 X 10° km. Finda 
polar equation for the orbit. 


Jupiter’s orbit has eccentricity 0.048 and the length of the 
major axis is 1.56 X 10° km. Find a polar equation for the 
orbit. 


The orbit of Halley’s comet, last seen in 1986 and due to 
return in 2061, is an ellipse with eccentricity 0.97 and one 
focus at the sun. The length of its major axis is 36.18 AU. 
[An astronomical unit (AU) is the mean distance between 
the earth and the sun, about 93 million miles.] Find a polar 
equation for the orbit of Halley’s comet. What is the maxi- 
mum distance from the comet to the sun? 


Comet Hale-Bopp, discovered in 1995, has an elliptical 
orbit with eccentricity 0.9951. The length of the orbit’s 
major axis is 356.5 AU. Find a polar equation for the orbit 
of this comet. How close to the sun does it come? 


© Dean Ketelsen 


The planet Mercury travels in an elliptical orbit with eccen- 
tricity 0.206. Its minimum distance from the sun is 
4.6 X 10’ km. Find its maximum distance from the sun. 


The distance from the dwarf planet Pluto to the sun is 
4.43 X 10° km at perihelion and 7.37 X 10° km at 
aphelion. Find the eccentricity of Pluto’s orbit. 


Using the data from Exercise 35, find the distance traveled 
by the planet Mercury during one complete orbit around the 
sun. (Evaluate the resulting definite integral numerically, 
using a calculator or computer, or use Simpson’s Rule.) 
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EJ Review 


CONCEPT CHECK 


CHAPTER 10 Review 719 


Answers to the Concept Check are available at StewartCalculus.com. 


1. (a) What is a parametric curve? 
(b) How do you sketch a parametric curve? 


2. (a) How do you find the slope of a tangent to a parametric 
curve? 
(b) How do you find the area under a parametric curve? 


3. Write an expression for each of the following: 
(a) The length of a parametric curve 
(b) The area of the surface obtained by rotating a parametric 
curve about the x-axis 
(c) The speed of a particle traveling along a parametric curve 


4. (a) Use a diagram to explain the meaning of the polar coordi- 
nates (r, 0) of a point. 
(b) Write equations that express the Cartesian coordinates 
(x, y) of a point in terms of the polar coordinates. 
(c) What equations would you use to find the polar coordi- 
nates of a point if you knew the Cartesian coordinates? 


5. (a) How do you find the area of a region bounded by a polar 
curve? 
(b) How do you find the length of a polar curve? 


TRUE-FALSE QUIZ 


(c) How do you find the slope of a tangent line to a polar 
curve? 


. (a) Give a geometric definition of a parabola. 
(b) Write an equation of a parabola with focus (0, p) and 
directrix y = —p. What if the focus is (p, 0) and the 
directrix is x = —p? 


. (a) Give a definition of an ellipse in terms of foci. 
(b) Write an equation for the ellipse with foci (+c, 0) and 
vertices (a, 0). 


. (a) Give a definition of a hyperbola in terms of foci. 
(b) Write an equation for the hyperbola with foci (+c, 0) and 
vertices (a, 0). 
(c) Write equations for the asymptotes of the hyperbola in 
part (b). 


. (a) What is the eccentricity of a conic section? 
(b) What can you say about the eccentricity if the conic 
section is an ellipse? A hyperbola? A parabola? 
(c) Write a polar equation for a conic section with eccen- 
tricity e and directrix x = d. What if the directrix is 
x d? y =d? y d? 


Determine whether the statement is true or false. If it is true, 
explain why. If it is false, explain why or give an example that 
disproves the statement. 


1. If the parametric curve x = f(t), y = g(t) satisfies g'(1) = 0, 
then it has a horizontal tangent when t = 1. 


2. If x = f(t) and y = g(t) are twice differentiable, then 


d*y _ d*y/dt? 
dx? d°x/dt? 


3. The length of the curve x = f(t), y = g(t) a S t S b, is 
PAF OF +AT at 


4. If the position of a particle at time ¢ is given by the parametric 
equations x = 3t + 1, y = 2r? + 1, then the speed of the 
particle at time t = 3 is the value of dy/dx when t = 3. 


11 


. If a point is represented by (x, y) in Cartesian coordinates 
(where x # 0) and (r, 0) in polar coordinates, then 
6 = tan '(y/x). 


. The polar curves 
r= 1-— sin 20 r= sin20 — 1 
have the same graph. 


. The equations r = 2, x? + y? = 4, and x = 2 sin 3t, 
y = 2 cos 3t (0 St < 277) all have the same graph. 


. The parametric equations x = t°, y = r* have the same graph 
ass= t y= ti 


. The graph of y? = 2y + 3x is a parabola. 


. A tangent line to a parabola intersects the parabola only 
once. 


. A hyperbola never intersects its directrix. 
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CHAPTER 10 Parametric Equations and Polar Coordinates 


EXERCISES 


1-5 Sketch the parametric curve and eliminate the parameter to 
find a Cartesian equation of the curve. 


1. 


wee ee 


x=2cos#, y=1+siné 


x=cos#, y= sec, 0<60< 7/2 


9. 


10. 


. Describe the motion of a particle with position (x, y), where 


x = 2+ 4cos mt and y = —3 + 4 sin 7t, as t increases 
from 0 to 4. 


. Write three different sets of parametric equations for the 


curve y = yx. 


. Use the graphs of x = f(t) and y = g(t) to sketch the para- 


metric curve x = f(t), y = g(t). Indicate with arrows the 
direction in which the curve is traced as ż increases. 


(a) Plot the point with polar coordinates (4, 27/3). Then 
find its Cartesian coordinates. 

(b) The Cartesian coordinates of a point are (—3, 3). Find 
two sets of polar coordinates for the point. 


Sketch the region consisting of points whose polar coor- 
dinates satisfy 1 < r < 2 and 7/6 < 0 < 57/6. 


11-18 Sketch the polar curve. 


11. 
13. 
15. 


17. 


r= 1 + sin 12. r= sin 40 
r = cos 30 14. r= 3 + cos 30 
r= 1l + cos 20 16. r= 2 cos(0/2) 
3 3 
r= ——— 18. r= -~~~ 
1 + 2sin@ 2 — 2 cos0 


19-20 Find a polar equation for the curve represented by the 
given Cartesian equation. 


19. 


xty=2 20. x*+y?=2 


21. 


The curve with polar equation r = (sin 0)/9 is called a 
cochleoid. Use a graph of r as a function of 0 in Cartesian 
coordinates to sketch the cochleoid by hand. Then graph it 
with a calculator or computer to check your sketch. 


22. The figure shows a graph of r as a function of 0 in Cartesian 
coordinates. Use it to sketch the corresponding polar curve. 


23-26 Find the slope of the tangent line to the given curve at 
the point corresponding to the specified value of the parameter. 


23.x=Int, y=1+r; t=1 
24. x=t+6t+1, y=2t-t; t 1 


25.r=e®; 0=7 


26. r =3 + cos 30; 0 = 7/2 


27-28 Find dy/dx and d’y/dx’. 


27. x=t+ sint, y=t-— cost 


28. x=1 +, y=t- 


29. Use a graph to estimate the coordinates of the lowest point 
on the curve x = t? — 3t, y = t? + t + 1. Then use calcu- 


lus to find the exact coordinates. 


30. Find the area enclosed by the loop of the curve in 


Exercise 29. 


31. At what points does the curve 


x = 2a cost — a cos 2t y = 2a sint — a sin 2t 


have vertical or horizontal tangents? Use this information to 
help sketch the curve. 


32 


Find the area enclosed by the curve in Exercise 31. 
33. Find the area enclosed by the curve r° = 9 cos 50. 


34. Find the area enclosed by the inner loop of the curve 
r= l -— 3 sing. 


35 


Find the points of intersection of the curves r = 2 and 
r=4cosé. 


36. 


Find the points of intersection of the curves r = cot 0 and 
r = 2 cosé. 


37. Find the area of the region that lies inside both of the circles 
r = 2 sin@ andr = sin@ + cosð. 


38. Find the area of the region that lies inside the curve 
r = 2 + cos 20 but outside the curve r = 2 + sin 0. 
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39-42 Find the length of the curve. 


39.x=3r, y=2r, 0O<r<2 
40.x=2+3t, y=cosh3r, 0St<1 
41.r=1/0, mSOST 
42. r = sin°(0/3), 0O<0<7 
43. The position (in meters) of a particle at time t seconds is 
given by the parametric equations 
x =5(t? + 3) y=5- tr 
(a) Find the speed of the particle at the point (6, —4). 
(b) What is the average speed of the particle for 0 < t < 8? 
44. (a) Find the exact length of the portion of the curve shown 


in blue. 
(b) Find the area of the shaded region. 


r = 2 cos*(6/2) 


45-46 Find the area of the surface obtained by rotating the 
given curve about the x-axis. 


45. + 


hide i 1 
ee y= to, 
7 4 Dt 
46. 


x=2+3t, y=cosh3t, 0St<1 


47. 


The curves defined by the parametric equations 


t(t? — c) 
t +1 


tr—e 
r+i 


are called strophoids (from a Greek word meaning “to turn 
or twist”). Investigate how these curves vary as c varies. 


48. 


A family of curves has polar equations r° = | sin 20 | where 


a is a positive number. Investigate how the curves change as 
a changes. 


49-52 Find the foci and vertices and sketch the graph. 


pe aes) ee 50. 4x? — y? = 16 
0 8 . y 


51. 6y? + x — 36y + 55= 0 
16y 


52. 25x? + 4y° + 50x 59 


53. 


54. 


55. 


56. 


57. 


58. 


59. 


61. 


62. 
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Find an equation of the ellipse with foci (+4, 0) and 
vertices (+5, 0). 


Find an equation of the parabola with focus (2, 1) and 
directrix x = —4. 


Find an equation of the hyperbola with foci (0, +4) and 
asymptotes y = +3x. 


Find an equation of the ellipse with foci (3, +2) and major 
axis with length 8. 


Find an equation for the ellipse that shares a vertex and a 
focus with the parabola x? + y = 100 and that has its other 
focus at the origin. 


Show that if m is any real number, then there are exactly 
two lines of slope m that are tangent to the ellipse 
x?/a?° + y?/b?° = 1 and their equations are 


y = mx + ya?°m? + b? 


Find a polar equation for the ellipse with focus at the origin, 
eccentricity }, and directrix with equation r = 4 sec 0. 


. Graph the ellipse r = 2/(4 — 3 cos 0) and its directrix. 


Also graph the ellipse obtained by rotation about the origin 
through an angle 27/3. 


Show that the angles between the polar axis and the 
asymptotes of the hyperbola r = ed/(1 — e cos@),e > 1, 
are given by cos '(+1/e). 


A curve called the folium of Descartes is defined by the 
parametric equations 
3t 3 
x 
E V IFP 


(a) Show that if (a, b) lies on the curve, then so does (b, a); 
that is, the curve is symmetric with respect to the line 

y = x. Where does the curve intersect this line? 

Find the points on the curve where the tangent lines are 
horizontal or vertical. 

Show that the line y = —x — 1 is a slant asymptote. 
Sketch the curve. 

Show that a Cartesian equation of this curve is 

x? + y? = 3xy. 

(£) Show that the polar equation can be written in the form 


(b) 


(c) 
(d) 
(e) 


_ 3 sec0 tan0 
1 + tan*0 


(g) Find the area enclosed by the loop of this curve. 

(h) Show that the area of the loop is the same as the area 
that lies between the asymptote and the infinite 
branches of the curve. (Use a computer algebra system 
to evaluate the integral.) 
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Problems Plus 


1. 


2. 


FIGURE FOR PROBLEM 1 A3 


Aa 
a 
i 


p 


FIGURE FOR PROBLEM 4 


The outer circle in the figure has radius 1 and the centers of the interior circular arcs lie on 
the outer circle. Find the area of the shaded region. 


(a) Find the highest and lowest points on the curve x* + y* = x? + y’. 

(b) Sketch the curve. (Notice that it is symmetric with respect to both axes and both of the 
lines y = +x, so it suffices to consider y > x = 0 initially.) 

(c) Use polar coordinates and a computer algebra system to find the area enclosed by the 
curve. 


What is the smallest viewing rectangle that contains every member of the family of polar 
curves r = 1 + c sin@, where 0 < c < 1? Illustrate your answer by graphing several mem- 
bers of the family in this viewing rectangle. 


Four bugs are placed at the four corners of a square with side length a. The bugs crawl 

counterclockwise at the same speed and each bug crawls directly toward the next bug at all 

times. They approach the center of the square along spiral paths. 

(a) Find a polar equation of a bug’s path assuming the pole is at the center of the square. (Use 
the fact that the line joining one bug to the next is tangent to the bug’s path.) 

(b) Find the distance traveled by a bug by the time it meets the other bugs at the center. 


Show that any tangent line to a hyperbola touches the hyperbola halfway between the points 
of intersection of the tangent and the asymptotes. 


A circle C of radius 2r has its center at the origin. A circle of radius r rolls without slipping in 
the counterclockwise direction around C. A point P is located on a fixed radius of the rolling 
circle at a distance b from its center, 0 < b < r. [See parts (i) and (ii) of the figure below. ] 
Let L be the line from the center of C to the center of the rolling circle and let 0 be the angle 
that L makes with the positive x-axis. 

(a) Using 0 as a parameter, show that parametric equations of the path traced out by P are 


x = bcos 30 + 3r cos 0 y = b sin 30 + 3rsiné 


Note: If b = 0, the path is a circle of radius 3r; if b = r, the path is an epicycloid. The 
path traced out by P for 0 < b < r is called an epitrochoid. 

(b) Graph the curve for various values of b between 0 and r. 

(c) Show that an equilateral triangle can be inscribed in the epitrochoid and that its centroid 
is on the circle of radius b centered at the origin. 
Note: This is the principle of the Wankel rotary engine. When the equilateral triangle 
rotates with its vertices on the epitrochoid, its centroid sweeps out a circle whose center is 
at the center of the curve. 

(d) In most rotary engines the sides of the equilateral triangles are replaced by arcs of circles 
centered at the opposite vertices as in part (iii) of the figure. (Then the diameter of the 
rotor is constant.) Show that the rotor will fit in the epitrochoid if b < į(2 — J3 )r. 


YA 


2 
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ay 
BY 


P 


(ii) (iii) 
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Astronomers gather information about distant celestial objects from the electromagnetic radiation that these objects emit. In the 


project following Section 11.11 you are asked to compare the radiation emitted by different stars, including Betelgeuse (the largest of 
the observable stars), Sirius, and our own Sun. 


Antares StarExplorer / Shutterstock.com 


Sequences, Series, and 
Power Series 


IN ALL OF THE PREVIOUS CHAPTERS we studied functions that are defined on an interval. In this 
chapter we start by studying sequences of numbers. A sequence can be viewed as a function whose 
domain is a set of natural numbers. We then consider infinite series (the sum of the numbers in a 
sequence). Isaac Newton represented functions defined on an interval as sums of infinite series, in 
part because such series are readily integrated and differentiated. In Section 11.10 we will see that 
his idea allows us to integrate functions that we have previously been unable to find antiderivatives 
for, such as e*. Many of the functions that arise in mathematical physics and chemistry—such as 
Bessel functions—are defined as sums of series, so it is important to be familiar with the basic 
concepts of convergence of infinite sequences and series. 

Physicists also use series in another way, as we will see in Section 11.11. In studying fields as 
diverse as optics, special relativity, electromagnetism, and cosmology, they analyze phenomena by 
replacing a function with the first few terms in the series that represents that function. 


723 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


724 


CHAPTER 11 Sequences, Series, and Power Series 


11.1 


FIGURE 1 
At the nth stage the man 
walks a distance 1/2”. 


Sequences 


Many concepts in calculus involve lists of numbers that result from applying a process in 
stages. For example, if we use Newton’s method (Section 4.8) to approximate the zero of 
a function, we generate a list or sequence of numbers. If we compute average rates of 
change of a function over smaller and smaller intervals in order to approximate an instan- 
taneous rate of change (as in Section 2.7), we also generate a sequence of numbers. 

In the fifth century Bc the Greek philosopher Zeno of Elea posed four problems, now 
known as Zeno’s paradoxes, that were intended to challenge some of the ideas concern- 
ing space and time that were held in his day. In one of his paradoxes, Zeno argued that a 
man standing in a room could never walk to a wall because he would first have to walk 
half the distance to the wall, then half the remaining distance, and then again half of what 
still remains, continuing in this way indefinitely (see Figure 1). The distances that the 
man walks at each stage form a sequence: 


Nile 
a 
XQ 


E Infinite Sequences 


An infinite sequence, or just a sequence, can be thought of as a list of numbers written 
in a definite order: 
ai, A2, 43, A4, .--, An,.-- 


The number a; is called the first term, a2 is the second term, and in general a, is the nth 
term. We will deal exclusively with infinite sequences and so each term a, will have a 
SUCCESSOF An+1- 

Notice that for every positive integer n there is a corresponding number a, and so a 
sequence can be defined as a function f whose domain is the set of positive integers. But 
we usually write a, instead of the function notation f(n) for the value of the function at 
the number n. 


NOTATION The sequence {a), a2, a3, . . .} is also denoted by 
{an} or {an}n=1 


Unless otherwise stated, we assume that n starts at 1. 


EXAMPLE 1 Some sequences can be defined by giving a formula for the nth term. 


(a) At the beginning of the section we described a sequence of distances walked by a 
man in a room. The following are three equivalent descriptions of this sequence: 


1 o1 111l 1 1 1 
7 on y 2? 4? 8? 16’ 32? ar’ 


In the third description we have written out the first few terms of the sequence: 
a, = 1/2', ay = 1/2’, and so on. 
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SECTION 11.1 Sequences 725 


(b) The definition { r i | indicates that the formula for the nth term is 


n=2 


n 
n 


nti 


an = and we start the sequence with n = 2: 


(c) The sequence {,/3, V4, V5., V6, a + can be described by {Jn + 2y if we 
start with n = 1. Equivalently, we could start with n = 3 and write {Jn ee or 


dn = Jn,n => 3. 


as (n +1) |" 
(d) The definition 4 (— 1)” T generates the sequence 
n=0 


1 2.3 4 5 
1°? 3°9° 27°81? 7 


Here the first term corresponds to n = 0 and the (— 1)” factor in the definition creates 
terms that alternate between positive and negative. a 


EXAMPLE 2 Find a formula for the general term a, of the sequence 


3 4 5 6 7 
5° 25° 125° 625° 3125° 


assuming that the pattern of the first few terms continues. 
SOLUTION We are given that 
3 4 5 6 7 


ay = az = a3. = üa = 


5 25 3 125 625 


as = > 
3125 
Notice that the numerators of these fractions start with 3 and increase by 1 whenever 
we go to the next term. The second term has numerator 4, the third term has numer- 
ator 5; in general, the nth term will have numerator n + 2. The denominators are the 
powers of 5, so a, has denominator 5”. The signs of the terms are alternately positive 
and negative, so we need to multiply by a power of —1, as in Example 1(d). Here we 
want a; to be positive and so we use (— 1)” ' or (—1)"*'. Therefore 
n+2 


an = ( ease 5” E 


EXAMPLE3 Here are some sequences that don’t have a simple defining equation. 


(a) The sequence {p,}, where p, is the population of the world as of January 1 in the 
year n. 


(b) If we let a, be the digit in the nth decimal place of the number e, then {a,} is a 
sequence whose first few terms are 


{7, 1, 8, 2, 8, 1,8,2,8,4,5,..4 
(c) The Fibonacci sequence {f,,} is defined recursively by the conditions 


fi=l h=l Ja = fa- + fa-2 n=3 
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Each term is the sum of the two preceding terms. The first few terms are 
11, 2,.3,9. 313, 2l 


This sequence arose when the 13th-century Italian mathematician known as Fibonacci 
solved a problem concerning the breeding of rabbits (see Exercise 89). E 


E The Limit of a Sequence 


a4 A sequence can be pictured either by plotting its terms on a number line or by plotting its 
graph. Figures 2 and 3 illustrate these representations for the sequence 


i n | f1234 
oe n+ Pyara 


Since a sequence {a,};=1 is a function whose domain is the set of positive integers, its 


Nie + 


aA graph consists of discrete points with coordinates 
(1, a1) (2, a2) (3, a3) ae (n, an) 
rT et Se ee eee From Figure 2 or Figure 3 it appears that the terms of the sequence a, = n/(n + 1) 
E” ee are approaching 1 as n becomes large. In fact, the difference 
1738 
n 1 
-++-+-++ > 1 = 
01234567 n n+1 n+l 
FIGURES can be made as small as we like by taking n sufficiently large. We indicate this by writing 
, n 
lim = 
n>% n +1 
In general, the notation lim a, = L 
no 
means that the terms of the sequence {a,,} approach L as n becomes large. Notice that the 
following definition of the limit of a sequence is very similar to the definition of a limit 
of a function at infinity given in Section 2.6. 
[1] Intuitive Definition of a Limit of a Sequence A sequence {a,} has the 
limit L and we write 
lim a, = L or An —> L as n — œ 
no 
if we can make the terms a, as close to L as we like by taking n sufficiently large. 
If lim,» an exists, we say the sequence converges (or is convergent). Otherwise, 
we say the sequence diverges (or is divergent). 
Figure 4 illustrates Definition 1 by showing the graphs of two convergent sequences 
that have the limit L. 
anA dn A 
FIGURE 4 L : oe De —— a 
Graphs of two con- $ . 
vergent sequences ae 7 ara 7 
with lim a, = L 0) 1234 n 0| 1234 n 
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A more precise version of Definition 1 is as follows. 


[2] Precise Definition of a Limit of a Sequence A sequence {a,} has the 


limit L and we write 
Compare this definition with lim a, = L or 
Definition 2.6.7. , ee oe 
if for every £ > 0 there is a corresponding integer N such that 


4n — L as n — œ 


if n>N thn Ja- L|<e 


Definition 2 is illustrated by Figure 5, in which the terms a1, a2, a3, . . . are plotted on 


a number line. No matter how small an interval (L — e, L + e) is chosen, there exists an 
N such that all terms of the sequence from an+ı onward must lie in that interval. 


a ag a, as a, a 


a a3 A ag N+1 4n+2 
t . . . 2 (-—_} 2 2 2 2 2 > 
L+e 


L=e L 


FIGURE 5 


Another illustration of Definition 2 is given in Figure 6. The points on the graph of 
{an} must lie between the horizontal lines y = L + e and y = L — e if n > N. This 
picture must be valid no matter how small ¢ is chosen, but usually a smaller € requires a 


larger N. 


YA 
ay ki y=Lte 


3 4 N 


mete 
N 


FIGURE 6 
A sequence diverges if its terms do not approach a single number. Figure 7 illustrates 


two different ways in which a sequence can diverge. 


a, A anA ° 


av 
© 

= 

N 

w 

koe 


av 


FIGURE 7 
Graphs of two divergent sequences (a) (b) 


The sequence graphed in Figure 7(a) diverges because it oscillates between two dif- 
ferent numbers and does not approach a single value as n—>~. In the graph in part (b), 
an increases without bound as n becomes larger. We write lim,» a, = œ% to indicate the 
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particular way that this sequence diverges, and we say that the sequence diverges to %. 
The following precise definition is similar to Definition 2.6.9. 


[3] Precise Definition of an Infinite Limit The notation lim,_... a, = % means 
that for every positive number M there is an integer N such that 


if n>N then dn > M 


An analogous definition applies for lim,,—... a, = —%. 


E Properties of Convergent Sequences 


If you compare Definition 2 with Definition 2.6.7, you will see that the only difference 
between lim, ... a, = L and lim,—.. f(x) = L is that n is required to be an integer. Thus 
we have the following theorem, which is illustrated by Figure 8. 


[4] Theorem If lim,—.. f(x) = Land f(n) = a, when n is an integer, then 
lim, + an = L. 


YA 


=Y 


et 
wt 
us 
At 


FIGURE 8 


For instance, since we know that lim,_... (1/x") = 0 when r > 0 (Theorem 2.6.5), it 
follows from Theorem 4 that 


ee ‘ 
[5] lim — = 0 if r>0 
n>% n 


The Limit Laws given in Section 2.3 also hold for the limits of sequences and their 
proofs are similar. 


Limit Laws for Sequences Suppose that {a„} and {b,} are convergent sequences 
and c is a constant. Then 


Sum Law lim (a, + b,) = lim a, + lim b, 


no 


Difference Law lim (an = bn) = lim an — lim by 
n—>% n>% 


no 


Constant Multiple Law lim ca, = c lim a, 


no no 


Product Law lim (anbn) = lim an * lim b, 


no 


lim a, 


no 


Quotient Law 


= if lim b, 
nin oe 


no 
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Power Law 


Squeeze Theorem for 
Sequences 


FIGURE 9 
The sequence {b,,} is squeezed 
between the sequences {an} and {cn}. 


In general, for any constant c 


lim c = c 


n=% 


This shows that the guess we made 
earlier from Figures 2 and 3 was 
correct. 


SECTION 11.1 Sequences 729 


Another useful property of sequences is the following Power Law, which you are 
asked to prove in Exercise 94. 


lim a? = | lim an|” if p>0 and a, > 0 


no 


The Squeeze Theorem can also be adapted for sequences as follows (see Figure 9). 


Ifa, <b, S cn forn = no and lim a, = limc, = L, then lim b, = 
no 


no 


no 


A 
. 
e Ch 
e aer 
T 
by ak a i 
e sprli ifin 
. P acme 8 
E E a 
: 
i 
An 
‘ 
> 
0 n 


Another useful fact about limits of sequences is given by the following theorem; the 
proof is left as Exercise 93. 


If lim|a,| = 0, then lim a, = 0. 
no no 


EXAMPLE 4 Find lim aT 

no n 
SOLUTION The method is similar to the one we used in Section 2.6: divide numerator 
and denominator by the highest power of n that occurs in the denominator and then use 
the Limit Laws for Sequences. 


, n , 1 dd 
lim = lim = 
n>% n+ I n> . . 1 
NS lim 1 + lim — 
n noo no n 
1 
ea | 
1+0 


I 
a 


Here we used Equation 5 with r 


EXAMPLE 5 Is the sequence a, = convergent or divergent? 


Y” 
l10+n 
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SOLUTION As in Example 4, we divide numerator and denominator by n: 


lim = = _ lim l = 0 
n v10 +n n=O 10 al 
n? n 


since the numerator is constant and the denominator (which is positive) approaches 0. 
So {a,} is divergent. | 


EXAMPLE 6 Calculate lim 22. 


no n 


SOLUTION Notice that both numerator and denominator approach infinity as n —> %. 
We can’t apply |’ Hospital’s Rule directly because it applies not to sequences but to 
functions of a real variable. However, we can apply |’ Hospital’s Rule to the related 
function f(x) = (In x)/x and obtain 


li = li =0 
e ese. 4 
Therefore, by Theorem 4, we have 
. Inn 
lim —=0 E 
n—=>%œ n 
anA EXAMPLE7 Determine whether the sequence a, = (— 1)” is convergent or divergent. 
1+ r . . SOLUTION If we write out the terms of the sequence, we obtain 
ppp pp {-1,1,-1,1,-1,1,-1,...} 
0} 12 3 4 is 
-1+ g e . . The graph of this sequence is shown in Figure 10. Since the terms oscillate between 1 
and — 1 infinitely often, a, does not approach any number. Thus lim „—» (— 1)” does not 
exist; that is, the sequence {(— 1)” } is divergent. E 


n 


EXAMPLE 8 Evaluate lim 


if it exists. 


an A n—0o n 
1 obs 
SOLUTION We first calculate the limit of the absolute value: 
° =)" 1 
E lim =e lim — = 0 
i e e e . 5 n—-o n noo n 
. Therefore, by Theorem 6, 
=f n 
lim = =0 
noo n 
—]+ o 
The sequence is graphed in Figure 11. E 
=i n 
FIGURE 11 The sequence { j } The following theorem says that if we apply a continuous function to the terms of a 


convergent sequence, the result is also convergent. The proof is given in Appendix F. 


Theorem If lim a, = L and the function f is continuous at L, then 
no 


jim flan) =f 
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no 


EXAMPLE9 Find lim sin—. 
n 


SOLUTION Because the sine function is continuous at 0, Theorem 7 enables us to write 


2. i . í T ‘ 
lim sin— = sin( lim A =sin0=0 Ba 


no n n>% n 


EXAMPLE 10 Discuss the convergence of the sequence a, = n!/n", where 
m= 1+2+3e- en, 


SOLUTION Both numerator and denominator approach infinity as n — © but here we 
have no corresponding function for use with |’ Hospital’s Rule (x! is not defined when x 
is not an integer). Let’s write out a few terms to get a feeling for what happens to a, as 
n gets large: 


l 1:2 SARO 
a= a = = 
aS m= S55 a8 
EEES EATE 
dn = 
anA It appears from these expressions and the graph in Figure 12 that the terms are decreas- 
1; ¢ ing and perhaps approach 0. To confirm this, observe from Equation 8 that 
P (23n) 
An = 
n\n nes en 
Be ee EET > Notice that the expression in parentheses is at most 1 because the numerator is less 
l than (or equal to) the denominator. So 
FIGURE 12 The sequence {n!/n"} 0<a4,= 1 
n 


We know that 1/n — 0 as n — ©. Therefore a,, — 0 as n — © by the Squeeze Theorem. 
E 


EXAMPLE 11 For what values of r is the sequence {r”} convergent? 


SOLUTION We know from Section 2.6 and the graphs of the exponential functions in 
Section 1.4 that lim,_... b* = © for b > 1 and lim,_...b* = O for 0<b<1. 
Therefore, putting b = r and using Theorem 4, we have 


. o ifr>1 
lim r” = : 
n>% 0 if O<r<l 


It is obvious that 


lim 1” = 1 and lim 0” = 0 


no no 


If -1 <r <0, then0 < |r| < 1, so 


lim |r"| = lim |r|" =0 


no no 
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and therefore lim,,—.. r” = 0 by Theorem 6. If r < —1, then {r”} diverges as in 
Example 7. Figure 13 shows the graphs for various values of r. (The case r = —1 is 
shown in Figure 10.) 


an A an A 
Pel ° 
° L l -1<r<0 
° 1 
. + : s ë - — > 
. r=] O : n 
17 : e e e e e e é 
a i «6 ` 7 y 3 
n a oe 
FIGURE 13 i O<r<l take 
The sequence a, = r" Š E 
The results of Example 11 are summarized for future use as follows. 
[9] The sequence {r"} is convergent if —1 < r < 1 and divergent for all other 
values of r. 
0 if -l<r<l 
1 ifr=1 
E Monotonic and Bounded Sequences 
Sequences for which the terms always increase (or always decrease) play a special role 
in the study of sequences. 
Definition A sequence {a,} is called increasing if a, < dn+1 for all n = 1, 
that is, a) < a < a3 <---.Itis called decreasing if a, > an+ı for all n = 1. 
A sequence is called monotonic if it is either increasing or decreasing. 
3 ; ; 
EXAMPLE 12 The sequence aaa decreasing because 
n 
In Example 12, 3/(n + 6) is smaller 3 3 3 
than 3/(n + 5) because its denomina- An = a = = Ant+1 
tor is larger. n+5 n+6 (n+1)+5 
for alln > 1. E 


EXAMPLE 13 Show that the sequence a, = aa is decreasing. 
n 
SOLUTION 1 We must show that a, > an+1, that is, 


n s n+1 
w+ (n+1)?4+1 
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This inequality is equivalent to the one we get by cross-multiplication: 


n s nt+1 
wm+io (n+1)?4+1 


<> A(nt+ 1)? 4+ 1 >t Di’? + 1) 


SS W4+2nW4+2n>Wt+nrtntil 
<> wtn>l 


Since n > 1, we know that the inequality n? + n > 1 is true. Therefore a, > ay+; and 
so {an} is decreasing. 


Xx 


SOLUTION 2 Consider the function f(x) = Sal 
x 


2 = ee 1 — x? 2 
(x? + 1)? (x? + 1)? 


Thus f is decreasing on (1, ©) and so f(n) > f(n + 1). Therefore {a,,} is decreasing. E 


0 whenever x? > 1 


f'a) = 


[11] Definition A sequence {a,} is bounded above if there is a number M 
such that 
foralln = 1 


A sequence is bounded below if there is a number m such that 


msa, foralln = 1 


If a sequence is bounded above and below, then it is called a bounded sequence. 


For instance, the sequence a, = n is bounded below (a, > 0) but not above. The 
sequence a, = n/(n + 1) is bounded because 0 < a, < 1 for all n. 

We know that not every bounded sequence is convergent [for instance, the sequence 
an = (—1)" satisfies —1 < a, < 1 but is divergent from Example 7] and not every mono- 
tonic sequence is convergent (a, = n —> ©). But if a sequence is both bounded and 
monotonic, then it must be convergent. This fact is proved as Theorem 12, but intuitively 
you can understand why it is true by looking at Figure 14. If {a,} is increasing and a, < M 
for all n, then the terms are forced to crowd together and approach some number L. 


a,’ 

ML 

L eocvoaoveve® 

0 HH z 
FIGURE 14 D n 


[12] Monotonic Sequence Theorem Every bounded, monotonic sequence is 
convergent. 


In particular, a sequence that is increasing and bounded above converges, and a 
sequence that is decreasing and bounded below converges. 
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Mathematical induction is often used 
in dealing with recursive sequences. 
See Principles of Problem Solving 
following Chapter 1 for a discussion 
of the Principle of Mathematical 
Induction. 


The proof of Theorem 12 is based on the Completeness Axiom for the set R of real 
numbers, which says that if S is a nonempty set of real numbers that has an upper bound 
M (x SM for all x in S), then S has a least upper bound b. (This means that b is an 
upper bound for S, but if M is any other upper bound, then b < M.) The Completeness 
Axiom is an expression of the fact that there is no gap or hole in the real number line. 


PROOF OF THEOREM 12 Suppose {a,} is an increasing sequence. Since {a,,} is 
bounded, the set $ = {a, | n = 1} has an upper bound. By the Completeness Axiom it 
has a least upper bound L. Given € > 0, L — e is not an upper bound for S (since L is 
the /east upper bound). Therefore 


ayn>L-e for some integer N 


But the sequence is increasing so a, = ay for every n > N. Thus if n > N, we have 


a,>L= eE 
Ne) 0OxL-a,<e 
since a, < L. Thus 
|L —a,|<e whenever n >N 
so lim, ++ 4, = L. 
A similar proof (using the greatest lower bound) holds if {a,,} is decreasing. E 


EXAMPLE 14 Investigate the sequence {a,,} defined by the recurrence relation 
ai=2 amı = 5 (a, + 6) for n= 1,2,3,... 


SOLUTION We begin by computing the first several terms: 


a, =2 an =5(2+ 6) =4 a; =5(4+ 6) =5 
as =5(5 + 6) = 5.5 as = 5.75 as = 5.875 
ay = 5.9375 ds = 5.96875 ay = 5.984375 


These initial terms suggest that the sequence is increasing and the terms are approach- 
ing 6. To confirm that the sequence is increasing, we use mathematical induction to 
show that a,+; > a, for all n = 1. This is true for n = 1 because a. = 4 > a,. If we 
assume that it is true for n = k, then we have 


Ak+1 > Ak 
so anı + 6 > a, + 6 
and Lar + 6) > 5 (ak + 6) 
Thus Ak+2 > Aki 


We have deduced that a,+; > a, is true for n = k + 1. Therefore the inequality is true 
for all n by induction. 

Next we verify that {a„} is bounded by showing that a, < 6 for all n. (Since the 
sequence is increasing, we already know that it has a lower bound: a, = a, = 2 for 
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all n.) We know that a; < 6, so the assertion is true for n = 1. Suppose it is true for 


n =k. Then 
ar <6 
Ne) a+ 6< 12 
and 5(ax + 6) < 3(12) = 6 
Thus Apa <6 


This shows, by mathematical induction, that a, < 6 for all n. 

Since the sequence {a,} is increasing and bounded, Theorem 12 guarantees that it 
has a limit. The theorem doesn’t tell us what the value of the limit is. But now that we 
know L = lim,,—-. da, exists, we can use the given recurrence relation to write 


limanı = lim 5(a, + 6) = (tim an + 6) =}(L+6) 


A proof of this fact is requested in Since a, — L, it follows that a„+ı — L too (as n > ©,n + 1 — œ also). So we have 
Exercise 76. i 
L= z(L + 6) 
Solving this equation for L, we get L = 6, as we predicted. E 


11.1 | EXERCISES 


1. (a) What is a sequence? 17-22 Find a formula for the general term a, of the sequence, 
(b) What does it mean to say that lim,—. a, = 8? assuming that the pattern of the first few terms continues. 
(c) What does it mean to say that lim,—. a, = ©? 1.1.14 
eas @ i265 0-4} 
2. (a) What is a convergent sequence? Give two examples. n oiri 
18. {4, -1,4-5 ---} 


(b) What is a divergent sequence? Give two examples. 


3-16 List the first five terms of the sequence. 


1 
3. ar=n =l 4. A 2 
3" +1 Ds. {os By ay Sas gia 
é z= | 22. {1, 0, —1, 0, 1,0, —1,0,... 
5. {z + npo 6. {ast} t } 
nee lg) EE 
(-1)""! (-1)" 23-26 Calculate, to four decimal places, the first ten terms of the 
7. an = — a @) an = 
n’ 4" sequence and use them to plot the graph of the sequence by hand. 
ae 10. a=1+(-1) Does the sequence appear to have a limit? If so, calculate it. If not, 
explain why. 
=R) 2n+1 
o- 12. an= -4 23. a, = 3n 24. a, =2 + (=1)" 
n : n: . An 1 + 6n . n A 
13. a = l, anı = 2a, + 1 10” 
a 25. a, = 1 + (-3)" 26. an= 1+ 
14. 4 = 6, GAn+1 = = 
n 
15 -2 _ an 27-62 Determine whether the sequence converges or diverges. 
PT AeIE lt+a, If it converges, find the limit. 
= = =a,— 5 
16. a = 2, d2=1, Gn+i = an` an-ı 27. a, = a 28. a, =5/n +2 
n 
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4n? — 3 4n? — 3 
29. a, = a 30. a, = ei BLS 
2n“ + 1 n+] 
4 
n 
ET) Ai S R 32. a, = 2 + (0.86)” 


n? — 2n 


3yn 


A, = 3T" 34. a, = 
Jn +2 
= 4” 
«On = ON” 36. a, = 
1+9" 


1+ 4n? nt 
en an = > 38. an = COS 
l+n- n+1 


n? 


39. "e 40. an = e?”/0+2) 
Vn? + 4n 
-1 ġj —1 nt+1 
41. a, El 42. a, = (D'n 


4 


w 


45 


47 


“afa n+ yn 


(2n — 1)! ää Inn 
| (2n + 1)! ` | In(2n) 


tan'n 


. {sinn} 46. an 


n 
sime} 48. a, = ln(n + 1) — Inn 


cos’°n 


49. an = 50. a, = 4 Ji+3n 
2” 


51. a, = n sin(1/n) 52. a, = 2” cos nm 
2 n 7 
@® a, = ll 54. a, =n" 
n 
55. a, = In(2n* + 1) — In(n? + 1) 
1 2 
56. a, = (In n) 
n 
57. a, = arctan(In n) 
58. a, =n n+l /j/n+3 
59. {0, 1, 0, 0, 1, 0,0, 0, 1,...} 
60. {baoa pengos] 
! 3 n 
61. a, = k 62. a, = (3) 
2” n! 


63-69 Use a graph of the sequence to decide whether the 


sequence is convergent or divergent. If the sequence is conver- 
gent, guess the value of the limit from the graph and then prove 


your guess. 
n sin n 
63. a, = (—1)" 64. a, = 
n+l 
65. a, = arctan = z) 66. a, = 4/3" + 5” 
ne 


n’ cosn 
67 a= = ar 

Lorn 

123254 3. Op — 1 
68. an ues 

n! 

1 . . es.. o 2 =, 1 

iga oe) 
(2n)" 

70. (a) Determine whether the sequence defined as follows is 


71. 


72. 


73. 


74. 


75. 
76. 


77. 


convergent or divergent: 


a=1 äni = 4 — Gh forn = 1 


(b) What happens if the first term is a; = 2? 


If $1000 is invested at 6% interest, compounded annually, 
then after n years the investment is worth a, = 1000(1.06)” 
dollars. 

(a) Find the first five terms of the sequence {an}. 

(b) Is the sequence convergent or divergent? Explain. 


If you deposit $100 at the end of every month into an 
account that pays 3% interest per year compounded 
monthly, the amount of interest accumulated after n months 
is given by the sequence 


1.0025" — 
I, = 100( M2" —* _ , 
0.0025 


(a) Find the first six terms of the sequence. 
(b) How much interest will you have earned after two years? 


A fish farmer has 5000 catfish in his pond. The number of 

catfish increases by 8% per month and the farmer harvests 

300 catfish per month. 

(a) Show that the catfish population P, after n months is 
given recursively by 


P, = 1.08P,-; — 300 Po = 5000 


(b) Find the number of catfish in the pond after six months. 


Find the first 40 terms of the sequence defined by 
_ Sdn if a, is an even number 
a 3a, + 1 if a, is an odd number 


and a, = 11. Do the same if a; = 25. Make a conjecture 
about this type of sequence. 


For what values of r is the sequence {nr”} convergent? 
(a) If {a,,} is convergent, show that 

lim gasi = lim a, 
(b) A sequence {a,,} is defined by a, = 1 and 


Gn41 = 1/(1 + a,) for n = 1. Assuming that {a,} is 
convergent, find its limit. 


Suppose you know that {an} is a decreasing sequence and 
all its terms lie between the numbers 5 and 8. Explain why 
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the sequence has a limit. What can you say about the value 
of the limit? 


78-84 Determine whether the sequence is increasing, decreas- 
ing, or not monotonic. Is the sequence bounded? 


78. 


79. 


81. 


83. 


an = cos n 
1 l-n 
a= 80. a, = 
2n + 3 2+n 
=)" 
an = n(—1)" 82. a,=2+ cr 


n 


an = 3 — 2ne™" 84. a, =n? — 3n+3 


85. 


86. 


87. 


88. 


89. 


90. 


Find the limit of the sequence 
{ v2, V2/2, V2v2,/2, .. | 


A sequence {a,} is given by a, = V2, anı = J2 + ay. 
(a) By induction or otherwise, show that {a,,} is increasing 
and bounded above by 3. Apply the Monotonic 
Sequence Theorem to show that lim,,—.. a, exists. 
(b) Find lim, —. an. 
Show that the sequence defined by 
1 


an+1 = I= 
an 


a=l 


is increasing and a, < 3 for all n. Deduce that {a,n} is con- 
vergent and find its limit. 


Show that the sequence defined by 


dı =2 an+ = 


3 — an 
satisfies 0 < a, < 2 and is decreasing. Deduce that the 
sequence is convergent and find its limit. 


(a) Fibonacci posed the following problem: 


Suppose that rabbits live forever and that every 
month each pair produces a new pair which becomes 
productive at age 2 months. If we start with one new- 
born pair, how many pairs of rabbits will we have in 
the nth month? 


Show that the answer is fn, where { f,} is the Fibonacci 
sequence defined in Example 3(c). 

(b) Let an = fr+i/f, and show that an-ı = 1 + 1/ay-2. 
Assuming that {an} is convergent, find its limit. 


(a) Let a, = a, a) = f(a), a3 = f (a2) = f(f(@),.-.; 
Gn+1 = f (dn), where f is a continuous function. If 
lim, aá, = L, show that f(L) = L. 

(b) Illustrate part (a) by taking f(x) = cos x, a = 1, and 
estimating the value of L to five decimal places. 


. (a) Use a graph to guess the value of the limit 


92. 


93. 


94. 


95. 


96. 


97. 


98. 
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(b) Use a graph of the sequence in part (a) to find the 
smallest values of N that correspond to e = 0.1 and 
e = 0.001 in Definition 2. 


Use Definition 2 directly to prove that lim„,—>» r” = 0 
when |r| < 1. 


Prove Theorem 6. 
[Hint: Use either Definition 2 or the Squeeze Theorem. ] 


Use Theorem 7 to prove the Power Law: 


lim a? = [lim an)? ifp > Oanda, > 0 


n=% n>% 


Prove that if lim,,... an = 0 and {b,} is bounded, then 
lim, (a,b,) = 0. 

Let a, = (1 + I/n)". 

(a) Show that if 0 < a < b, then 


prt! = a”*! 


b-a 


< (n + 1)b" 

(b) Deduce that b"[(n + 1)a — nb] < a”™'. 

(c) Usea = 1 + 1/(n + 1)andb = 1 + 1/n in part (b) to 
show that {an} is increasing. 

(d) Use a = 1 and b = 1 + 1/(2n) in part (b) to show 
that a2, < 4. 

(e) Use parts (c) and (d) to show that a, < 4 for all n. 

(f) Use Theorem 12 to show that lim,... (1 + 1/n)” exists. 
(The limit is e. See Equation 3.6.6.) 


Let a and b be positive numbers with a > b. Let a, be their 
arithmetic mean and b; their geometric mean: 


a+b 


bı = Jab 


Qı = 


Repeat this process so that, in general, 


An $ bn 
2 


an+1 = 


Divi = Vanbn 


(a) Use mathematical induction to show that 
An > Anvi > Davi > bn 


(b) Deduce that both {a,} and {b,,} are convergent. 

(c) Show that lim,» a, = lim,,.. b,. Gauss called the 
common value of these limits the arithmetic-geometric 
mean of the numbers a and b. 


(a) Show that if lim,—. do, = Land lim, do+; = L, 
then {a,,} is convergent and lim, dn = L. 
(b) Ifa; = 1 and 


ani = 1 + 
1l+a, 


find the first eight terms of the sequence {a,,}. Then use 
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part (a) to show that lim „p—s ad, = V2. This gives the positive constants that depend on the species and its environ- 
continued fraction expansion ment. Suppose that the population in year 0 is po > 0. 
(a) Show that if {p,} is convergent, then the only possible 
Wa Sha 1 values for its limit are 0 and b — a. 
6.4 1 (b) Show that pa+ı < (b/a) pn. 
2+- (c) Use part (b) to show that if a > b, then lim„—>» P, = 0; 
in other words, the population dies out. 

99. The size of an undisturbed fish population has been modeled (d) Now assume that a < b. Show that if po < b — a, then 

by the formula {pn} is increasing and 0 < p, < b — a. Also show that 

ee bpn if po > b — a, then {pn} is decreasing and p, > b — a. 

at pn Deduce that if a < b, then lim, >» p, = b — a. 


where p, is the fish population after n years and a and b are 


DISCOVERY PROJECT LOGISTIC SEQUENCES 


A sequence that arises in ecology as a model for population growth is defined by the logistic 
difference equation 
Pn+1 = kp, (1 = Pn) 


where p, measures the size of the population of the nth generation of a single species. To keep 
the numbers manageable, we take p, to be a fraction of the maximal size of the population, so 
0 <S p, S 1. Notice that the form of this equation is similar to the logistic differential equation 
in Section 9.4. The discrete model—with sequences instead of continuous functions—is pref- 
erable for modeling insect populations, where mating and death occur in a periodic fashion. 

An ecologist is interested in predicting the size of the population as time goes on, and asks 
these questions: Will it stabilize at a limiting value? Will it change in a cyclical fashion? Or 
will it exhibit random behavior? 

Write a program to compute the first n terms of this sequence starting with an initial popu- 
lation po, where 0 < po < 1. Use this program to do the following. 


1. Calculate 20 or 30 terms of the sequence for po = 5 and for two values of k such that 
1 < k < 3. Graph each sequence. Do the sequences appear to converge? Repeat for a dif- 
ferent value of po between 0 and 1. Does the limit depend on the choice of po? Does it 
depend on the choice of k? 


2. Calculate terms of the sequence for a value of k between 3 and 3.4 and plot them. What do 
you notice about the behavior of the terms? 


3. Experiment with values of k between 3.4 and 3.5. What happens to the terms? 


4. For values of k between 3.6 and 4, compute and plot at least 100 terms and comment on 
the behavior of the sequence. What happens if you change po by 0.001? This type of 
behavior is called chaotic and is exhibited by insect populations under certain conditions. 


11.2 | Series 


Recall from Section 11.1 that Zeno, in one of his paradoxes, observed that in order for a 
man standing in a room to walk to a wall, he would first have to walk half the distance to 
the wall, then half the remaining distance (4 of the total), and then again half of what still 
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FIGURE 1 
At the nth stage, the man has 
walked a total distance of 

1 1 1 1 


2 4 8 2" 


With the help of computers, research- 
ers have found decimal approxima- 
tions for m accurate to tens of trillions 
of decimal places. 
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remains (4), and so on (see Figure 1). Because this process can always be continued, 
Zeno argued that the man can never reach the wall. 


A Ao N 
1 1 = 
2 4 an 


Of course, we know that the man can actually reach the wall, so this suggests that 
perhaps the total distance the man walks can be expressed as the sum of infinitely many 
smaller distances as follows: 


1 1 1 1l 1 
1=>+— +> He 
2 4 8 16 2 


Zeno was arguing that it doesn’t make sense to add infinitely many numbers together. 
But there are other situations in which we implicitly use infinite sums. For instance, in 
decimal notation, the value of 7 is 


mT = 3.14159 26535 89793 23846 26433 83279 50288 ... 


The convention behind our decimal notation is that this number can be written as the 
infinite sum 


1 4 1 3 9 2 6 5 


=3 + — + + + + + +— + 
7 10 10? 10° ` 10° 105 106 10 10° 


uwis 


We can’t literally add an infinite number of terms, but the more terms we add, the closer 
we get to the actual value of 7. 


E Infinite Series 


If we try to add the terms of an infinite sequence {a,},-, we get an expression of the form 
[1] atata +: tant 


which is called an infinite series (or just a series) and is denoted by the symbol 


Şa, o >a, 
n=1 
In general, does it make sense to talk about the sum of infinitely many numbers? For 
example, it would be impossible to find a finite sum for the series 


1+24+34+44¢5++:-¢nt-:: 


because if we start adding the terms, then we get cumulative sums that grow increasingly 
larger. 
However, consider the series of distances from Zeno’s paradox: 
1 1 1 1 1 1 1 


+—+—+——4+—~+—4--- H+ 
2 4 8 16 32 = 64 es 


EEE 
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If we start adding the terms, and we keep track of the subtotals as we go, we get L, 2 (the 
n Sum of first n terms 4 15 31 63 : 
sum of the first two terms), g (first three terms), Tg, 33, gq, and so on. The table in the mar- 
1 0.50000000 gin shows that as we add more and more terms, these partial sums become closer and 
2 0.75000000 closer to 1. In fact, you can verify that the nth partial sum is given by 
3 0.87500000 : 
4 0.93750000 JELA 1 1 
5 0.96875000 2" 2" 
a 02843 [390 and we can see that by adding sufficiently many terms of the series (making n sufficiently 
7 032218130 large), the partial sums can be made as close to 1 as we like. So it seems reasonable to 
19 a ai say that the sum of this infinite series is 1 and to write 
15 0.99996948 
20 0.99999905 ` l 1 1 1 1 1 
25 0.99999997 2p an ee ek 


We use a similar idea to determine whether or not a general series Xa, has a sum. We 
consider the partial sums 
Si = a, 


S =a, +a 


83 = dı + a + a3 


S4 =a, +a + a3; + a4 
and, in general, 


n 
Sn =d +a, +a +- +a = > 4; 
i=1 


These partial sums form a new sequence {s,}, which may or may not have a limit. If 
lim,» S, exists (as a finite number), then we call it the sum of the infinite series Day. 


[2] Definition Given a series 2% a, = a; + ao + a3 +--+, let s, denote its 
nth partial sum: 


n 


s=) aza +a +- +a, 
i=l 


If the sequence {sn} is convergent and lim„—>- Sn = s exists as a real number, then 
the series 2a, is called convergent and we write 


Gy taz tees Fay te Da=s 


n=1 


The number s is called the sum of the series. 


If the sequence {s,,} is divergent, then the series is called divergent. 


Compare with the improper integral 


fo oft Thus the sum of a series is the limit of the sequence of partial sums. So when we write 
| f(x) dx = lim | £0) dx 
J too J 


23-1 Gn = $, We mean that by adding sufficiently many terms of the series we can get as 


To find this integral we integrate close as we like to the number s. Notice that 

from 1 tor and then let t — œ. Fora 

series, we sum from 1 ton and then i oo 
letn > œ% È> a, = lim X a; 


co . 
n=1 Rae =) 
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Notice that the terms cancel in pairs. 
This is an example of a telescoping 
sum: because of all the cancellations, 
the sum collapses (like a pirate’s col- 
lapsing telescope) into just two terms. 


Figure 2 illustrates Example 2 by show- 
ing the graphs of the sequence of 
terms a, = 1/[n(n + 1)] and the 
sequence {s,} of partial sums. Notice 
that a, — 0 and s, — 1. See Exer- 
cises 82 and 83 for two geometric 
interpretations of Example 2. 


FIGURE 2 
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EXAMPLE 1 Suppose we know that the sum of the first n terms of the series 27;=) an is 


2n 


Sk do Fees a, = 
a 3n +5 


Then the sum of the series is the limit of the sequence {s,,}: 


= : i 2n 2 
> a, = lim s, = lim = lim = E 
n=1 Ames => 3n + 5 no 3 

3. 


In Example 1 we were given an expression for the sum of the first n terms. In the fol- 
lowing example we will find an expression for the nth partial sum. 


= 1 
EXAMPLE 2 Show that the series X, ———— 
nai n(n + 1) 
SOLUTION We use the definition of a convergent series and compute the partial sums. 


z 1 1 1 1 1 
E EE et E TE E TE 
= i(li + 1) 1:2 2:3 3-4 n(n + 1) 


is convergent, and find its sum. 


Sn = 


We can simplify this expression if we use the partial fraction decomposition 
1 o1 1 
ili + 1) i i+] 
(see Section 7.4). Thus we have 


oe f 5( = 


“isi = i it+1 


-(-d) 4-H H-A- 


1 
Spo 
nt+1 
; . 1 
and so lim s, = lim | 1 =1-0=1 
ne no n+1 


Therefore the given series is convergent and 


œ 


n=1 n(n + 1) 7 
A 
1f ecocoocooooo 
a {Sib 
a {a,} 
Oe ee cccccecccvey 
0 n 
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E Sum of a Geometric Series 
An important example of an infinite series is the geometric series 


oo 


a+ar+ar? + ar +. tar! +- = Sar"! a#0 


n=1 


Each term is obtained from the preceding one by multiplying it by the common ratio r. 
(The series that arises from Zeno’s paradox is the special case where a = 5 and r = oe 


Figure 3 provides a geometric demon- If r= 1, thens, =atat+-+-+a=na— +, Since lim, >e S doesn’t exist, 
stration of the formula for the sum of the geometric series diverges in this case. 
a geometric series. If the triangles are If r ~ 1, we have 
constructed as shown and s is the S=atartar+-:-:+ar"! 
sum of the series, then, by similar 
triangles, and rs, = ar + ar? +++++ ar"! +r" 
S a a 
a aca je lor Subtracting these equations, we get 


Sn — VS) = a — ar” 


all = r”) 


l-r 


[3] Sn = 


If—1 <r< 1, we know from (11.1.9) that r” — 0 as n —> %, so 


i „n ad—r") a a . a a 
lim s, = lim = ‘lim r” = 
n>» n>» l-r =r lļl=r n>% l-r 


Thus when |r| < 1 the geometric series is convergent and its sum is a/(1 — r). 

Ifr < —1 orr > 1, the sequence {r”} is divergent by (11.1.9) and so, by Equation 3, 
lim,,—.~ Sn does not exist. Therefore the geometric series diverges in those cases. We sum- 
marize these results as follows. 


[4] The geometric series 


FIGURE 3 
X ar! =a+ar+ar +t. 
n=1 

In words: the sum of a convergent is convergent if |r| < 1 and its sum is 

geometric series is 


first term = | r| <1 
1 — common ratio 4 


If |r| = 1, the geometric series is divergent. 


EXAMPLE 3 Find the sum of the geometric series 


10 20 40 
2a ig ae 


SOLUTION The first term is a = 5 and the common ratio is r = —}. Since 
|r| =} < 1, the series is convergent by (4) and its sum is 
5 5 
== 3 a 


1 = (-3) 


wun 
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= 


Sn 


5.000000 
1.666667 
3.888889 
2.407407 
3.395062 
2.736626 
3.175583 
2.882945 
3.078037 
2.947975 


OMANI NDUN FWY 


= 
© 


Another way to identify a and r is to 
write out the first few terms: 


4+... 
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What do we really mean when we say that the sum of the series in Example 3 is 3? Of 
course, we can’t literally add an infinite number of terms, one by one. But, according to 
Definition 2, the total sum is the limit of the sequence of partial sums. So, by taking the 
sum of sufficiently many terms, we can get as close as we like to the number 3. The table 
shows the first 10 partial sums s, and the graph in Figure 4 shows how the sequence of 
partial sums approaches 3. 


Sy A 
37 "tata te eetece 
> 
0 20 ” 
FIGURE 4 


EXAMPLE 4 Is the series >) 2°"3'~" convergent or divergent? 


n=1 
SOLUTION Let’s rewrite the nth term of the series in the form ar” t: 


œ 


(e) æ 4” oo ae 
> 22n31=n = > (27)73-@—-) = = = = 4(4) 1 


n- 
n=1 n=1 3 


We recognize this series as a geometric series with a = 4 andr = i Since r > 1, the 
series diverges by (4). E 


EXAMPLE5 A drug is administered to a patient at the same time every day. Suppose 
the concentration of the drug is C, (measured in mg/mL) after the injection on the nth 
day. Before the injection the next day, only 30% of the drug remains in the bloodstream 
and the daily dose raises the concentration by 0.2 mg/mL. 


(a) Find the concentration just after the third injection. 
(b) What is the concentration just after the nth dose? 
(c) What is the limiting concentration? 


SOLUTION 

(a) Just before the daily dose of medication is administered, the concentration is 
reduced to 30% of the preceding day’s concentration, that is, 0.3C,. With the new dose, 
the concentration is increased by 0.2 mg/mL and so 


Civ) = 0.2 + 0.3C, 
Starting with Co = 0 and putting n = 0, 1, 2 into this equation, we get 
Ci = 0.2 + 0.3C) = 0.2 
C = 0.2 + 0.3C, = 0.2 + 0.2(0.3) = 0.26 
C = 0.2 + 0.3C, = 0.2 + 0.2(0.3) + 0.2(0.3)* = 0.278 


The concentration after three days is 0.278 mg/mL. 
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(b) After the nth dose the concentration is 
C, = 0.2 + 0.2(0.3) + 0.2(0.3)? + +++ + 0.2(0.3)"! 
This is a finite geometric series with a = 0.2 and r = 0.3, so by Formula 3 we have 


_ 02 = (037| _ 2 


=o = [1 — (0.3)"] mg/mL 


Ca 
(c) Because 0.3 < 1, we know that lim,,_... (0.3)” = 0. So the limiting concentration is 


2 2 2 
lim C, = lim F [1 — (0.3)"] => (1 ~ 0) = > mg/mL E 


no 


EXAMPLE 6 Write the number 2.317 = 2.3171717. . . as a ratio of integers. 
SOLUTION 


A3VINVIV co S23 2 Sy + + 


After the first term we have a geometric series with a = 17/10° and r = 1/10°. 
Therefore 


231) = 2.3 + —— = 23 +o 


EXAMPLE 7 Find the sum of the series >) x", where |x| < 1. 


n=0 
SOLUTION Notice that this series starts with n = 0 and so the first term is x° = 1. 
(With series, we adopt the convention that x° = 1 even when x = 0.) Thus 


SMxem=Ltxtxvtxtaxtte-- 
n=0 


This is a geometric series with a = 1 and r = x. Since |r| = |x| < 1, it converges 
and (4) gives 


[5] Si E 


E Test for Divergence 


Recall that a series is divergent if its sequence of partial sums is a divergent sequence. 


EXAMPLE 8 Show that the harmonic series 


is divergent. 
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SOLUTION For this particular series it’s convenient to consider the partial sums s2, sa, 
Sg, S16, 532, ... and show that they become large. 


s=1+}4} 


s=1+4+ 


a 
oo 
— 
+ 
Nie 
+ 
rN, a, a, 
w= 
+ 
>= 
N — 
+ 
— 
orien 
+ 
al 
+ 
xe 
+ 
a= 
N 


AI 
+ 
Ale 
+ 
ool 
+ 
o= 
+ 
o= 
+ 
col 


Se =1t5+ 


II 
= 
+ 

Nie 


Similarly, s32 > 1 + 5, Sea > 1+ £ and in general 


n 
The method used in Example 8 for soo 1+ 2 


showing that the harmonic series 
diverges was developed by the French This shows that s2: —> % as n — © and so {sn} is divergent. Therefore the harmonic 


scholar Nicole Oresme (1323-1382). series diverges. a 


œ 


[6] Theorem If the series >) a, is convergent, then lim a, = 0. 


ioe) 
n=1 a 


PROOF Lets, = a, + a2 +--+ + an. Then a, = Sn — Sn-1. Since È a, is convergent, 
the sequence {s,,} is convergent. Let limp» Sn = s. Since n — 1 —> % as n —> %, we 
also have lim„—>» Sn-1 = s. Therefore 


lim a, = lim (s, — Sn-1) = lim s, — lim s,-1 = s — s =0 a 
n—oo no 


no no 


NOTE With any series Xa, we associate two sequences: the sequence {s} of its partial 
sums and the sequence {a,,} of its terms. If È a, is convergent, then the limit of the sequence 
{s,} is s (the sum of the series) and, as Theorem 6 asserts, the limit of the sequence {a,} 
is 0. 


@ WARNING The converse of Theorem 6 is not true in general. If lim, ... a, = 0, we can- 
not conclude that È a, is convergent. Observe that for the harmonic series È 1/n we have 
a, = 1/n — 0 as n — %, but we showed in Example 8 that È 1/n is divergent. 


Test for Divergence If lim a, does not exist or if lim a, # 0, then the 


no 
oo 


series >) a, is divergent. 


n=1 
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The Test for Divergence follows from Theorem 6 because, if the series is not diver- 
gent, then it is convergent, and so lim, —~ a, = 0. 


oo 2 
EXAMPLE 9 Show that the series >) —— diverges. 
n=1 5n +4 
SOLUTION 
acos es] Los j 
a e Sn A ae FA S 
So the series diverges by the Test for Divergence. E 


NOTE If we find that lim,—. an # 0, we know that Xa, is divergent. If we find that 
lim,» an = 0, this fact tells us nothing about the convergence or divergence of È an. 
Remember the warning given after Theorem 6: if lim,—. a, = 0, the series 2a, might 
converge or it might diverge. 


E Properties of Convergent Series 


The following properties of convergent series follow from the corresponding Limit Laws 
for Sequences in Section 11.1. 


Theorem If >a, and Èb, are convergent series, then so are the series È ca, 
(where c is a constant), =(a, + b,), and =(a, — b,), and 


(i) 5 Can =C 5 Qn 


n=1 n=1 


(ii) > (an Ea bn) m > an + 5 b, 
n=1 


n=1 n=1 


(iii) z (an = bn) E > an — 5 bn 


n=1 n=1 n=1 


We prove part (11); the other parts are left as exercises. 


PROOF OF PART (ii) Let 


n œ 
S= X ai s=) a, t= X bi t=) b, 
i=1 


n=1 i=1 n=1 


The nth partial sum for the series È (a, + bn) is 


n 


Un = > (ai + bi) 


i=l 
and, using Equation 5.2.10, we have 


lim u, = lim > (a; + b) = lim | Sa; + Dd b; 
i=l i=1 


no n>% j=] no 


= lim J, a; + lim > b; 


n>” i=] n> i=] 


= lim s, + limt,=s+t 


no no 
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Therefore È (a, + b,) is convergent and its sum is 


X (an+ b) =s+t=dYa,+ db, 


n=1 n=1 n=1 


= ee 
n(n + 1) 2” 


n=1 


EXAMPLE 10 Find the sum of the series X, 


SOLUTION The series È 1/2” is a geometric series with a = 5 and r = L, so 


œ 1 5 
= —*+—_= | 
È y 1-3 


In Example 2 we found that 


z 1 
2 th | 


n 


So, by Theorem 8, the given series is convergent and 
` 3 1 ` 1 al 
+ =3 + 
» nin+1) 27 » n(n + 1) > 2" 
=3-1+1=4 a 


NOTE A finite number of terms doesn’t affect the convergence or divergence of a series. 
For instance, suppose that we were able to show that the series 


5 n 
n=4 n? + 1 
is convergent. Since 
ia n 1 2 3 = n 
+ = =-+2+>—+ - 
n=1 W +1 2 9 28 n=4 N +1 


it follows that the entire series X7- n/(n? + 1) is convergent. Similarly, if it is known 


that the series ;;-+1 4, converges, then the full series 


œ N œ 
S ar= Dart D a 


n=1 n=1 n=N+1 


is also convergent. 


11.2 | Exercises 
5-10 Calculate the first eight terms of the sequence of partial sums 


1. (a) What is the difference between a sequence and a series? 
correct to four decimal places. Does it appear that the series is 


(b) What is a convergent series? What is a divergent series? 
i ? 

2. Explain what it means to say that 27-1 a, = 5. convergent or divergent? 
3-4 Calculate the sum of the series > ;;=1 a, whose partial sums 5 5 = és k 
are given. n= M n=l Mn 

n= 1 
3. s, = 2 — 3(0.8)" 4. 8, = —— 7 Š 
4n° +1 7. X sinn 8. X (1n 
n=1 n=1 
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= ik = (-1)""! 33-50 Determine whether the series is convergent or divergent. 


Antr 10. = ni If it is convergent, find its sum. 


1 1 1 1 1 


o, 6 6° 12 5° ` 


1 2 3 4 5 6 


9 


11-14 Find at least 10 partial sums of the series. Graph both the 
sequence of terms and the sequence of partial sums on the same 


screen. Does it appear that the series is convergent or divergent? 34. , | TE 
If it is convergent, find the sum. If it is divergent, explain why. 2 3 4 5 6 7 
= 6 s 
11. > a 12. > cosn 35. 2 4 1 8 f 16 f 32 Bunai 
m= (3) ni 5 25 125 625 3125 
œ 1 æ% 7 nt+1 
13. > —__ 14. > i 2.1 2. 7 2 
n=1 n? + 4 n=1 10” 36. t t + t forse 
3 9 27 81 243 729 
2n = 2 in es kK 
s n= ; 37. 38. —— 
15. Leta ae i eee = Poot 
(a) Determine whether {a,,} is convergent. . . 
(b) Determine whether X7- a, is convergent. 5. S34 40. > [(—0.2)" + (0.6)""'] 
n=1 n=1 
16. (a) Explain the difference between 
oo 1 a mn + A” 
3 7 41. > an Se 42. > a 
> di and > aj n=1 4+e n=1 e 
i=1 j=l 
(b) Explain the difference between 43. (sin 100)* 44. > a 
k=l nı l + (3) 
> ai and > aj æ n+l x 
ml = 45. > nf St IL] ) 46. > (/2)* 
17-22 Determine whether the series is convergent or divergent = ý = 
by expressing s,, as a telescoping sum (as in Example 2). If it is x 2 (3 2 
convergent, find its sum. 47. > arctan n 48. > 57 + A 
n=1 n=l 


m s(t) e 3(+-—_) 

Ant n Nn nti evi) a 
. 7 . fap wie" n(n + 1) 2 

B. 5 ——— 20. © n— 


n=1 n(n + 3) n=1 n+ 1 
= = 1 51. Let x = 0.99999 .... 
l/a — 1/(m+1) 
a > (e j ) c2: > no-n (a) Do you think that x < 1 or x = 1? 


(b) Sum a geometric series to find the value of x. 
(c) How many decimal representations does the number 1 


23-32 Determine whether the geometric series is convergent or 


: s . have? 
divergent TE tas Convergent, finid itsgum. (d) Which numbers have more than one decimal 
G3 -44+%-F+... 24.44+34+497+ 24+... representation? 
25. 10 = 2 + 0.4 — 0.08 + --- 52. A sequence of terms is defined by 
26. 2 + 0.5 + 0.125 + 0.03125 + --- cI eG ewas 
— = 2 
27. >) 12(0.73)""! 28. > 7 Calculate Yai an. 
n=1 n=1 
= (—3)r1 o gnl 53-58 Express the number as a ratio of integers. 
5. > n 30. > n @ 
net 4 5 (=2) G3) 0.8 = 0.8888... 
o0 2n æ% 2n-1 — 
31. > 32, 5 O22" GB 0.76 = 0.46464646... 
n=1 6 n=1 3° 


55. 2.516 = 2.516516516... 
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56. 10.135 = 10.135353535... 


57. 1.234567 58. 5.71358 


59-66 Find the values of x for which the series converges. Find 
the sum of the series for those values of x. 


5. > (-5)"x" 60. X (x +2)" 


n=1 n=l 


œ — 2)" 00 
61. > oy" n ) 62. > 4" — 5)" 
n=0 3 n=0 
2 gn æ n 
63. > — 64. > — 
n=0 X n=0 2 
65. X e™ 66. X Z 
n=0 n=0 3 


67-68 Use the partial fraction command on a computer algebra 


system to find a convenient expression for the partial sum, and 
then use this expression to find the sum of the series. Check your 
answer by using the CAS to sum the series directly. 

2 3n?+3n+ 1 


= 1 
67. aaa 68. =a Ter 
> (n? + n)3 2 n’ — 5n? + 4n 


69. If the nth partial sum of a series Y7=; an is 


n-1 
n+1 


Sn = 


find a, and >; dn. 


70. If the nth partial sum of a series Xr=1 an iS Sn = 3 — n2”, 
find a, and >; dn. 


71. A doctor prescribes a 100-mg antibiotic tablet to be taken 
every eight hours. It is known that the body eliminates 75% 
of the drug in eight hours. 

(a) How much of the drug is in the body just after the 
second tablet is taken? After the third tablet? 

(b) If Q, is the quantity of the antibiotic in the body just 
after the nth tablet is taken, find an equation that 
expresses Q,+; in terms of Qn. 

(c) What quantity of the antibiotic remains in the body in 
the long run? 


72. A patient is injected with a drug every 12 hours. Immedi- 
ately before each injection the concentration of the drug has 
been reduced by 90% and the new dose increases the con- 
centration by 1.5 mg/L. 

(a) What is the concentration after three doses? 

(b) If C, is the concentration after the nth dose, find a 
formula for C, as a function of n. 

(c) What is the limiting value of the concentration? 
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73. A patient takes 150 mg of a drug at the same time every 
day. It is known that the body eliminates 95% of the drug in 
24 hours. 
(a) What quantity of the drug is in the body after the third 
tablet? After the nth tablet? 
(b) What quantity of the drug remains in the body in the 
long run? 


74. After injection of a dose D of insulin, the concentration of 
insulin in a patient’s system decays exponentially and so it 
can be written as De “’, where t represents time in hours 
and a is a positive constant. 

(a) If a dose D is injected every T hours, write an expres- 
sion for the sum of the residual concentrations just 
before the (n + 1)st injection. 

(b) Determine the limiting pre-injection concentration. 

(c) If the concentration of insulin must always remain at or 
above a critical value C, determine a minimal dosage D 
in terms of C, a, and T. 


75. When money is spent on goods and services, those who 
receive the money also spend some of it. The people receiv- 
ing some of the twice-spent money will spend some of that, 
and so on. Economists call this chain reaction the multiplier 
effect. In a hypothetical isolated community, the local gov- 
ernment begins the process by spending D dollars. Suppose 
that each recipient of spent money spends 100c% and saves 
100s% of the money that he or she receives. The values c 
and s are called the marginal propensity to consume and the 
marginal propensity to save and, of course, c + s = 1. 

(a) Let S, be the total spending that has been generated 
after n transactions. Find an equation for Sn. 

(b) Show that lim,_... Sn = kD, where k = 1/s. The number 
k is called the multiplier. What is the multiplier if the 
marginal propensity to consume is 80%? 


Note: The federal government uses this principle to justify 
deficit spending. Banks use this principle to justify lending a 
large percentage of the money that they receive in deposits. 


76. 


A certain ball has the property that each time it falls from a 

height h onto a hard, level surface, it rebounds to a height 

rh, where 0 < r < 1. Suppose that the ball is dropped from 

an initial height of H meters. 

(a) Assuming that the ball continues to bounce indefinitely, 
find the total distance that it travels. 

(b) Calculate the total time that the ball travels. (Use the 
fact that the ball falls }gt? meters in t seconds.) 

(c) Suppose that each time the ball strikes the surface with 
velocity v it rebounds with velocity —kv, where 
0 < k < 1. How long will it take for the ball to come 
to rest? 


77. Find the value of cif X, (1 + )™ = 2. 


n=2 


78. Find the value of c such that X, e": = 10. 


n=0 
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79-81 The Harmonic Series Diverges In Example 8 we proved 
that the harmonic series diverges. Here we outline additional 
methods of proving this fact. In each case, assume that the series 
converges with sum S, and show that this assumption leads to a 
contradiction. 


143) +4) + Gea) 


79. S 


1 1 
2 T 


a 


1 O A a de x E 5 
2 4° 4) 6 6) 
80. S 1 J 1 i 1 | 1 i 1 J 1 J 1 Í 
. T 2 T 3 T 4 T 5 T 6 T a T 
1 1 1 3 3 3 
t t tees > 14 t t bose LHS 
l; 9 5) 3 6 9 
: ; 1 il 2 
Hint: First show that + > 
n-1 n+1 n 
81. el tU/2)+(1/3)+- »-+(1/n) = e! z e!’ 7 el/3 " E el/n 


EA 


Hint: First show that e* > 1 + x. 


82. 


Graph the curves y = x”, 0 < x < 1, forn = 0, 1, 2, 


3, 4, ... on a common screen. By finding the areas between 
successive curves, give a geometric demonstration of the 
fact, shown in Example 2, that 
: 1 
> ——= 1 
ra n(n + 1) 

83. The figure shows two circles C and D of radius 1 that touch 
at P. The line T is a common tangent line; C; is the circle 
that touches C, D, and T; C; is the circle that touches C, D, 
and Cı; C; is the circle that touches C, D, and C2. This pro- 
cedure can be continued indefinitely and produces an infi- 
nite sequence of circles {C,,}. Find an expression for the 
diameter of C, and thus provide another geometric demon- 
stration of Example 2. 


T 


84. A right triangle ABC is given with ZA = 0 and |AC| = b. 
CD is drawn perpendicular to AB, DE is drawn perpendicu- 


lar to BC, EF L AB, and this process is continued indefi- 
nitely, as shown in the figure. Find the total length of all the 
perpendiculars 


|CD| + |DE| + |EF| + |FG| +--- 


in terms of b and 0. 


85. What is wrong with the following calculation? 


86. 


87. 


88. 
89. 


90. 


91. 


92. 


93. 


0=0+0+0+--- 
ag-)p+0-)+0-1)4 
L=—14+1—1 I 
1+ (-1+1)+(-1+1)+(-1+41)4 
L+0+.0+0 1 


(Guido Ubaldus thought that this proved the existence of 
God because “something has been created out of nothing.”) 


Suppose that > 71 dn (an # 0) is known to be a convergent 
series. Prove that }7_, 1/a, is a divergent series. 


(a) Prove part (i) of Theorem 8. 
(b) Prove part (iii) of Theorem 8. 


If È a, is divergent and c ¥ 0, show that È ca, is divergent. 


If Ya, is convergent and È b, is divergent, show that the 
series È (a, + bn) is divergent. [Hint: Argue by 
contradiction. ] 


If Sa, and Èb, are both divergent, is È (a, + b,) neces- 
sarily divergent? 


Suppose that a series X a, has positive terms and its partial 
sums s, satisfy the inequality s, < 1000 for all n. Explain 
why >a, must be convergent. 


The Fibonacci sequence was defined in Section 11.1 by the 
equations 


fi 1, h 1, tn Jaci t Ja-2 n>=3 

Show that each of the following statements is true. 
1 1 1 

(a) = 

Fiif faafa fafai 

a 1 a f 
b =1 c) -== 
( ) 2> fra n+1 ( 2z Jaiari 


The Cantor set, named after the German mathematician 
Georg Cantor (1845-1918), is constructed as follows. We 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


start with the closed interval [0, 1] and remove the open inter- 
val (3, 2). That leaves the two intervals [o, 1] and B 1] and 


we remove the open middle third of each. Four intervals 
remain and again we remove the open middle third of each of 
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and a2 and use a calculator to guess the limit of the 
sequence. 

(b) Find lim,—.. a, in terms of a; and a2 by expressing 
an+1 — a, in terms of a2 — a; and summing a series. 


them. We continue this procedure indefinitely, at each step 

removing the open middle third of every interval that remains 

from the preceding step. The Cantor set consists of the num- 
bers that remain in [0, 1] after all those intervals have been 
removed. 

(a) Show that the total length of all the intervals that are 
removed is 1. Despite that, the Cantor set contains 
infinitely many numbers. Give examples of some 
numbers in the Cantor set. 

(b) The Sierpinski carpet is a two-dimensional counterpart 
of the Cantor set. It is constructed by removing the center 
one-ninth of a square of side 1, then removing the centers 
of the eight smaller remaining squares, and so on. (The 
figure shows the first three steps of the construction.) 
Show that the sum of the areas of the removed squares 
is 1. This implies that the Sierpinski carpet has area 0. 


95. Consider the series 27; n/(n + 1)!. 
(a) Find the partial sums sı, 52, 53, and s4. Do you recognize the 
denominators? Use the pattern to guess a formula for s,,. 
(b) Use mathematical induction to prove your guess. 
(c) Show that the given infinite series is convergent, and find 
its sum. 


96. The figure shows infinitely many circles approaching the ver- 
tices of an equilateral triangle, each circle touching other 
circles and sides of the triangle. If the triangle has sides of 
length 1, find the total area occupied by the circles. 


94. (a) A sequence {a,} is defined recursively by the equation 
An = (anı + an2) for n = 3, where a; and a2 can be 
any real numbers. Experiment with various values of a; 


11.3 | The Integral Test and Estimates of Sums 


In general, it is difficult to find the exact sum of a series. We were able to accomplish this 
for geometric series and for some telescoping series because in each of those cases we 
could find a simple formula for the nth partial sum s,,. But usually it isn’t easy to discover 
such a formula. Therefore, in the next few sections, we develop several tests that enable 
us to determine whether a series is convergent or divergent without explicitly finding its 
sum. (In some cases, however, our methods will enable us to find good estimates of the 
sum.) Our first test involves improper integrals. 


E The Integral Test 


We begin by investigating the series whose terms are the reciprocals of the squares of the 
positive integers: 


= 1 1 
Z= ttt Htt 
n 
There’s no simple formula for the sum s, of the first n terms, but the computer-generated 
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sgl xara 
fa 
5 1.4636 
10 1.5498 
50 1.6251 
100 1.6350 
500 1.6429 
1000 1.6439 
5000 1.6447 
a 
n S > T 
5 3.2317 
10 5.0210 
50 12.7524 
100 18.5896 
500 43.2834 
1000 61.8010 
5000 139.9681 
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table of approximate values given in the margin suggests that the partial sums are 
approaching a number near 1.64 as n — œ% and so it looks as if the series is convergent. 

We can confirm this impression with a geometric argument. Figure | shows the curve 
y = 1/x* and rectangles that lie below the curve. The base of each rectangle is an interval 
of length 1; the height is equal to the value of the function y = 1/x” at the right endpoint 
of the interval. 


So the sum of the areas of the rectangles is 


1 1 1 1 1 = ll 


t+—s>+ate-= DS 


++ 
ie ae oe ae An 


If we exclude the first rectangle, the total area of the remaining rectangles is smaller 
than the area under the curve y = 1/x? for x = 1, which is the value of the integral 
it (1/x?) dx. In Section 7.8 we discovered that this improper integral is convergent and 
has value 1. So the picture shows that all the partial sums are less than 


: ap ee 


- 
1- 1x 


Thus the partial sums are bounded. We also know that the partial sums are increasing 
(because all the terms are positive). Therefore the partial sums converge (by the Mono- 
tonic Sequence Theorem) and so the series is convergent. The sum of the series (the 
limit of the partial sums) is also less than 2: 


=. 1 1 1 1 1 
2 Se ae Par oe ee 
n=1 M 1 


[The exact sum of this series was found by the Swiss mathematician Leonhard Euler 
(1707-1783) to be 77/6, but the proof of this fact is quite difficult. (See Problem 6 in the 
Problems Plus following Chapter 15.)] 

Now let’s look at the series 


łą i i 1 I 1 1 


of @ 2 a aa 


The table of values of s, suggests that the partial sums aren’t approaching a finite num- 
ber, so we suspect that the given series may be divergent. Again we use a picture for 
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confirmation. Figure 2 shows the curve y = 1/,/x, but this time we use rectangles whose 
tops lie above the curve. 


FIGURE 2 


The base of each rectangle is an interval of length 1. The height is equal to the value 
of the function y = 1/,/x at the left endpoint of the interval. So the sum of the areas of 
all the rectangles is 


1 1 1 1 1 4 1 


C'n E 4 ae 


This total area is greater than the area under the curve y = 1/ Vx for x = 1, which is 
equal to the integral K (1/ Vx ) dx. But we know from Example 7.8.4 that this improper 
integral is divergent. In other words, the area under the curve is infinite. So the sum of 
the series must be infinite; that is, the series is divergent. 

The same sort of geometric reasoning that we used for these two series can be used to 
prove the following test. (The proof is given at the end of this section.) 


The Integral Test Suppose f is a continuous, positive, decreasing function on 
[1, œ) and let a, = f(n). Then the series >7_, a, is convergent if and only if the 
improper integral IP f(x) dx is convergent. In other words: 


(i) If i f(x) dx is convergent, then X, a, is convergent. 


n=1 


Gi) If I" f(x) dx is divergent, then >) a, is divergent. 


n=1 


NOTE When we use the Integral Test, it is not necessary to start the series or the integral 
atn = 1. For instance, in testing the series 


: c% l 
> ae we use f wer" 


Also, it is not necessary that f be always decreasing. What is important is that f be 
ultimately decreasing, that is, decreasing for x larger than some number N. Then > j= an 
is convergent, so X;=1 an is convergent (see the note at the end of Section 11.2). 
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= 1 
In order to use the Integral Test we EXAMPLE 1 Test the series X, ———— for convergence or divergence. 


need to be able to evaluate [f f(x) dx min + I 

and therefore we have to be able to 

find an antiderivative of f. Frequently SOLUTION The function f(x) = 1/(x? + 1) is continuous, positive, and decreasing on 
this is difficult or impossible, so inthe __[1, ©) so we use the Integral Test: 

next three sections we develop other 


tests for convergence. % 1 z ; ail 
2 f dx = lim | — dx = lim tan xh 
iy FI too Jl x 1 tx 
: 2i T T T T 
= lim | tan` t = = 
1s 4 2 4 4 


Thus K 1/(x? + 1) dx is a convergent integral and so, by the Integral Test, the series 
> 1/(n? + 1) is convergent. E 


EXAMPLE 2 For what values of p is the series >) — convergent? 
n=1 
SOLUTION If p < 0, then lim,_... (1/n”) = %. If p = 0, then lim, (1/n?”) = 1. 
In either case lim,_... (1/n”) # 0, so the given series diverges by the Test for Diver- 
gence (11.2.7). 
If p > 0, then the function f(x) = 1/x” is clearly continuous, positive, and decreas- 
ing on [1, œ). We found in Section 7.8 [see (7.8.2)] that 


» l 
I —, dx converges if p > 1 and diverges ifp < 1 
x 


It follows from the Integral Test that the series È 1/n” converges if p > 1 and 
diverges if 0 < p < 1. (For p = 1, this series is the harmonic series discussed in 
Example 11.2.8.) E 


The series in Example 2 is called the p-series. It is important in the rest of this chapter, 
so we summarize the results of Example 2 for future reference as follows. 


= l 
[1] The p-series X, —, is convergent if p > | and divergent if p < 1. 
n 


n=1 


EXAMPLE 3 


(a) The series 
We can think of the convergence of a - 1 1 1 1 1 
series of positive terms as depending 2 n P T 3 + 33 + 43 a ae 


on how “rapidly” the terms of the 
series approach zero. For any p-series = is convergent because it is a p-series with p = 3 > 1. 


(with p > 0) the terms a, = 1/n” : 
tend toward zero, but they do so (b) The series 


more rapidly for larger values of p. y _— 5 1 1+ 1 i 1 4 1 + 
n=1 M i n=1 Yn ae a /4 
is divergent because it is a p-series with p = 4 <1 E 
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@ NOTE We should not infer from the Integral Test that the sum of the series is equal to the 
value of the integral. In fact, 


| á o | 
> P = a whereas f ~= de=] 


Therefore, in general, 


Sue wie) dx 


n=1 


Sol 
EXAMPLE 4 Determine whether the series >) = converges or diverges. 
n 


n=1 
SOLUTION The function f(x) = (In x)/x is positive and continuous for x > 1 because 
the logarithm function is continuous. But it is not obvious whether or not f is decreas- 
ing, so we compute its derivative: 


f'@) 7 


_ (@/x%x-lnx_ 1-linx 
y x 


Thus f'(x) < 0 when In x > 1, that is, when x > e. It follows that f is decreasing 
when x > e and so we can apply the Integral Test: 


lnx f In x (In x) 
f dx = lim dx=] 
1 xe tooJl x t=% 2 i 
Int)? 
aig 
t—% pi 


Since this improper integral is divergent, the series È (In n)/n is also divergent by the 
Integral Test. E 


E Estimating the Sum of a Series 


Suppose we have been able to use the Integral Test to show that a series 2a, is conver- 
gent and we now want to find an approximation to the sum s of the series. Of course, any 
partial sum s, is an approximation to s because lim,_... Sn = s. But how good is such an 
approximation? To find out, we need to estimate the size of the remainder 


yA a — 
2 R, = S — Sn = An+1 F dn+2 F An+3 apie 


The remainder R, is the error made when s,, the sum of the first n terms, is used as an 
approximation to the total sum. 

We use the same notation and ideas as in the Integral Test, assuming that f is decreas- 
ing on [n, œ). Comparing the areas of the rectangles with the area under y = f (x) for 
x > nin Figure 3, we see that 


oo 


Ri = Aay a Ansa + sha <| fx) dx 


n 


FIGURE 3 
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YA fe) Similarly, we see from Figure 4 that 
y= fa 


R, = An+1 + An+2 +.. 2> F f(x) dx 
n+l 


So we have proved the following error estimate. 
An+1 | an42 


[2] Remainder Estimate for the Integral Test Suppose f(k) = a;, where f is a 
FIGURE 4 continuous, positive, decreasing function for x = n and > a, is convergent. If 
R, = S — Sn, then 


Fa) de < B.S | fO) dx 


EXAMPLE 5 


(a) Approximate the sum of the series È 1/n* by using the sum of the first 10 terms. 
Estimate the error involved in this approximation. 
(b) How many terms are required to ensure that the sum is accurate to within 0.0005? 


SOLUTION In both parts (a) and (b) we need to know if) dx. With f(x) = 1/x°, 
which satisfies the conditions of the Integral Test, we have 


p 1 fy i i tg cd 1 
x = lim > | = lm = 
n x3 t>% 2x? A ta 2t? 2n? 2n? 


(a) Approximating the sum of the series by the 10th partial sum, we have 


Ses Y. E. 
= n? S10 18 23 33 10° 


= 1.1975 


According to the remainder estimate in (2), we have 


en ee cee 
= fi * 910)? 200 


So the size of the error is at most 0.005. 


(b) Accuracy to within 0.0005 means that we have to find a value of n such that 
R, = 0.0005. Since 


ao | 1 
R, = : Pek 7 Zn? 
we want z < 0.0005 
n 


Solving this inequality, we get 


1 
? > — = 1000 > /1000 = 31.6 
” Z 0.001 o P 
We need 32 terms to ensure accuracy to within 0.0005. E 
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Although Euler was able to calculate 
the exact sum of the p-series for 

p = 2, nobody has been able to 

find the exact sum for p = 3. In 
Example 6, however, we show 

how to estimate this sum. 


FIGURE 5 
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If we add s, to each side of the inequalities in (2), we get 


[3] 


Sn F f(x) dx Ss Ss, + ic dx 
n+1 n 


because s, + R, = s. The inequalities in (3) give a lower bound and an upper bound 
for s. They provide a more accurate approximation to the sum of the series than the par- 


tial sum s,, does. 


EXAMPLE 6 Use (3) with n = 10 to estimate the sum of the series X, — 
n=1 I 


1 
a 


1 


SOLUTION The inequalities in (3) become 


a Í » l 
Sig + — dx S s S Si + — dx 
ll x x 


From Example 5 we know that 


sO 


F 1 d 1 
Lea 
n x? 2n? 

1 ie Gee! 
AY =s hae 
"211 210) 


Using sip ~ 1.197532, we get 


1.201664 < s < 1.202532 


If we approximate s by the midpoint of this interval, then the error is at most half the 
length of the interval. So 


py 


= 1.2021 with error < 0.0005 E 


Z 1 
73 


n=1 M 


If we compare Example 6 with Example 5, we see that the improved estimate in (3) 
can be much better than the estimate s ~ s,. To make the error smaller than 0.0005 we 
had to use 32 terms in Example 5 but only 10 terms in Example 6. 


m Proof of the Integral Test 


We have already seen the basic idea behind the proof of the Integral Test in Figures 1 and 
2 for the series È 1/n? and X 1/,/n. For the general series È a,, look at Figures 5 and 6. 
The area of the first shaded rectangle in Figure 5 is the value of f at the right endpoint of 
[1, 2], that is, f(2) = a2. So, comparing the areas of the shaded rectangles with the area 
under y = f(x) from 1 to n, we see that 


[4] 


ar + as +-+ + an < |" f(a) dx 
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(Notice that this inequality depends on the fact that f is decreasing.) Likewise, Figure 6 


YA 
shows that 
[5] {"70) dx < a + a2 a hot ae an-1 
(i) If K f(x) dx is convergent, then (4) gives 
0 
= n < a 
FIGURE 6 > m i pas f, polax 
since f(x) = 0. Therefore 
SsS=a thasa t wie) dx = M, say 
i=2 
Since s, < M for all n, the sequence {sn} is bounded above. Also 
Sutil — Sn F An+1 2 Sn 
since dn+; = f(n + 1) = 0. Thus {s,} is an increasing bounded sequence and so it is 
convergent by the Monotonic Sequence Theorem (11.1.12). This means that È a, is 
convergent. 
(ii) If i. f(x) dx is divergent, then p f(x) dx > % as n — & because f(x) = 0. But 
(5) gives 
n=l 
Frw dx < 5 ai = Sn-1 
i=l 
and so Sn-ı —> ©. This implies that s, — © and so Xa, diverges. E 
11.3 | Exercises 
1. Draw a picture to show that = 2 2 F 
j s 8. Ene 
n ~ n=2 ee 1 n=1 
Pies ae 7 dx w 1 oo t =1 
= <f- i 10. > an`'n 
am nlln ny Jiltn 
What can you conclude about the series? 
2. Suppose f is a continuous positive decreasing function for 11-28 Determine whether the series is convergent or divergent. 
x = | anda, = f(n). By drawing a picture, rank the follow- 2 Y 
ing three quantities in increasing order: 11. X — 12. n°” 
n=1 NV~ n=3 
i 5 5 l 1 1 1l 
f(x) dx aj aj 14 } } | E pola 
i img i=2 j 8 27 64 125 
3-10 Use the Integral Test to determine whether the series is 14 1 1 iit. 
convergent or divergent. a Ta n p 
a ao 1 1 1 1 1 
3. Xn’ 4.0 +—+—4 
n=1 n=1 15. 3 7 11 15 19 
5 2 5! 16 Gee eee a, 
5. l 6. E . ji T T T In 8 ee 
mie 1 zi (Bn = 1)* 24/2 3V¥3 4/4 5/5 
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“dn +4 © Un Use Euler’s result to find the sum of the series. 
— 18. 
BZ p ATE (a > a) o Sa 
j EA ae 
æ 1 æ% 1 n=1 n k=5 (k = 2) 
19. 20. >= oe 
2> n? +4 2 n+2n+2 
7 P . 38. (a) Find the partial sum 5,9 of the series ©7_, 1/n*. Estimate 
21. > fe 22. > 3n74 the error in using so as an approximation to the sum 
mint +4 a3 R° — 2n of the series. 
> i ph (b) Use (3) with n = 10 to give an improved estimate of the 
B. > 1 24. > erie sum. 
mae em (c) Compare your estimate in part (b) with the exact value 
So a given in Exercise 37. 
25. = ke 26. = ke (d) Find a value of n so that s, is within 0.00001 of the sum. 


a 39. (a) Use the sum of the first 10 terms to estimate the sum of 
27. > => 28. = the series Xp- 1/n?. How good is this estimate? 

fen eee (b) Improve this estimate using (3) with n = 10. 
(c) Compare your estimate in part (b) with the exact value 


29-30 Explain why the Integral Test can’t be used to determine given in Exercise 36. 
whether the series is convergent. (d) Find a value of n that will ensure that the error in the 

= > 5 approximation s = s, is less than 0.001. 

cos mn cos*n 
23, 2 Jn 30. ltr 40. Find the sum of the series >, ne~?” correct to four decimal 
places. 

31-34 Find the values of p for which the series is convergent. 41. Estimate 2;=: (2n + 1) í correct to five decimal places. 

% 1 » 1 42. How many terms of the series > 72 1/[n(In n)*] would you 
31. > n(in n)” 32. > n In n [In(ln n)]? need to add to find its sum to within 0.01? 

3 2 . Show that if we want to approximate the sum of the series 

ee 43. Show that if pproximate th f the seri 
33. X nal +n’)? 34. 7 £7 n7 so that the error is less than 5 in the ninth decimal 
n=1 n=1 M 


011301 


place, then we need to add more than 1 terms! 


44. (a) Show that the series Èz- (In n)*/n’ is convergent. 
(b) Find an upper bound for the error in the approxima- 
Caan | tion s = Sn. 


35-37 The Riemann Zeta Function The function ¢ defined by 


o(s) = > Ww (c) What is the smallest value of n such that this upper bound 
is less than 0.05? 
where s is a complex number, is called the Riemann zeta function. (d) Find s, for this value of n. 
35. For which real numbers x is ¢(x) defined? 45. (a) Use (4) to show that if s, is the nth partial sum of the 


harmonic series, then 
36. Leonhard Euler was able to calculate the exact sum of the 


p-series with p = 2: S,S1lt+inn 


» 1 5? (b) The harmonic series diverges, but very slowly. Use 
c(22)=> zZ = 6 part (a) to show that the sum of the first million terms is 
ae less than 15 and the sum of the first billion terms is less 
Use this fact to find the sum of each series. than 22. 
5 1 b 5 1 46. Use the following steps to show that the sequence 
(a) n=2 n? ( ) n=3 (n T 1} 1 
f; 1-4 + tees Inn 
s 1 2 3 n 
O a , — 
nat (2n) has a limit. (The value of the limit is denoted by y and is 
37. Euler also found the sum of the p-series with p = 4: called Euler’s constant.) 
(a) Draw a picture like Figure 6 with f(x) = 1/x and 
(4) = > A _ mÅ interpret t, as an area [or use (5)] to show that t, > 0 for 
mint 90 all n. 
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(b) Interpret 47. Find all positive values of b for which the series =~, b™” 
1 converges. 
ty — tos; = [In(u + 1) — Inn] — 
n+l 48. Find all values of c for which the following series 

as a difference of areas to show that t, — ta+ı > 0. There- CONVETEES: 

fore {t,} is a decreasing sequence. > 
(c) Use the Monotonic Sequence Theorem to show that {t,} £ (: = 1 ) 

is convergent. P) n+1 


11.4 | The Comparison Tests 


In the comparison tests the idea is to compare a given series with a series that is known to 
be convergent or divergent. If two series have only positive terms, we can compare cor- 
responding terms directly to see which are larger (the Direct Comparison Test) or we can 
investigate the limit of the ratios of corresponding terms (the Limit Comparison Test). 


E The Direct Comparison Test 


Let’s consider the two series 
5 TE and > E 
ai 2 ed 


The second series };=) 1/2” is a geometric series with a = 5 and r = 5 and is therefore 
convergent. Since these series are so similar, we may have the feeling that the first series 
must converge also. In fact, it does. The inequality 


1 1 


SS 
2" + 1 2" 


shows that the series È 1/(2” + 1) has smaller terms than those of the geometric series 
> 1/2” and therefore all its partial sums are also smaller than 1 (the sum of the geometric 
series). This means that its partial sums form a bounded increasing sequence, which is 
convergent. It also follows that the sum of the series is less than the sum of the geometric 
series: 
: 1 
> — <1 
vi 2 +1 
Similar reasoning can be used to prove the following test, which applies only to series 

whose terms are positive. The first part says that if we have a series whose terms are 
smaller than those of a known convergent series, then our series is also convergent. The 


second part says that if we start with a series whose terms are larger than those of a 
known divergent series, then it too is divergent. 


The Direct Comparison Test Suppose that >a, and È b, are series with positive 
terms. 


Gi) If Èb, is convergent and a, S b, for all n, then Xa, is also convergent. 


(ii) If Yb, is divergent and a, = b, for all n, then È a, is also divergent. 
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It is important to keep in mind the 
distinction between a sequence and a 
series. A sequence is a list of num- 
bers, whereas a series is asum. With 
every series > a, there are two associ- 
ated sequences: the sequence {a,} of 
terms and the sequence {s,} of partial 
sums. 


Standard series for use 
with the comparison tests 
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PROOF 
(i) Let ss = >a; tn = > bi t= Db, 
i=1 i 


Since both series have positive terms, the sequences {s,} and {1,} are increasing 
(Sn+1 = Sn + An+1 = Sn). AlSO t, > t, SO t, S t for all n. Since a; S b;, we have Sn S th. 
Thus s, < t for all n. This means that {sn} is increasing and bounded above and there- 
fore converges by the Monotonic Sequence Theorem. Thus È a, converges. 

Gi) If Èb, is divergent, then t, — © (since {ż,} is increasing). But a; = bi SO Sn = th. 
Thus s, — ©. Therefore ÈX a, diverges. a 


In using the Direct Comparison Test we must, of course, have some known series È b, 
for the purpose of comparison. Most of the time we use one of these series: 


e A p-series [È 1/n” converges if p > 1 and diverges if p < 1; see (11.3.1)] 


n-1 


e A geometric series [X ar” ' converges if |r| < 1 and diverges if |r| > 1; 


see (11.2.4)| 


= 5 
EXAMPLE 1 Determine whether the series X, 


—,————— converges or diverges. 
C 2n? + 4n + 3 & 8 


SOLUTION For large n the dominant term in the denominator is 2n”, so we compare the 
given series with the series = 5/(2n”). Observe that 


5 5 
2 <2 
2n + 4n + 3 2n 


because the left side has a bigger denominator. (In the notation of the Direct Comparison 
Test, a, is the left side and b, is the right side.) We know that 


is convergent because it’s a constant times a p-series with p = 2 > 1. Therefore 


= 5 
w= 2n? + 4n + 3 


is convergent by part (i) of the Direct Comparison Test. a 


NOTE Although the condition a, S b, or a, = b, in the Direct Comparison Test is given 
for all n, we need verify only that it holds for n = N, where N is some fixed integer, 
because the convergence of a series is not affected by a finite number of terms. This is 
illustrated in the next example. 


< Ink 
EXAMPLE 2 Test the series >) =e for convergence or divergence. 


k=1 
SOLUTION We used the Integral Test to test this series in Example 11.3.4, but we can 
also test it by comparing it with the harmonic series. Observe that Ink > 1 for k = 3 
and so 
Ink 


-=> 


1 
= k>=3 
k k 
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Exercises 48 and 49 deal with the 
cases c = Oandc =~. 


CHAPTER 11 Sequences, Series, and Power Series 


We know that È 1/k is divergent (p-series with p = 1). Thus the given series is 
divergent by the Direct Comparison Test. E 


E Limit Comparison Test 


The Direct Comparison Test is conclusive only if the terms of the series being tested are 
smaller than those of a convergent series or larger than those of a divergent series. If the 
terms are larger than the terms of a convergent series or smaller than those of a divergent 
series, then the Direct Comparison Test doesn’t apply. Consider, for instance, the series 


= 1 
2> 27 — 1 


The inequality 


is useless as far as the Direct Comparison Test is concerned because 2b, = =(3)" is 
convergent and a, > b,. Nonetheless, we have the feeling that È 1/(2” — 1) ought to be 
convergent because it is very similar to the convergent geometric series È ( 5)". In such 
cases the following test can be used. 


The Limit Comparison Test Suppose that È a, and È b, are series with positive 
terms. If 


where c is a finite number and c > 0, then either both series converge or both 
diverge. 


PROOF Let m and M be positive numbers such that m < c < M. Because a,,/D, is 
close to c for large n, there is an integer N such that 


a 
m<—<M when n > N 

bn 
and so mb, < an < Mb, when n > N 


If È b, converges, so does 2 Mb,. Thus Xa, converges by part (i) of the Direct Com- 
parison Test. If 2b, diverges, so does È mb, and part (ii) of the Direct Comparison Test 
shows that 2a, diverges. E 


< 1 
EXAMPLE 3 Test the series >) a7 for convergence or divergence. 
n=1 = 


SOLUTION We use the Limit Comparison Test with 


= 1 pE 1 
an 4] n 2” 
and obtain 
x hy <o Y =) . 2” . 1 
lim = lim = lim = lim =1>0 
n>» þ, n>% 1/2” n>» 2” — 1 n>% | 1/2” 
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Since this limit exists and È 1/2” is a convergent geometric series, the given series 
converges by the Limit Comparison Test. a 


+ 3n 


2 9 2 
EXAMPLE 4 Determine whether the series >) oe converges or diverges. 
n=1 +n 


SOLUTION The dominant part of the numerator is 2n? and the dominant part of the 
denominator is /n> = n‘/2. This suggests taking 


_ 2n? + 3n o 2m _ 2 
an JS =e i n> ni? 
an ., 2 +3n n” an? + 373? 
lim = lim ——: = jim EEG 
n>% hb, n=? 0 V5 +n’ 2 ai 2/5 +n’ 
JŽ 
: n 2+ 0 
lim 1 
n=% 5 2V0+1 
ZAJ- tl 
n 


Since = b, = 2X 1/n'” is divergent (p-series with p = 4 < 1), the given series 
diverges by the Limit Comparison Test. E 


Notice that in testing many series we find a suitable comparison series È b, by keeping 
only the highest powers in the numerator and denominator. 


E Estimating Sums 


If we have used the Direct Comparison Test to show that a series X a,, converges by com- 
parison with a series È b,, then we may be able to estimate the sum 2a, by comparing 
remainders. As in Section 11.3, we consider the remainder 


R, = S — Sn = An+1 + An+2 TRS 
For the comparison series È b,, we consider the corresponding remainder 
Ty TESS Dn+i oF Dn+2 P oie 


Since a, S b, for all n, we have R, S T,. If È b, is a p-series, we can estimate its remain- 
der T, as in Section 11.3. If 2b, is a geometric series, then T, is the sum of a geometric 
series and we can sum it exactly (see Exercises 43 and 44). In either case we know that 
R,, is smaller than T,. 


EXAMPLE 5 Use the sum of the first 100 terms to approximate the sum of the series 
£ 1/(n* + 1). Estimate the error involved in this approximation. 


SOLUTION Since 
1 2 1 
n +1 n? 
the given series is convergent by the Direct Comparison Test. The remainder T, for the 
comparison series È 1/n? was estimated in Example 11.3.5 using the Remainder Esti- 
mate for the Integral Test. There we found that 


œ 


1 
nsf d 55 
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Therefore the remainder R, for the given series satisfies 


R, < In < 2 
2n? 
With n = 100 we have 
Rio S = = 0.00005 
1 > 2100)? 
Using a calculator or a computer, we find that 
Ee 1 100 
= = 0.6864538 
DFS] PETI 
with error less than 0.00005. a 
11.4 | Exercises 
1. Suppose Ya, and Èb, are series with positive terms and È b, 6. Which of the following inequalities can be used to show that 
is known to be convergent. Se-in/(n? + 1) diverges? 
(a) Ifa, > b, for all n, what can you say about È a,? Why? n a 1 
(b) If a, < b, for all n, what can you say about È a„,? Why? (a) = 25 (b) =< 
n+1 +l n+l n 


2. Suppose Xa, and Èb, are series with positive terms and È b, 
is known to be divergent. n 1 
(a) Ifa, > b, for all n, what can you say about £ a„,? Why? n+l 2n 
(b) If a, < b, for all n, what can you say about È a„,? Why? 


: : 7-40 Determine whether the series converges or diverges. 
3. (a) Use the Direct Comparison Test to show that the first w verg 8 


ri b ing it to th d series. Z 1 Z 1 
series converges by comparing it to the second series 72> 3. 5 
æ% j 2 ] nai n+ 8 n=2 Jn =f 
> n +5 > n? 
n=2 n=2 4, o n+ 1 T0 æ i= 1 
(b) Use the Limit Comparison Test to show that that the first n=l nyn An +l 
series converges by comparing it to the second series. 
© 9” w% 6” 
7 1 Sil 11. me 12. 
= 5> 23410" > 5"— 1 
n=2 W — 5 n=2 M 
i . 2 l 2 ksin’k 
4. (a) Use the Direct Comparison Test to show that the first 13. > 14. © 


series diverges by comparing it to the second series. n= Inn milt+k 


<n +n = 1 7 ; M 
; si Jk Qk- 1)(k? = 1) 
mn = 2 n 15. X ———— 16. — 
1 Jk + 4k + 3 im (k + I(k* + 4) 
(b) Use the Limit Comparison Test to show that that the first 
Faas ns i 2 ] 4 x 1 
series diverges by comparing it to the second series. 7.3 ss n 18. X 
D Eh 2 1 n=1 e n=1 2 3n* +1 


3 
n=2 N + 2 n=2 N o% Arti 


= 1 
20. => 
5. Which of the following inequalities can be used to show that E mı 3" — 2 = n" 
Er-ın/(n° + 1) converges? 
Z 1 Z 2 
n o __ 1! po” al | è — 22. X ——— 
(a) wE pl O agi A n=1 no +e 1 ml s/n +2 
n 1 _ ntl <n’ +n+Hl 
(e ere Seer 23. 24. — a 
(©) n+l m Gnr +n 2 nt +n 
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26. 


a 2+n ns (n + 1)? 
al 5 ae 2n a n he 3" 
27. — 28. —=—> 
n=1 a T n’) 2 n+ 2" 
= e+] = Í 
29. > —— 30. > 
fa, ne" + 1 n=2 nyn? =1 
moo u a e a 
azi n° n=1 n 
o% 1 $ œ e!" 
33. S(1+—]} e” 34. > 
net n n=1 M 
2 4 2 ql 
3.5L 36. >) = 
n=1 n! n=1 M 
a fi S of | 
37. ©, sin{ — 38. > sin’'| — 
= n n=1 n 
= 1 1 = 1 
39. X, — tan — 40. > in 
ai M n n=1 M 


41-44 Use the sum of the first 10 terms to approximate the sum 
of the series. Estimate the error. 


w 1 æ% e!" 
4. X ——~ 42. 
> 5 + n’? n=1 nt 
43 > 5 "cos’n 44 > gos 
: n=1 : n=l 3 + 4" 


45. The meaning of the decimal representation of a number 
0.dıdzd; . . . (where the digit d; is one of the numbers 0, 1, 
2,...,9) is that 

dı dz dz dy 


didyd3dy... 
Cees 10 10? 3 


Show that this series converges for all choices of di, dz, .... 


46. For what values of p does the series > 7-2 1/(n’ In n) 
converge? 


47. Show that 
z 1 


J (In n)" Inn 
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48. 


49. 


50. 


51. 


52. 


53. 


54 


55. 


diverges. [Hint: Use Formula 1.5.10 (x” = e"™~*) and the fact 
that Inx < Vx for x = 1] 


(a) Suppose that >a, and È b, are series with positive terms 
and È b, is convergent. Prove that if 
an 


lim =0 
no bn 


then Ža, is also convergent. 
(b) Use part (a) to show that the series converges. 


(i) > mii (ii) 3(1 — cos] 
n 


3 
n=1 M n=1 


(a) Suppose that >a, and È b, are series with positive terms 
and È b, is divergent. Prove that if 


then >a, is also divergent. 
(b) Use part (a) to show that the series diverges. 
eee UL a wa Inn 
0S EA a X — 
n=2 MA n=1 M 
Give an example of a pair of series Xa, and È b, with positive 


terms where lim,,_. (a,/b,) = 0 and È b, diverges, but a, 
converges. (Compare with Exercise 48.) 


Show that if a, > 0 and lim, —. na, Æ 0, then Ya, is 
divergent. 


Show that if a, > 0 and Èa, is convergent, then ¥In(1 + an) 
is convergent. 


If +a, is a convergent series with positive terms, is it true that 
È sin(a,„) is also convergent? 


Prove that if a, = 0 and Sa, converges, then >a; also 
converges. 


Let a, and È b, be series with positive terms. Is each of the 
following statements true or false? If the statement is false, 
give an example that disproves the statement. 
(a) If Ya, and Èb, are divergent, then >a, bn is divergent. 
(b) If Ya, converges and È b, diverges, then È a, bn 

diverges. 
(c) If Xa, and Èb, are convergent, then > a,b, is convergent. 


11.5 | Alternating Series and Absolute Convergence 


The convergence tests that we have looked at so far apply only to series with positive 
terms. In this section and the next we learn how to deal with series whose terms are not 
necessarily positive. Of particular importance are alternating series, whose terms alter- 


nate in sign. 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


766 CHAPTER 11 Sequences, Series, and Power Series 


E Alternating Series 


An alternating series is a series whose terms are alternately positive and negative. Here 
are two examples: 


1 t,2. 4 = 1 
1 + + +e = p~ 
2 3 4 5 6 > | ) n 
1.2 3,4 5.6 2 n 
+ + + = 1)” 
2 3 4 5 6 7 > ) +1 


We see from these examples that the nth term of an alternating series is of the form 
an = (-1)""'D, or an = (—1)"bn 


where b, is a positive number. (In fact, b, = | an|.) 
The following test says that if the terms of an alternating series decrease toward 0 in 
absolute value, then the series converges. 


Alternating Series Test If the alternating series 


X, (-1)"'b, = bi — bo + bz — bg + bs — bs + 


n=1 


satisfies the conditions 
G) Pasi S bn for all n 


(ii) limb, = 0 


then the series is convergent. 


Before giving the proof let’s look at Figure 1, which gives a picture of the idea behind 
the proof. We first plot sı = b; on a number line. To find s2 we subtract b2, so s2 is to the 
left of sı. Then to find s3 we add bs, so 53 is to the right of s2. But, since b; < by, s3 is to 
the left of sı. Continuing in this manner, we see that the partial sums oscillate back and 
forth. Since b, — 0, the successive steps are becoming smaller and smaller. The even 
partial sums 52, S4, S6,... are increasing and the odd partial sums sı, 53, 55,... are 
decreasing. Thus it seems plausible that both are converging to some number s, which is 
the sum of the series. Therefore we consider the even and odd partial sums separately in 
the following proof. 


HHHHHH-H 
S 


FIGURE 1 0 Sy S4 56 


Ss S3 si 
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PROOF OF THE ALTERNATING SERIES TEST We first consider the even partial sums: 


s =b-h=0 since b» S bı 
s4 = 8. + (b; — by) = s since by S b; 
In general Son = Son—-2 + (ban-1 — ban) = Son—2 since bo, S bon-| 
Thus 0S s S s4 S 56 St S Sy S 
But we can also write 
Son = Dy (dy b3) (b4 bs) ue (Don-2 bon-1) bon 


Every term in parentheses is positive, so 52, < b; for all n. Therefore the sequence {s2, } 
of even partial sums is increasing and bounded above. It is therefore convergent by the 
Monotonic Sequence Theorem. Let’s call its limit s, that is, 


lim 52, = S$ 


no 


Now we compute the limit of the odd partial sums: 


lim S2n+1 = lim (San F bon+1) 


no no 


= lim S2n + lim Dont 


iss Ara 
=s +0 [by condition (ii)] 
=5 

Figure 2 illustrates Example 1 by Since both the even and odd partial sums converge to s, we have lim, += Sn = s 

showing the graphs of the terms [see Exercise 11.1.98(a)] and so the series is convergent. | 


a, = (—1)""'/nand the partial sums 
Sn. Notice how the values of s, zig- 
zag across the limiting value, which 
appears to be about 0.7. In fact, it 


EXAMPLE 1 The alternating harmonic series 


oc — 4 \n-1 
can be proved that the exact sum of 1 l + l ! >> (1) 
the series is In 2 ~ 0.693 (see 2 3 4 mio R 
Exercise 50). 
satisfies the conditions 
A 
ih i: od 
(i) bası < ba because —— < -— 
Taa {s,} n+l n 
T atone anaes (ii) lim b, = lim — = 0 
te n—0 noe n 
(ane la} so the series is convergent by the Alternating Series Test. E 
0 pee eee RRR e ea . œ% a | "3 ; , 
L gs EXAMPLE 2 The series X, ee is alternating, but 
. n=1 n= 
I. 3 3 3 
lim b, = lim ——— = lim = 
no no 4n — 1 no 4 
FIGURE 2 n 
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Instead of verifying condition (i) of 
the Alternating Series Test by com- 
puting a derivative, we could verify 
that b,41 < b, directly by using 

the technique of Solution 1 in 
Example 11.1.13. 


You can see geometrically why 
the Alternating Series Estimation 
Theorem is true by looking at 
Figure 1. Notice that s — s4 < bs, 
|s — s5| < bs, and so on. Notice 
also that s lies between any two 
consecutive partial sums. 


Sequences, Series, and Power Series 


so condition (ii) is not satisfied. Thus the Alternating Series Test doesn’t apply. Instead, 
we look at the limit of the nth term of the series: 


| (-1)"3n 
lim a, = lim ———— 
no no 4n =k 1 
This limit does not exist, so the series diverges by the Test for Divergence. E 


EXAMPLE 3 Test the series X, (—1)"*! a. for convergence or divergence. 
n=1 
SOLUTION The given series is alternating so we try to verify conditions (i) and (ii) of 
the Alternating Series Test. 
Condition (i): Unlike the situation in Example 1, it is not obvious that the sequence 
given by b, = n?/(n° + 1) is decreasing. However, if we consider the related function 
f(x) = x?/(x?° + 1), we find that 


x(2 — x°) 


PS n 


Since we are considering only positive x, we see that f'(x) < 0 if 2 — x°? < 0, that is, 
x > 4/2. Thus f is decreasing on the interval (4/2, æ). This means that f(n + 1) < f(n) 
and therefore b,+; < b, when n = 2. (The inequality b2 < b, can be verified directly 
but all that really matters is that the sequence {b,} is eventually decreasing.) 

Condition (ii) is readily verified: 


; ; . 1/n 
lim b, = lim — = lim 7=0 
n=% n> n” 1 noel + 1/n’ 
Thus the given series is convergent by the Alternating Series Test. E 


E Estimating Sums of Alternating Series 


A partial sum s, of any convergent series can be used as an approximation to the total 
sum s, but this is not of much use unless we can estimate the accuracy of the approxima- 
tion. The error involved in using s = s, is the remainder R, = s — s,. The next theorem 
says that for series that satisfy the conditions of the Alternating Series Test, the size of 
the error is smaller than b,;, which is the absolute value of the first neglected term. 


Alternating Series Estimation Theorem If s = =(—1)""'b,, where b, > 0, is 
the sum of an alternating series that satisfies 


(i) Dist < bn and 


(ii) lim b, = 0 


| Rn | > |s ~ A S bry 


PROOF We know from the proof of the Alternating Series Test that s lies between 
any two consecutive partial sums s, and s„+1. (There we showed that s is larger than all 
the even partial sums. A similar argument shows that s is smaller than all the odd 
sums.) It follows that 


|s — Sn] S| Sn — Sn] = bni a 
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æ — |)" 


By definition, 0! = 1. EXAMPLE 4 Find the sum of the series >) 


n=0 n. 


correct to three decimal places. 


SOLUTION We first observe that the series is convergent by the Alternating Series Test 


because 


i 1 1 
D tea = < 
Oo mee) m 


a bn 


1 1 1 
(ii) 0<— <——0 so b,=——0asn—>© 
n! n n! 


To get a feel for how many terms we need to use in our approximation, let’s write out 
the first few terms of the series: 


l l 1l 1 1 1 1 1l 
s= + + + +e 
O! i! 2! 3! 4! 5 6l 7! 


= Ped 1 1, 1 ae 
1 1+5- t3 p+ m7 5040 


Notice that by = z < sg = 0.0002 
and ss=1—1+4-—ł+ 4- +t z~ 0.368056 
In Section 11.10 we will prove that By the Alternating Series Estimation Theorem we know that 


e* = DF x"/n! for all x, so what we 
have obtained in Example 4 is actually |s — se| < br < 0.0002 
an approximation to the numbere™'. This error of less than 0.0002 does not affect the third decimal place, so we have 


s ~ 0.368 correct to three decimal places. E 


@ NOTE The rule that the error (in using s, to approximate s) is smaller than the first 
neglected term is, in general, valid only for alternating series that satisfy the conditions 
of the Alternating Series Estimation Theorem. The rule does not apply to other types of 
series. 


E Absolute Convergence and Conditional Convergence 


Given any series È a,, we can consider the corresponding series 


o] 


È |ar| = |ai| + |a| + Jas] +--+ 


n=1 


whose terms are the absolute values of the terms of the original series. 


We have discussed convergence tests 
for series with positive terms and for 
alternating series. But what if the signs absolute values È | a, | is convergent. 
of the terms switch back and forth 
irregularly? We will see in Example 7 
that the idea of absolute convergence Notice that if È a, is a series with positive terms, then | an| = a, and so absolute con- 
sometimes helps in such cases. vergence is the same as convergence in this case. 


[1] Definition A series Xa, is called absolutely convergent if the series of 


EXAMPLE 5 The alternating series 


2 (-1)""! 1 1 1 
> ( ) =] + +... 
n=1 n 


22 32 42 
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is absolutely convergent because 


at a al 1 1 1 
= =1+5+5+5+-:: 
> n? > n? a 7 CU 
is a convergent p-series (p = 2). E 


[2] Definition A series £a, is called conditionally convergent if it is conver- 


gent but not absolutely convergent; that is, if È a, converges but È la, diverges. 


EXAMPLE6 We know from Example | that the alternating harmonic series 


(-1)"" 1 1l 1 
= + +... 
n 4. a 


x 
> 
n=1 


is convergent, but it is not absolutely convergent because the corresponding series of 
absolute values is 


D = 1 1 1 1 
=>), —=1+2—4+—-+-—+--- 
n nı Mn 2 3 4 


> |= 


which is the harmonic series (p-series with p = 1) and is therefore divergent. Thus the 
alternating harmonic series is conditionally convergent. E 


Example 6 shows that it is possible for a series to be convergent but not absolutely 


convergent. However, the following theorem states that absolute convergence implies 
convergence. 


You can think of absolute conver- [3] Theorem If a series Xa, is absolutely convergent, then it is convergent. 
gence as a stronger type of conver- 


gence. An absolutely convergent 


series, like the one in Example 5, PROOF Observe that the inequality 

will converge regardless of the 

signs of its terms, whereas the series 0<a,+ | an | = 2\a,| 

in Example 6 will not converge if 

we change all of its negative terms is true because |a, | is either a, or ~an. If Ya, is absolutely convergent, then È | a, | is 
to positive. 


convergent, so È 2| a, | is convergent. Therefore, by the Direct Comparison Test, 
(an + |an |) is convergent. Then 


> an = > (an + | ae |) = > | an | 


is the difference of two convergent series and is therefore convergent. a 


EXAMPLE 7 Determine whether the series 


yo cos2 | cos3 
a= n? 1 32 32 


is convergent or divergent. 
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Figure 3 shows the graphs of the 
terms a, and partial sums s, of the 
series in Example 7. Notice that 
the series is not alternating but 
has positive and negative terms. 


A 
ost” 
ts 
{a,} 
a a ae a eee eee ee 
0 e n 
FIGURE 3 
t {a,} 
0.5 + iv * es «© @ @ 
0 n 
—0.5 + TnS os w ow wa 
FIGURE 4 


The terms of {a,„} are alternately 
close to 0.5 and —0.5. 
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SOLUTION This series has both positive and negative terms, but it is not alternating. 
(The first term is positive, the next three are negative, and the following three are 
positive: the signs change irregularly.) We can apply the Direct Comparison Test to the 
series of absolute values 


cosn|  & |cosn| 


n=1 n n=1 n 
Since |cos n| < 1 for all n, we have 


| cos n| 1 
-a ~ 


n n 


2 


We know that È 1/n? is convergent (p-series with p = 2) and therefore È | cos n |/n? is 
convergent by the Direct Comparison Test. Thus the given series È (cos n)/n? is 
absolutely convergent and therefore convergent by Theorem 3. a 


EXAMPLE 8 Determine whether the series is absolutely convergent, conditionally 
convergent, or divergent. 


aes Fai : n 
b =)" 

(a) >» n? ( ) > Y/n (c) > ) 2n F 1 

SOLUTION 

(a) Because the series 
=|) Si 
> 3 = = ag. 
n=1 n n=1 N 


converges (p-series with p = 3), the given series is absolutely convergent. 


(b) We first test for absolute convergence. The series 


GDI > 1 

Vn l miyn 
diverges ( p-series with p = 5), so the given series is not absolutely convergent. The 
given series converges by the Alternating Series Test (b+; S b, and lim, >- b, = 0). 
Since the series converges but is not absolutely convergent, it is conditionally 
convergent. 


co 


x 


n=1 


(c) This series is alternating but 


li n = li 1)" 
ae ims ) 2n+ 1 


does not exist (see Figure 4), so the series diverges by the Test for Divergence. E 


E Rearrangements 


The question of whether a given convergent series is absolutely convergent or condi- 
tionally convergent has a bearing on the question of whether infinite sums behave like 
finite sums. 

If we rearrange the order of the terms in a finite sum, then of course the value of the 
sum remains unchanged. But this is not always the case for an infinite series. By a rear- 
rangement of an infinite series Xa, we mean a series obtained by simply changing the 
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Adding these zeros does not affect 


Sequences, Series, and Power Series 


order of the terms. For instance, a rearrangement of >a, could start as follows: 
a, + a2 + as + az + a, + ais + as + a7 + do +t». 
It turns out that 


if Xa, is an absolutely convergent series with sum s, 
then any rearrangement of È a, has the same sum s. 


However, any conditionally convergent series can be rearranged to give a different sum. 
To illustrate this fact let’s consider the alternating harmonic series from Example 1. In 
Exercise 50 you are asked to show that 


a] L-p4b-b4 dba b- pain 


If we multiply this series by 1, we get 


NI- 
D 


1 1 1 — 1 
=] tg g te= 


the sum of the series; each term in 
the sequence of partial sums is [5] 
repeated, but the limit is the same. 


11.5 


Exercises 


Inserting zeros between the terms of this series, we have 


0+5+0-44+0+4+0-F4+---= 


$In2 


Now we add the series in Equations 4 and 5 using Theorem 11.2.8: 


[6] 


Notice that the series in (6) contains the same terms as in (4) but rearranged so that one 
negative term occurs after each pair of positive terms. The sums of these series, however, 


1 1 1 1 1 — 
Legg erg ge t= 


are different. In fact, Riemann proved that 


3In2 


if Xa, is a conditionally convergent series and r is any real number what- 
soever, then there is a rearrangement of Xa, that has a sum equal to r. 


A proof of this fact is outlined in Exercise 52. 


1. (a) What is an alternating series? 


(b) Under what conditions does an alternating series 9. = 10. > (= Dz +3 
converge? 
(c) If these conditions are satisfied, what can you say ah E 
about the remainder after n terms? 11. È (1) 12. > (— D- n 
2-20 Test the series for convergence or divergence. m > 
32-242 2 13. X, (1) le?" 14. X, (-1)""! arctan n 
<9 ‘Se ea Pid n=1 n=1 
3. 3 é $ 3 7 sin(n + 4)ar COS NT 
B. > — 16. rae 
1 1 1 1 1 mo 1+4yn =l 
“In3 n4 n5 n6 n7 
2 (=)! 2 (<1) 17. S- 1)" sin 18. SG 1)" cos — 
5. akon 6. > —_. n=l n=1 
n=1 3 + 5n n=0 ./n + 1 m 2 œ 
n 
ic, ee 4 n? 19. > H 20. X (-1"(yYn +1- yn) 
n 8. l n n=1 n=1 
LD nF > ( renk] 


E 


wh 
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21. (a) What does it mean for a series to be absolutely 41-44 Approximate the sum of the series correct to four 
convergent? decimal places. 
(b) What does it mean for a series to be conditionally 2 (-1)" 2 (1) 
t? 42. — 
convergen Ai. 2 Gm)! > n 


(c) If the series of positive terms };= b, converges, then 
what can you say about the series Èr- (—1)"b,,? 


< n —2n = (-1)""! 
22-34 Determine whether the series is absolutely convergent, 43. 2 (—1)"ne 44. £ n4" 
conditionally convergent, or divergent. 
22 > (=1)" 23. yo ED yb 45. $ nthe 50th partial sum sso of the alternating series 
ne n=1 Yn? z- (—1)" 7n an overestimate or an underestimate of the 
i total sum? Explain. 
= (1) 
24. ie 5 al wee 25. > 5n + 1 46-48 For what values of p is each series convergent? 
= p 
2 =n 2 (-1)" 46. > = 
26. nA e a 27. eager at n=1 n 
2 n? +1 > n? +1 
2 (-1)" 7 (Inn)? n)? 
œ . æ . 47. 48. n-1 
28. 5" 29. Soe Zant 2C 4 n 
n=1 2” n=! n 
30 5 (- yr 3 x (=1)" 49. Show that the series È (—1)""'b,,, where b, = 1/n if n is odd 


= wea = Inn and b, = 1/n? if n is even, is divergent. Why does the Alter- 
nating Series Test not apply? 


a 3 n cos nar 

32. 2 (-1) Wer Ta 33. 2 3n +2 50. Use the following steps to show that 
= (-1) ` cr i 

34. > = > ——— = In2 
n=2 N In n n=1 


Let h, and s, be the partial sums of the harmonic and alter- 
nating harmonic series. 

(a) Show that s2, = ho, — hy. 

(b) From Exercise 11.3.46 we have 


FÑ 35-36 Graph both the sequence of terms and the sequence of 
partial sums on the same screen. Use the graph to make a rough 
estimate of the sum of the series. Then use the Alternating 
Series Estimation Theorem to estimate the sum correct to four 


: h, — 1 
decimal places. an= y as n => 
~ (—0.8)" and therefore 
35. > 36. Sci ve 
a = ho, — In(2n) > y as n—> © 
37-40 Show that the series is convergent. How many terms of Use these facts together with part (a) to show that 
the series do we need to add in order to find the sum to the Son > ln 2 as n —> œ. 


indicated or f i i 
a 51. Given any series ÈX a„, we define a series Xat whose terms 
n ee . al 
z ger = i (| sior | <0 00005) are all the positive terms of È a, and a series X az whose 
n=1 terms are all the negative terms of £ a„. To be specific, we let 


œ 1)” _ 
38. > ( 3) (| error| < 0.0005) at = ay + lal a= ay = |an| 
nel n 2 2 


Notice that if a, > 0, then až = a, and a; = 0, whereas if 
an < 0, then a, = a, anda} = 0. 
(a) If Èa, is absolutely convergent, show that both of the 


> 1\ ` n - 
40. 5 (-+) (| ar 2 0.00005) series Ya, and Ya; are convergent. 


æ =j n-1 
39. > ae (| error | < 0.0005) 


(b) If Èa, is conditionally convergent, show that both of 
the series Xaş and 2a; are divergent. 
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52. Prove that if Xa, is a conditionally convergent series and 
r is any real number, then there is a rearrangement of a, 


53. Suppose the series a, is conditionally convergent. 
(a) Prove that the series È na, is divergent. 


whose sum is r. [Hints: Use the notation of Exercise 51. 

Take just enough positive terms a; so that their sum is greater 
than r. Then add just enough negative terms a; so that the 
cumulative sum is less than r. Continue in this manner and 
use Theorem 11.2.6.] 


(b) Conditional convergence of Xa, is not enough to 
determine whether È na, is convergent. Show this by 
giving an example of a conditionally convergent series 
such that È na, converges and an example where È na, 
diverges. 


11.6 | The Ratio and Root Tests 


One way to determine how quickly the terms of a series are decreasing (or increasing) is 
to calculate the ratios of consecutive terms. For a geometric series Lar" ' we have 
| @n+1/an| = |r| for all n, and the series converges if |r| < 1. The Ratio Test tells us that 
for any series, if the ratios | a,+1/a,| approach a number less than 1 as n — %, then the 
series converges. The proofs of both the Ratio Test and the Root Test involve comparing 
a series with a geometric series. 


E The Ratio Test 


The following test is very useful in determining whether a given series is absolutely 
convergent. 


The Ratio Test 


oo 


= L < 1, then the series p a, is absolutely convergent 


n=1 


(i) If lim | Z= 


no 


an 
(and therefore convergent). 


oo 


oo, then the series > an 1S 


n=1 


; An+1 
= L > 1 or lim “l= 


00 
ne an 


An+1 


Gi) If lim 


an 


divergent. 


(ii) If lim | 


no 


= |, the Ratio Test is inconclusive; that is, no conclusion 


an 


can be drawn about the convergence or divergence of È a,„. 


PROOF 
(i) The idea is to compare the given series with a convergent geometric series. Since 
L < 1, we can choose a number r such that L < r < 1. Since 


An+1 


lim =L L<r 


An 


the ratio | An+1/An | will eventually be less than r; that is, there exists an integer N 
such that 


An+1 


<r whenever n = N 


an 


or, equivalently, 


[i] 
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Estimating Sums 

In the preceding three sections we 
used various methods for estimating 
the sum of a series—the method 
depended on which test was used to 
prove convergence. What about series 
for which the Ratio Test works? There 
are two possibilities: If the series hap- 
pens to be an alternating series, as in 
Example 1, then it is best to use the 
methods of Section 11.5. If the terms 
are all positive, then use the special 
methods explained in Exercise 42. 


SECTION 11.6 The Ratio and Root Tests 


Putting n successively equal to N, N + 1,N + 2,...in (1), we obtain 


and, in general, 


[2] 


Now the series 


| ave1| < |an]|r 


| an+2| < |ansi|r < |ay|r? 


| an+3| < |an+2|r < |an| r° 


Javea] < lay r! 


for all k = 1 


> |ay|r* = |ay|r + |ay|r? + [an| r? +- 
k=1 


is convergent because it is a geometric series with 0 < r < 1. So the inequality (2), 


together with the Direct Comparison Test, shows that the series 


D> |a| = Dd |a| = |aner| + |ans2| + lawes| +- 
k=l 


775 


is also convergent. It follows that the series Y7-; | a, | is convergent. (Recall that a finite 
number of terms doesn’t affect convergence.) Therefore X a, is absolutely convergent. 


(ii) Tf |an+1/an|—> L > 1 or | dn+i1/an|— %, then the ratio | an+1/an| will eventually 
be greater than 1; that is, there exists an integer N such that 


An+1 


An 


>1 


whenever n > N 


This means that | a,+1| > |an | whenever n = N and so 


lim a, ~ 0 


n> 


Therefore X a, diverges by the Test for Divergence. 


EXAMPLE 1 Test the series X, (—1)" 


n=1 


3 


na 
3 for absolute convergence. 


SOLUTION We use the Ratio Test with a, = (—1)"n°/3": 


(CDn + 1} 


An+1 ntl E (n + 1) 3" 
An (-1)"n? antl n? 
3” 
1f{n+1)\3 1 1\3 1 
= = 1+ a 
3 n 3 n 3 


Thus, by the Ratio Test, the given series is absolutely convergent. 
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776 CHAPTER 11 Sequences, Series, and Power Series 


The Ratio Test is usually conclusive 
if the nth term of the series contains 
an exponential or a factorial, as 

in Examples 1 and 2. The test will 
always fail for p-series, as in 
Example 3. 


EXAMPLE 2 Test the convergence of the series >) Z, 
n=1 M. 
SOLUTION Since the terms a, = n”/n! are positive, we don’t need the absolute value 


signs. 


anı (n+ 1 nl o (a+I(n+1i n! 


an (n+1) n” (n+ 1) n! n” 
(2 i i ) ( l 
= =| 1+ >e as n — % 
n n 
(see Equation 3.6.6). Since e > 1, the given series is divergent by the Ratio Test. E 


NOTE Although the Ratio Test works in Example 2, an easier method is to use the Test 
for Divergence. Since 


it follows that a, does not approach 0 as n — ©. Therefore the given series is divergent 
by the Test for Divergence. 


EXAMPLE 3 Part (iii) of the Ratio Test says that if lim,—». | dn+i1/a,| = 1, then the test 
gives no information. For instance, let’s apply the Ratio Test to each of the following 
series: 


ee ol A I 
>= 2 
n=1 M n=1 N 
In the first series a, = 1/n and 
anı | _ W(nt+1) nan >] EET 
an 1/n n+1 


In the second series a, = 1/n* and 


An+1 1/(n + 1)? n ? 
a = 1/n? T n+1 FA BA 


In both cases the Ratio Test fails to determine whether the series converges or diverges, 
so we must try another test. Here the first series is the harmonic series, which we know 
diverges; the second series is a p-series with p > 1, so it converges. E 


E The Root Test 


The following test is convenient to apply when nth powers occur. Its proof is similar to 
the proof of the Ratio Test and is left as Exercise 45. 
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The Root Test z 
G) If limy | an| = L < 1,then the series y da, is absolutely convergent 


n=1 


(and therefore convergent). 


Gi) If lim ¥/Ja,| = L > 1 or lim +/Ja,| = %, then the series X, a, is 
nao no 


n=1 


divergent. 


(iii) If lim 4/ |a,| = 1, the Root Test is inconclusive. 
n—0o 


If Witt 0 |an| = |, then part (iii) of the Root Test says that the test gives no infor- 
mation. The series Xa, could converge or diverge. (If L = 1 in the Ratio Test, don’t try 
the Root Test because L will again be 1. And if L = 1 in the Root Test, don’t try the Ratio 
Test because it will fail too.) 


= (2n+3)\" 
EXAMPLE 4 Test the convergence of the series >) (#43) : 
n 


n=1 


SOLUTION 


Thus the given series is absolutely convergent (and therefore convergent) by the Root 
Test. a 


EXAMPLE 5 Determine whether the series >) ( : i converges or diverges. 
n 


n=1 


SOLUTION Here it seems natural to apply the Root Test: 


Vian] = n —1 as n—> œ 


n+1 


Since this limit is 1, the Root Test is inconclusive. However, using Equation 3.6.6 we 
see that 


n yV 1 1 
an = = > as n—> œ% 
n+l n+1\" e 
n 
Since this limit is different from zero, the series diverges by the Test for Divergence. E 


Example 5 serves as a reminder that when testing a series for convergence or diver- 
gence it is often helpful to apply the Test for Divergence before attempting other tests. 
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11.6 | Exercises 


@ What can you say about the series >a, in each of the follow- 


ing cases? 
an 
(a) lim | =8 
non an 
. an 
(b) lim | | =0.8 
n> an 
. an 
(c) lim a) =] 
no an 
2. Suppose that for the series Èa, we have lim,— | an/an+ı | = 2. 


What is lim,,—| dn+1/dn|? Does the series converge? 


3-20 Use the Ratio Test to determine whether the series is 
convergent or divergent. 


R=] 2” n=1 n 
oo 2 3” a0 E 3)” 
5. =1)"" 6. 
2D" a > Ont Di 
nl oo r 
7. 5 — 8. X ke 
k=1 k! k=1 


10” 


Ha 
iMs 


10. 25 


21-26 Use the Root Test to determine whether the series is 
convergent or divergent. 


a 3(54 a TE cr 


2n? + 1 


n=1 n=1 n 
23, 5 CP PY apa pial i 
£ (nn) Aati 
æ% 1 n? 
25. > (: + ) 26. (arctan n)” 
n=1 n n=0 


27-34 Use any test to determine whether the series is absolutely 
convergent, conditionally convergent, or divergent. 


37, > (-1)"Inn 8. > ue l-n y 


n=2 n 2+ 3n 
(—9)" 90 n5” 
29. 30. 
A Èg 


ai, > ( n ) aes s Sinima sin(n7r/6) 
mm2 \ lnn mi 1+ nyn 
33. > (—1)” arctan n 


n? 


aa, 5 0 


———— _|Hint: Inx < yx. 
ae [Hint nx vx] 


+ 2n+1 n . . i 
els 100 35. The terms of a series are defined recursively by the equations 
n w 10 
5n + 1 
11. 12. ee a = = 
ees (- ae 1 27 ge dı 2 Qn+1 Ane 3 an 
E y cen) cost /3) iá 5 n! Determine whether > a„ converges or diverges. 
n=1 eae 36. A series Xa, is defined by the equations 
- & n'100" (2n)! 2+ cosn 
—— . a,=1 an1 = > an 
15. > n! r (n!)? t Jn 
21! 3! 4! Determine whether >a, converges or diverges. 
17. 1 } [Eria 
1+3 Is3-5 | PD 37-38 Let {b,} be a sequence of positive numbers that converges 
n! to 5. Determine whether the given series is absolutely convergent. 
f n=l i ERT 
+ (=1) 1-3-5- (2n — 1) i 37, 5 b; cos nT 38. > ae = 
n=l n nai N’ 3 
TEREE 5°88 . 2+*5°8< 11 
3 35 Bahay” Bese G ag 


39. For which of the following series is the Ratio Test inconclu- 
sive (that is, it fails to give a definite answer)? 


19. > 


20. X, (-1)" 
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40. For which positive integers k is the following series 
convergent? 


41. (a) Show that Èz- x"/n! converges for all x. 
(b) Deduce that lim,—...x"/n! = 0 for all x. 


42. Let Èa, be a series with positive terms and let r, = dn+i/dn- 


Suppose that lim„>» rn = L < 1, so Xa, converges by the 


Ratio Test. As usual, we let R,, be the remainder after n terms, 


that is, 


Rn = Anti + Ans. + Ant3 +++ 


(a) If {r,} is a decreasing sequence and r,+ı < 1, show, by 


summing a geometric series, that 


An+1 
Rn s< 
L= Fn+1 


(b) If {r,} is an increasing sequence, show that 


a 
R, = ntl 


` 1-L 
43. (a) Find the partial sum ss of the series Df, 1/(n2”). Use 


Exercise 42 to estimate the error in using ss as an approxi- 


mation to the sum of the series. 


SECTION 11.7 Strategy for Testing Series 779 


(b) Find a value of n so that s, is within 0.00005 of the 
sum. Use this value of n to approximate the sum of 
the series. 


Use the sum of the first 10 terms to approximate the sum of 
the series 


5” 


< 2” 
Use Exercise 42 to estimate the error. 


Prove the Root Test. [Hint for part (i): Take any number r 
such that L < r < 1 and use the fact that there is an integer N 
such that 4/| a,| < r whenever n > N.] 


Around 1910, the Indian mathematician Srinivasa Ramanujan 
discovered the formula 


1 24/2 & (4n)!(1103 + 26390n) 


> 


9801 n=0 (n!)*396"" 


William Gosper used this series in 1985 to compute the first 

17 million digits of 7. 

(a) Verify that the series is convergent. 

(b) How many correct decimal places of 7 do you get if you 
use just the first term of the series? What if you use two 
terms? 


11.7 | Strategy for Testing Series 


We now have several ways of testing a series for convergence or divergence; the problem 
is to decide which test to use on which series. In this respect, testing series is similar 
to integrating functions. Again, there are no hard and fast rules about which test to apply 
to a given series, but you may find the following advice of some use. 

It is not wise to apply a list of the tests in a specific order until one finally works. That 
would be a waste of time and effort. Instead, as with integration, the main strategy is to 
classify the series according to its form. 


1. Test for Divergence If you can see that lim,,_... a, may be different from 0, then 
apply the Test for Divergence. 


2. p-Series If the series is of the form È 1/n’, then it is a p-series, which we know 
to be convergent if p > 1 and divergent if p < 1. 


3. Geometric Series If the series has the form Sar”! or X ar”, then it is a geometric 
series, which converges if |r| < 1 and diverges if |r| = 1. Some preliminary 
algebraic manipulation may be required to bring the series into this form. 


4. Comparison Tests If the series has a form that is similar to a p-series or a 
geometric series, then one of the comparison tests should be considered. In 
particular, if a, is a rational function or an algebraic function of n (involving 
roots of polynomials), then the series should be compared with a p-series. 
Notice that most of the series in Exercises 11.4 have this form. (The value of p 
should be chosen as in Section 11.4 by keeping only the highest powers of n in 
the numerator and denominator.) The comparison tests apply only to series with 
positive terms, but if 2a, has some negative terms, then we can apply a 
comparison test to È | a, | and test for absolute convergence. 
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5. Alternating Series Test If the series is of the form È (—1)""'b, or =(—1)"b,, 
then the Alternating Series Test is an obvious possibility. Note that if È b, 
converges, then the given series is absolutely convergent and therefore convergent. 


6. Ratio Test Series that involve factorials or other products (including a constant 
raised to the nth power) are often conveniently tested using the Ratio Test. Bear 
in mind that | an+1/an |— 1 as n — © for all p-series and therefore all rational or 
algebraic functions of n. Thus the Ratio Test should not be used for such series. 


7. Root Test If a, is of the form (b,)", then the Root Test may be useful. 


8. Integral Test If a, = f(n), where IF f(x) dx is easily evaluated, then the Integral 
Test is effective (assuming the hypotheses of this test are satisfied). 


In the following examples we don’t work out all the details but simply indicate which 
tests should be used. 


EXAMPLE1 » 2L 
n=1 2n+ 1 


Since a, —> 5 # 0 asn— %, we should use the Test for Divergence. E 


, SI 
EXAMPLE2 SV +! 
nat 3n? + 4n? + 2 


Since a, is an algebraic function of n, we compare the given series with a p-series. The 
comparison series for the Limit Comparison Test is È b,, where 


Vn? n?/2 1 


3n? 3n? 3n3/2 


EXAMPLE3 > ne” 


n=1 


Since the integral K xe™” dx is easily evaluated, we use the Integral Test. The Ratio 
Test also works. a 


n? 


EXAMPLE 4 2l 1) T 


Since the series is alternating, we use the Alternating Series Test. We can also observe 
that È | a, | converges (compare to È 1/n°) so the given series converges absolutely and 
hence converges. a 


k 


EXAMPLES > Z 
= 


Since the series involves k!, we use the Ratio Test. E 


= 1 
EXAMPLE 6 2 aa ae 


Since the series is closely related to the geometric series > 1/3”, we use the Direct 
Comparison Test or the Limit Comparison Test. E 
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11.7 | Exercises 


1-8 Two similar-looking series are given. Test each one for 2 One = sin 2n 
convergence or divergence. 2i; = n! a. = 14+ 2" 
eS i 2 1 %2 nk-l3k+1 eo 4 
1.@ >> o) 2S 3, 5A a svt 
n=l 2 ant” en = kk 2 wen 
2 (-1)" ~ 1 oo 
2. (a) X aR (b) È aR 25. X 1635r (2n — 1) 
n=1 n=1 . n=1 2, 5 : 8 : (3n = 1) 
3. (a) > o >> Ga ay 
n=1 3” n=1 M 26. > 
: l 1 n=2 Jn = 1 
“nat 2 n+ 
La b) D1)" Zo Inn = k-i 
n=1 n n=l n 27. > (-1) -a 28. > i = 
a ive + 1) 
n n 
5. (a) 2 (b) s(a) z a i 
min +1 ie +l 29. > (—1)" cos(1/n’) 30. X ———— 
" 1 n=l =i 2 + sink 
nn 
6. (a) X — (b) i > 7 
n=1 M a=10 WINN 31. > tan(1/n) 32. > nsin(1/n) 
n=1 n=l 
i 1 = {1 1 
7. (a) > (b) sii) 2 4—- 28 t (21) 
an+tn! saa ih n! 33. 5 cos n 34. © (-1)"n 
æ oo n=1 Jn n=1 n 
8. (a) > e b) > on , 
n=1 Vn- +1 n=1 nyn? +l 35 > n! 36 n+l 
` n=1 e” ` n=1 oli 
9-48 Test the series for convergence or divergence. > kink = el 
oe ecg 7. aa 38. 2 
3. > — 10. X — 
n=1 W Fl n=1 MW +1 œ% (=1)" oœ l Vi 
39. X ——— 40. X (-1)i—>— 
æ Pee | æ n? — a—ı Cosh n j=1 J+5 
11. > (-1)"=—— 12. > (=)? = 
nl nri n=1 n+ I 2 5k = (n!)" 
: A ; a, > az ak 42. | 
e" n~ = 3+4 =a n” 
13. $ — 14. > ———— = a 
n=1 n? n=1 (1 + n)” œ ( ñ y x 1 
3 ‘“ , 43. > 44. > ———— 
1 j 2 
15. > 16. 5 (-1)""! ae ai Vt I acı N + ncosn 
n=2 nyln n n=1 4 ow 1 1 
re) 2n w% 45. > “1+l/n 46. > Ax Ala. 
17. X Cy -Z 18. X ne™ nai n” ma (Inn) 
0 (2n)! n=l a é 
1 47. > (4/2 — 1)" 48. > (3/2 - 1) 


n=1 n 


= fi 4 : 
19. > (+ -) 20. © 


11.8 | Power Series 


So far we have studied series of numbers: È a. Here we consider series, called power 
series, in which each term includes a power of the variable x: È cx”. 


E Power Series 
A power series is a series of the form 


æ% 
3 
[1] DY cnx" = co + ax + x? + 3x +- 
n=0 
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Trigonometric Series 

A power series is a series in which 
each term is a power function. A 
trigonometric series 


> (a, cos nx + b, sin nx) 
n=0 


is a series whose terms are trigono- 
metric functions. This type of series 
is discussed on the website 


www.StewartCalculus.com 


Click on Additional Topics and then 
on Fourier Series. 


Sequences, Series, and Power Series 


where x is a variable and the c,,’s are constants called the coefficients of the series. For each 
number that we substitute for x, the series (1) is a series of constants that we can test for 
convergence or divergence. A power series may converge for some values of x and 
diverge for other values of x. The sum of the series is a function 


f (x) = Co + CIA + Cox? +... + Cn X” AAN 


whose domain is the set of all x for which the series converges. Notice that f resembles 
a polynomial. The only difference is that f has infinitely many terms. 
For instance, if we take c, = 1 for all n, the power series becomes the geometric series 


[2] SMxtH=Ltxtar tee tutte. 
n=0 


which converges when —1 < x < 1 and diverges when |x| = 1. (See Equation 11.2.5.) 
In fact if we put x = 5 in the geometric series (2) we get the convergent series 


am ie 1 1 1 1 
> = SP ae a ae os 
n=0 2 2 4 8 16 


but if we put x = 2 in (2) we get the divergent series 


0 


> 27=14+24+44+8+16+--- 


n=0 


More generally, a series of the form 


œ 


[3] > cnx — a)" = co + clx — a) + x(x — a) +++ 
n=0 

is called a power series in (x — a) or a power series centered at a or a power series 
about a. Notice that in writing out the term corresponding to n = 0 in Equations 1 and 3 
we have adopted the convention that (x — a)? = 1 even when x = a. Notice also that 
when x = a, all of the terms are 0 for n = 1 and so the power series (3) always converges 
when x = a. 

To determine the values of x for which a power series converges, we normally use the 
Ratio (or Root) Test. 


= n 


EXAMPLE 1 For what values of x does the series X, wra 
n 


n=1 


converge? 


SOLUTION If we let a„ denote the nth term of the series, as usual, then 
dn = (x — 3)"/n, and 


ani E (x — 3) ; n 
An n+1 (x — 3)” 
= rlx=3| > |x- 3] as n — œ% 
je 
n 


By the Ratio Test, the given series is absolutely convergent, and therefore convergent, 
when |x — 3| < 1 and divergent when |x — 3| > 1. Now 


|x-3|<1 & -l1<x-3<1 œ 2<x<4 


so the series converges when 2 < x < 4 and diverges when x < 2 or x > 4. 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


SECTION 11.8 Power Series 783 


The Ratio Test gives no information when |x — 3| = 1 so we must consider x = 2 
and x = 4 separately. If we put x = 4 in the series, it becomes È 1/n, the harmonic 
series, which is divergent. If x = 2, the series is È (—1)"/n, which converges by the 
Alternating Series Test. Thus the given power series converges for 2 < x < 4. E 


EXAMPLE 2 For what values of x is the series È, n!x” convergent? 
n=0 


SOLUTION Again we use the Ratio Test. Let a, = n!x". If x # 0, we have 


Notice that 
r Qn+1 š (n + 1)!x""! A 
(n+ 1)! = (n + In(n — 1) -3:2-1 lim = lim > = lim (n + 1)|x| =% 
n>% | an n>% n!x nm 
=(n + 1)n! 
By the Ratio Test, the series diverges whenx # 0. Thus the given series converges only 
when x = 0. E 
EXAMPLE 3 For what values of x does the series >) a yi converge? 
n=0 n). 
SOLUTION Here a, = x"/(2n)! and, as n —> %, 
An+1 | xn! (2n)! (2n)! ii 
= . = p 
an [2(n + 1)]! x” (2n + 2)! 
7 (2n)! = |x| 
| x| >0< 1 
(2n)!(2n + 1)(2n + 2) (2n + 1)(2n + 2) 
for all x. Thus, by the Ratio Test, the given series converges for all values of x. E 


E Interval of Convergence 


For the power series that we have looked at so far, the set of values of x for which the 
series is convergent has always turned out to be an interval [a finite interval for the geo- 
metric series and the series in Example 1, the infinite interval (—%, %) in Example 3, and 
a collapsed interval [0,0] = {0} in Example 2]. The following theorem, proved in 
Appendix F, says that this is true in general. 


oo 


[4] Theorem For a power series > c,(x — a)", there are only three possibilities: 
n=0 


(i) The series converges only when x = a. 
(ii) The series converges for all x. 


(iii) There is a positive number R such that the series converges if |x — a| < R 
and diverges if |x — a| > R. 


The number R in case (iii) is called the radius of convergence of the power series. By 
convention, the radius of convergence is R = 0 in case (i) and R = œ in case (ii). The 
interval of convergence of a power series is the interval that consists of all values of x 
for which the series converges. In case (i) the interval consists of just a single point a. 
In case (ii) the interval is (~%, œ). In case (iii) note that the inequality | x >a | < R can 
be rewritten as a — R < x < a + R. When x is an endpoint of the interval, that is, 
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x = a + R, anything can happen—the series might converge at one or both endpoints or 
it might diverge at both endpoints. Thus in case (iii) there are four possibilities for the 
interval of convergence: 


(a — R,a + R) (a— R,a + R] [a — R,a + R) [a — R,a + R] 


The situation is illustrated in Figure 1. 


convergence for |x— a| < R 


S$ $$ > 
a—R a a+R 
FIGURE 1 {_________ divergence for |x —a|>R i 


We summarize here the radius and interval of convergence for each of the examples 
already considered in this section. 


Series Radius of convergence | Interval of convergence 

Geometric series > x" R=1 (-1, 1) 
n=0 
= (= 3)" 

Example | > ae R=1 [2, 4) 
n=1 n 

Example 2 > nlx" R=0 {0} 
n=0 
æ x” 

Example 3 > R=% (=%, 2) 
n=0 (2n)! 


NOTE In general, the Ratio Test (or sometimes the Root Test) should be used to 
determine the radius of convergence R. The Ratio and Root Tests always fail when x is 
an endpoint of the interval of convergence, so the endpoints must be checked with some 
other test. 


EXAMPLE 4 Find the radius of convergence and interval of convergence of the series 


= (-3)"x" 


SOLUTION Let a, = (—3)"x"/x/n + 1. Then 


An+1 (—3)"tlynt! Jn + 1 3 n + 1 
= : = F 
an Jn+2 (—3)"x" n+2 
1+ 
oe |x] > 3|x| asn—>o 
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By the Ratio Test, the given series converges if 3 |x| < 1 and diverges if 3 |x| > 1. 
Thus it converges if |x| < } and diverges if |x| > 3. This means that the radius of 
convergence is R = L, 

We know the series converges in the interval (- Z, 1), but we must now test for con- 


vergence at the endpoints of this interval. If x = —4, the series becomes 
ee E E E E E 
n=0 Jn + 1 n=0 n+ 1 VI ae B` a 

which diverges (It is a p-series with p <1 ) Ifx = L, the series is 


which converges by the Alternating Series Test. Therefore the given power series con- 
verges when -1 < x < £, so the interval of convergence is (—4, 1]. a 


EXAMPLE 5 Find the radius of convergence and interval of convergence of the series 


ee. n(x + 2)” 


A O g 
n= 


SOLUTION Ifa, = n(x + 2)"/3"*!, then 


Gn+1 | (n + I(x + aye" antl 
An But? n(x + 2)” 
1 | x + 2| | x + 2| 
=(1+ > as n —> % 
n 3 3 


Using the Ratio Test, we see that the series converges if |x + 2|/3 < 1 and it diverges 
if |x + 2|/3 > 1. So it converges if |x + 2| < 3 and diverges if |x + 2| > 3. Thus 
the radius of convergence is R = 3. 

The inequality |x + 2| < 3 can be written as —5 < x < 1, so we test the series at 


the endpoints —5 and 1. When x = —5, the series is 
ee aa 
> grt D ( 1) n 
n=0 n=0 


which diverges by the Test for Divergence [(— 1)”n doesn’t converge to 0]. When 
x = 1, the series is 


which also diverges by the Test for Divergence. Thus the series converges only when 
—5 < x < 1, so the interval of convergence is (—5, 1). E 
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11.8 


1. What is a power series? 


Exercises 


Sequences, Series, and Power Series 


2. (a) What is the radius of convergence of a power series? 


How do you find it? 


(b) What is the interval of convergence of a power series? 


How do you find it? 


3-36 Find the radius of convergence and interval of convergence 


of the power series. 


3. 
n 


44n 
n=1 M 4 


n 


% —1)"4" 
in > — 


n=1 Jn 


25. > an 
27. 


29. 
2 b” 


(=a); 


S Raa 


30. 
n=2 In n 


90 


X ni(2x — 1)" 


n=1 


31. 


b>0 


b>0 


10. 


12. 


14. 


16. 


18. 


20. 


22. 


24. 


26. 


28. 


> 2” n? x" 


n=1 


yee 


n=1 (2n g 1)2" 


a2 ninn 
5 n? x” 
£ 2-4-6- (2n) 


x2" 


34. > 


n=2 n(ln n)? 


-- (2n — 1) 


A l-35 sesa (2na) 


37 


38 


39 


40 


43 


44 


45 


46 


If Èz=0 C14” is convergent, can we conclude that each of the 
following series is convergent? 


(ay È eoa)" (b) © c,(-4)" 
n=0 n=0 
Suppose that £7=o cnx” converges when x = —4 and diverges 


when x = 6. What can be said about the convergence or 
divergence of the following series? 


(a) È Cn (b) 5 Cn” 


n=0 n=0 
© E es(—3)" O È e9” 
n=0 n=0 


If k is a positive integer, find the radius of convergence of 
the series 


Let p and q be real numbers with p < q. Find a power 
series whose interval of convergence is 


(b) (p, q] (d) [p,q] 


Is it possible to find a power series whose interval of 
convergence is [0, 2)? Explain. 


(a) (p,q) (c) Lp, 9g) 


Graph the first several partial sums s,(x) of the series 

Yr-0 x", together with the sum function f(x) = 1/(1 — x), on 
a common screen. On what interval do these partial sums 
appear to be converging to f(x)? 


Show that if lim,,_... af | fe | = c, where c # 0, then the radius 
of convergence of the power series }c,x" is R = 1/c. 


Suppose that the power series Èc,„(x — a)" satisfies c, # 0 
for all n. Show that if lim, | cn/¢n+1| exists, then it is equal 
to the radius of convergence of the power series. 


Suppose the series È c,x" has radius of convergence 2 and the 
series È d,,x" has radius of convergence 3. What is the radius 
of convergence of the series È (c, + d,)x"? 


Suppose that the radius of convergence of the power series 
crx" is R. What is the radius of convergence of the power 
series Sc,x7"? 
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11.9 | Representations of Functions as Power Series 


In this section we learn how to represent some familiar functions as sums of power 
series. You might wonder why we would ever want to express a known function as a sum 
of infinitely many terms. We will see later that this strategy is useful for integrating func- 
tions that don’t have elementary antiderivatives and for approximating functions by 
polynomials. (Scientists do this to simplify the expressions they deal with; computer 
scientists do this to evaluate functions on calculators and computers.) 


E Representations of Functions using Geometric Series 


We will obtain power series representations for several functions by manipulating geo- 
metric series. We start with an equation that we have seen before. 


00 


=ltxtxrtx? te. =x" je) <1 
l=% n=0 


0] 


We first encountered this equation in Example 11.2.7, where we obtained it by observing 
that the series is a geometric series with a = 1 and r = x. Here our point of view is dif- 
ferent: we now regard Equation 1 as expressing the function f(x) = 1/(1 — x) as a sum 
of a power series. We say that £f- x", |x| < 1, is a power series representation of 
1/(1 — x) on the interval (—1, 1). 

A geometric illustration of Equation 1 is shown in Figure 1. Because the sum of a 
series is the limit of the sequence of partial sums, we have 


= lim s,(x) 
l= n—=>% 


where 


S(X) = lLtxt teH" 


is the nth partial sum. Notice that as n increases, s,(x) becomes a better approximation 
to f(x) for -I<x< 1. 


FIGURE 1 
and some 


fle) = — 


of its partial sums 


The power series (1) that represents the function f(x) = 1/(1 — x) can be used to 
obtain power series representations of many other functions, as we see in the following 
examples. 
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It’s legitimate to move x° across the 
sigma sign because it doesn’t depend 
on n. [Use Theorem 11.2.8(i) with 

c= x7] 


EXAMPLE 1 Express 1/(1 + x?) as the sum of a power series and find the interval of 
convergence. 


SOLUTION Replacing x by —x? in Equation 1, we have 


= X (H1)x™ = 1 -x +x- x8 +x. 
n=0 


Because this is a geometric series, it converges when | —x?°| < 1, that is, x? < 1, or 

|x| < 1. Therefore the interval of convergence is (—1, 1). (Of course, we could have 
determined the radius of convergence by applying the Ratio Test, but that much work is 
unnecessary here.) E 


EXAMPLE 2 Find a power series representation for 1/(x + 2). 


SOLUTION In order to put this function in the form of the left side of Equation 1, we 
first factor a 2 from the denominator: 


ol > ( 5) -Š g 


2 n=0 2 n=0 ane 


This series converges when | =x/ 2| < 1, that is, x| < 2. So the interval of conver- 
gence is (—2, 2). a 


EXAMPLE 3 Find a power series representation of x*/(x + 2). 


SOLUTION Since this function is just x° times the function in Example 2, all we have 
to do is to multiply that series by x°: 


3 æ% _4)n x n 
x _ x3 š 1 — x3 > ( 1) x" = >, ( 1) n+3 
x + 2 x+ J = gati S ont 
= lx? = lxt F txs = bx’ F 


Another way of writing this series is as follows: 


x? 7 Š (-1)""! 


x+2 n=3 grez 


n 


As in Example 2, the interval of convergence is (—2, 2). E 


E Differentiation and Integration of Power Series 


The sum of a power series is a function f(x) = ÈEp-o c,(x — a)” whose domain is the 
interval of convergence of the series. We would like to be able to differentiate and inte- 
grate such functions, and the following theorem (which we won’t prove) says that we 
can do so by differentiating or integrating each individual term in the series, just as we 
would for a polynomial. This is called term-by-term differentiation and integration. 
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In part (i), the sum starts atn = 1 
because the derivative of co, the con- 
stant term of f, is 0. 


In part (ii), | co dx = cox + Cris 
written as co(x — a) + C, where 
C=C, + aco, so all the terms of 
the series have the same form. 


The idea of differentiating a power 
series term by term is the basis for a 
powerful method for solving differen- 
tial equations. In Exercises 37-40 you 
will see how a function expressed as a 
power series can be a solution to a 
differential equation. 
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[2] Theorem If the power series c,(x — a)" has radius of convergence 
R > 0, then the function f defined by 


œ 


f(x) = Cæ + cx — a) + cx — a) +... = > CAX — a)" 


n=0 


is differentiable (and therefore continuous) on the interval (a — R, a + R) and 


oo 


(i) f(x) = c + 20e(x — a) + 30,(x — a)? + -= X ne,(x — a"! 


n=1 


Gi) ff) de= C+ oe a) tr o BOO 4... 


x— aj” 


S 
=Ct+ 0 — 
È> c n+1 


The radii of convergence of the power series in Equations (i) and (ii) are both R. 


NOTE 1 Equations (i) and (ii) in Theorem 2 can be rewritten in the form 


Gii) ajs Cn(x ar | = 5 L [e(e — a)"] 


X | n=0 n=0 d. 


(iv) Í b C(x — ay ac = > J cal — a)"dx 


n=0 


We know that, for finite sums, the derivative of a sum is the sum of the derivatives and 
the integral of a sum is the sum of the integrals. Equations (iii) and (iv) assert that the 
same is true for infinite sums, provided we are dealing with power series. (For other 
types of series of functions the situation is not as simple; see Exercise 44.) 


NOTE 2 Although Theorem 2 says that the radius of convergence remains the same 
when a power series is differentiated or integrated, this does not mean that the interval of 
convergence remains the same. It may happen that the original series converges at an 
endpoint, whereas the differentiated series diverges there. (See Exercise 45.) 


EXAMPLE 4 Express 1/(1 — x)’ as a power series by differentiating Equation 1. What 
is the radius of convergence? 


SOLUTION We start with 


SHSltxt xt te. = Dx" 
l =x n=0 


Differentiating each side, we get 


1 = = 
Gage Pete ee 2 me l 
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The power series for tan’ 'x obtained 
in Example 6 is called Gregory’s series 
after the Scottish mathematician 

James Gregory (1638-1675), who had 


anticipated some of Newton’s discov- 


eries. We have shown that Gregory’s 
series is valid when —1 < x < 1, but 
it turns out (although it isn’t easy to 

prove) that it is also valid when 

x = +1. Notice that when x = 1 the 
series becomes 


re a ae 
4 3 5 7. 
This beautiful result is known as the 


Leibniz formula for r. 


If we wish, we can replace n by n + 1 and write the answer as 


According to Theorem 2, the radius of convergence of the differentiated series is the 
same as the radius of convergence of the original series, namely, R = 1. E 


EXAMPLE5 Find a power series representation for In(1 + x) and its radius of 
convergence. 


SOLUTION We notice that the derivative of this function is 1/(1 + x). From Equation 1 
we have 


1 1 R $ 
= =]-x+xz -xte |x| <1 
l+x 1 — (—x) 


Integrating both sides of this equation, we get 


1 
In(l + x) = [ ——ar= | (1 xt x 4+...) dx 


=x | +- +C 


n 


=X (D +C |x|<1 
n=1 n 


To determine the value of C we put x = 0 in this equation and obtain In(1 + 0) = C. 
Thus C = 0 and 


x? x? xÍ œ x” 
In(1 + x) = + += a) ii xil 
n( xX) =x 5 3 4 2 (=1) i |x| 
The radius of convergence is the same as for the original series: R = 1. E 


EXAMPLE 6 Find a power series representation for f(x) = tan™'x. 


SOLUTION We observe that f'(x) = 1/(1 + x’) and find the required series by inte- 
grating the power series for 1/(1 + x”) found in Example 1. 


1 
anx = | —— pdx = | (1 x? +x x8 ++.) dx 
x 


3 
x x! 


=C+x->+ + 
* 3 RC 


To find C we put x = 0 and obtain C = tan™' 0 = 0. Therefore 


7 x3 x x7 
tan x =x + Ste. es 
3 5 7 
æ 2nt+1 
— 1 n 
> ( ) 2n + 1 


Since the radius of convergence of the series for 1/(1 + x’) is 1, the radius of conver- 
gence of this series for tan ‘x is also 1. a 
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This example demonstrates one way 
in which power series representations 
are useful. Integrating 1/(1 + x’) by 
hand is incredibly difficult. Different 
computer algebra systems return dif- 
ferent forms of the answer, but they 
are all extremely complicated. The 
infinite series answer that we obtain 
in Example 7(a) is actually much eas- 
ier to deal with than the finite answer 
provided by a computer. 
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EXAMPLE 7 

(a) Evaluate | [1/(1 + x’)]dx as a power series. 

(b) Use part (a) to approximate i [1/(1 + x’) ]dx correct to within 107. 
SOLUTION 


(a) The first step is to express the integrand, 1/(1 + x’), as the sum of a power series. 
As in Example 1, we start with Equation 1 and replace x by —x’: 


1 = (2) 


1 + x! T 1 — (—x’) n=0 


= X (-1)'x"=1 -x +x... 


n=0 


Now we integrate term by term: 


1 æ% ~ Tn+1 
d == 1)” in =CtHt — 1)? ———_ 
live Px ee È> OD ra 
x8 xh x22 
=Ctx + +... 
8 15 22 


This series converges for | —x’| < 1, that is, for |x| < 1. 


(b) In applying the Fundamental Theorem of Calculus, it doesn’t matter which 
antiderivative we use, so let’s use the antiderivative from part (a) with C = 0: 


1 1 a 1 1 N 4 (=1)" 
a g: 28 AS 22s22 (In + 1)2”*! 


This infinite series is the exact value of the definite integral, but since it is an alter- 
nating series, we can approximate the sum using the Alternating Series Estimation 
Theorem. If we stop adding after the term with n = 3, the error is smaller than the term 
with n = 4: 


l _ eae ig 
29.22 > 
So we have 
o aD E E l 9,49951374 a 
a Ta g. 15.25 2.22 


E Functions Defined by Power Series 


Some of the most important functions in the sciences are defined by power series and are 
not expressible in terms of elementary functions (as described in Section 7.5). Many of 
these arise naturally as solutions of differential equations. One such class of functions is the 
Bessel functions, named after the German astronomer Friedrich Bessel (1784—1846). 
These functions first arose when Bessel solved Kepler’s equation for describing planetary 
motion. Since that time, Bessel functions have been applied in many different physical situ- 
ations, including the temperature distribution in a circular plate and the shape of a vibrating 
drumhead. Bessel functions appear in the next example as well as in Exercises 39 and 40. 
Other examples of functions defined by power series are given in Exercises 38 and 41. 
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A computer-generated model, 
involving Bessel functions and 
cosine functions, of a vibrating 
drumhead. 


FIGURE 2 


Partial sums of the Bessel function Jo 


FIGURE 3 


Sequences, Series, and Power Series 


EXAMPLE 8 The Bessel function of order 0 is defined by 


æ (— 1)" x2" 
Jo(x) = > = 
o(x) = gen (n!)? 

(a) Find the domain of Jo. 


(b) Find the derivative of Jo. 
SOLUTION 
(a) Let a, = (—1)"x?"/[2?" (n!)?]. Then 


(H—1)rt hr) 227 (n!)? 
VOT (yn + DIP (—1)"x?" 


An+1 


an 


xen t2 227 (n!)? 


gente (n + 1)? (n!)? x2" 


2 


x 
“aie for all x 


Thus, by the Ratio Test, the given series converges for all values of x. In other words, 
the domain of the Bessel function Jo is (—2, ©) = R. 


(b) By Theorem 2, Jo is differentiable for all x and its derivative is found by term-by- 
term differentiation as follows: 


go) = 2 ED $ D" 2a 


= dx 92n (n!)? aa n2n (n? 


Recall that the sum of a series is equal to the limit of the sequence of partial sums. So 
when we define the Bessel function in Example 8 as the sum of a series we mean that, for 
every real number x, 


; n (- 1)'x” 
Jo(x) = lim s(x) where s(x) = > Aaa 
no imo 2” (i!) 
The first few partial sums are 
So(x) =] 
2 
x 
s(x) = 1 —- a 
x2 4 
= ] — — + — 
sal) 4° 64 
x? x4 ye 
=] + 
sala) 4 64 2304 
2 4 6 8 


sax) = 1 ae + 
4 64 2304 147,456 
Figure 2 shows the graphs of these partial sums, which are polynomials. They are all 


approximations to the function Jo, but the approximations become better when more 
terms are included. Figure 3 shows a more complete graph of the Bessel function. 
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11.9 | Exercises 


1. If the radius of convergence of the power series Y;=0 CrX” 
is 10, what is the radius of convergence of the series 
Dre ne, x" 1? Why? 


2. Suppose you know that the series }"=o b,x" converges for 
|x| < 2. What can you say about the following series? Why? 


b 


Le xt! 
n+1 


00 
> 
n=0 


3-12 Find a power series representation for the function and 
determine the interval of convergence. 


= ay a i=a55 

5. fo) = 6. fo) = 
0o- 8. J= 5043 
0o- w= 

11. fo) == 12. f@) =a a>0 


13-14 Express the function as the sum of a power series by first 
using partial fractions. Find the interval of convergence. 


2x— 4 PA AaS] 


13. f@) = M M sf = SO 
fœ x — 4x++3 fO) x +3x+2 


15. (a) Use differentiation to find a power series representation for 


1 


f(x) = KETI 


What is the radius of convergence? 
(b) Use part (a) to find a power series for 


1 


f(x) = a+. 


(c) Use part (b) to find a power series for 


x 


nas 
16. (a) Use Equation 1 to find a power series representation for 
f(x) = ln(1 — x). What is the radius of convergence? 
(b) Use part (a) to find a power series for f(x) = x In(1 — x). 
(c) By putting x = 5 in your result from part (a), express In 2 
as the sum of an infinite series. 


17-22 Find a power series representation for the function and 
determine the radius of convergence. 


x x . 
17. iO) = TS ae 18. f(x) = (=) 
l+x Roe x 
19. f(x) = a- 20. f(x) = -w 
21. f(x) = In(5 — x) 22. f(x) = x° tan`! (x°) 


[Ñ 23-26 Find a power series representation for f, and graph f and 
several partial sums s„(x) on the same screen. What happens as n 


increases? 
23. f(x) = -5 24. f(x) =In(1 + x’) 
25. f(x) = (4 ia z) 26. f(x) = tan™!(2x) 


27-30 Evaluate the indefinite integral as a power series. What is 
the radius of convergence? 


t t 
27. t 28. | —— dt 
j 1-48 g J 1+8 
t =] 
29. Í x7 In(1 + x) dx 30. f a 
x 


31-34 Use a power series to approximate the definite integral to 
six decimal places. 


03 x 1/2 x 
(J EFE dx 32. f arctan 7” 
0.2 2 0.3 x’ 
(J xIn(1 + x?) dx 34. [| EE 


35. Use the result of Example 6 to compute arctan 0.2 correct to 
five decimal places. 


36. Use the result of Example 5 to compute In 1.1 correct to four 
decimal places. 


37. (a) Show that the function 


æ n 


TORDE 


n=0 n! 


is a solution of the differential equation 
f'(x) = FQ) 
(b) Show that f(x) = e*. 
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A(x) 


CHAPTER 11 Sequences, Series, and Power Series 


38. Show that the function 


(=n 
fl) = aaa (2n)! 


is a solution of the differential equation 
Ff") + f(x) = 0 


39. (a) Show that Jo (the Bessel function of order 0 given in 
Example 8) satisfies the differential equation 


x Jox) 


(b) Evaluate b Jo(x) dx correct to three decimal places. 


+ x Ji(x) + x7Jo(x) = 0 


40. The Bessel function of order 1 is defined by 


AQ) = 5 a 


£ n!(n + 1)!22"* 


(a) Find the domain of J;. 
(b) Show that J; satisfies the differential equation 


x7 (x) + xd (x) + (x? — I(x) = 0 
(c) Show that Jo(x) = —Ji(x). 
41. The function A defined by 
x x ad 


239 DISS 26 24325762829 


is called an Airy function after the English mathematician 

and astronomer Sir George Airy (1801-1892). 

(a) Find the domain of the Airy function. 

(b) Graph the first several partial sums on a common 
screen. 

(c) Use a computer algebra system that has built-in Airy 
functions to graph A on the same screen as the partial 
sums in part (b) and observe how the partial sums 
approximate A. 


42. If f(x) = So cnx", where cy+4 = Cn for all n = 0, find the 
interval of convergence of the series and a formula for f(x). 


43. A function f is defined by 


f@=1+2x4 x74 


that is, its coefficients are c2, = 1 and c2,+; = 2 for all 
n = Q. Find the interval of convergence of the series and 
find an explicit formula for f(x). 


44. Let f,(x) = (sin nx)/n?. Show that the series > f,(x) con- 
verges for all values of x but the series of derivatives > fy (x) 
diverges when x = 2n7r, n an integer. For what values of x 
does the series È f'(x) converge? 


45. Let 


n 


f(x) = 


n= N 


Find the intervals of convergence for f, f’, and f”. 


14 H t isn. 


46. 


47. 


48. 


49. 


50. 


51. 


(a) Starting with the geometric series >; x", find the sum 
of the series 


æ 
> nx"! 


n=1 


|x| <1 


(b) Find the sum of each of the io series. 


(i) X nx’, |x| <1 (ii) 5 F 
n=1 n=1 


(c) Find the sum of each of the following series. 


(i) > n(n — 1)x", 


|x| <1 


(iii) 2 — 


n=1 2" 


If f(x) = 1/(1 — x), find a power series representation for 
h(x) = xf'(x) + x°f"(x) and determine the radius of con- 
vergence. Use this to show that 


=6 


iMs 


w 
Lo 
Use the power series representation of f(x) = 1/(1 — x) 
and the fact that 9801 = 99? to show that 1/9801 is a 


repeating decimal that contains every two digit number in 
order, except for 98, as shown. 


1 
—— = 0; 10203... 
9801 0.00 0 03 


96 97 99 


A ] 

100° 

Use the power series for tan ~™'x to prove the following 
expression for 7 as the sum of an infinite series: 


weaves CU 


a0 (2n + 1)3” 


[ Hint: Consider x = 


(a) By completing the square, show that 


(” dx T 
3/3 


(b) By factoring x? + 1 as a sum of cubes, rewrite the inte- 
gral in part (a). Then express 1/(x* + 1) as the sum of a 
power series and use it to prove the following formula 


2 1 
3n+1  3n+2 


Use the Ratio Test to show that if the series X=» c,x" has 
radius of convergence R, then each of the series 


Jo x -—x4+1 


for 7: 


3v3 5 CD" 


4 n=0 8" 


xt 


és 
SX nex"! and > Cy — 


n=1 n=0 n+1 


also has radius of convergence R. 
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11.10 | Taylor and Maclaurin Series 


In Section 11.9 we were able to find power series representations for a certain restricted 
class of functions, namely, those that can be obtained from geometric series. Here we 
investigate more general problems: Which functions have power series representations? 
How can we find such representations? We will see that some of the most important func- 
tions in calculus, such as e* and sin x, can be represented as power series. 


E Definitions of Taylor Series and Maclaurin Series 


We start by supposing that f is a function that can be represented by a power series 
m] fœ = co + clx a) + a= a? + clx a’ + clx- a) t+ |x- a| <r 


Let’s try to determine what the coefficients c, must be in terms of f. To begin, notice that 
if we put x = a in Equation 1, then all terms after the first one are 0 and we get 


f(a) = co 
By Theorem 11.9.2, we can differentiate the series in Equation | term by term: 
[2] f(x) = c + 2e(x — a) + 3c(x — a)? + 4ey(x — a} +. lx al <R 
and substitution of x = a in Equation 2 gives 
f ‘(a) = c] 
Now we differentiate both sides of Equation 2 and obtain 
[3] f(x) = 2c. + 2+ 3ex(x — a) + 3+ 4ea(x -af +- |x -—a|<R 
Again we put x = a in Equation 3. The result is 
EG) = 2c: 
Let’s apply the procedure one more time. Differentiation of the series in Equation 3 gives 
[a] Pl 2 3c + 2-3. dela = a) +34 Sole = a) +. |x= a| <R 
and substitution of x = a in Equation 4 gives 
f"(@ = 2 3c3 = 3!c3 


By now you can see the pattern. If we continue to differentiate and substitute x = a, we 
obtain 


f(a) =2+3°4-> sone, = nlc, 


Solving this equation for the nth coefficient cn, we get 


f(a 
gad u 


n! 


This formula remains valid even for n = 0 if we adopt the conventions that 0! = 1 and 
f® = f. Thus we have proved the following theorem. 
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Taylor and Maclaurin 


The Taylor series is named after the 
English mathematician Brook Taylor 
(1685-1731) and the Maclaurin series 
is named in honor of the Scottish 
mathematician Colin Maclaurin 
(1698-1746) despite the fact that the 
Maclaurin series is really just a special 
case of the Taylor series. But the idea 
of representing particular functions 
as sums of power series goes back to 
Newton, and the general Taylor series 
was known to the Scottish mathe- 
matician James Gregory in 1668 and 
to the Swiss mathematician John 
Bernoulli in the 1690s. Taylor was 
apparently unaware of the work of 
Gregory and Bernoulli when he pub- 
lished his discoveries on series in 1715 
in his book Methodus incrementorum 
directa et inversa. Maclaurin series are 
named after Colin Maclaurin because 
he popularized them in his calculus 
textbook Treatise of Fluxions published 
in 1742. 


Sequences, Series, and Power Series 


[5| Theorem If f has a power series representation (expansion) at a, that is, if 


œ 


f(x) E > Cle J a)" 


n=0 


lea] <R 


then its coefficients are given by the formula 


— f"@ 


Substituting this formula for c, back into the series, we see that if f has a power series 
expansion at a, then it must be of the following form. 


, £@ 


zi (x-a +. 


(x-a + a 


The series in Equation 6 is called the Taylor series of the function f at a (or about 
a or centered at a). For the special case a = 0 the Taylor series becomes 


x? 


This case arises frequently enough that it is given the special name Maclaurin series. 


NOTE 1 When we find a Taylor series for a function f, there is no guarantee that the 
sum of the Taylor series is equal to f. Theorem 5 says that if f has a power series 
representation about a, then that power series must be the Taylor series of f. There exist 
functions that are not equal to the sum of their Taylor series, such as the function given 
in Exercise 96. 


NOTE 2 The power series representation at a of a function is unique, regardless of 
how it is found, because Theorem 5 states that if f has a power series representation 
f(x) = Ec,(x — a)", then c, must be f™”(a)/n!. Thus all the power series representa- 
tions we developed in Section 11.9 are in fact the Taylor series of the functions they 
represent. 


EXAMPLE 1 We know from Equation 11.9.1 that the function f(x) = 1/(1 — x) has a 
power series representation 


1 < 2 3 
= Xx"=]+x+x t+. 
L= n=0 


|x| <1 
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According to Theorem 5, this series must be the Maclaurin series of f with coefficients 
Cn given byf ®(0)/n!. To confirm this, we compute 


1 
fæ) = T= f(0) = 1 
x 
(Q) = — (0) =1 
cia | 
n" 1 a 2 ” — i 
PUR fOQ =1-2 
m 1-2: 3 m _ ` z 
PO) = Gop f") = 1-23 
and, in general, 
(ls) a n! = 
Peaga a OS 
Thus 
fOO an! i 
” n! n! 
and, from Equation 7, 
- = > £r") x’ = > x" E 
l1-x ay A! n=0 


EXAMPLE 2 For the function f(x) = e*, find the Maclaurin series and its radius of 
convergence. 


SOLUTION If f(x) = e*, then f(x) = e*, so f™®(0) = e° = 1 for all n. Therefore the 
Taylor series for f at 0 (that is, the Maclaurin series) is 


= f0 = x" x x”. Og? 
©) x=) —=1+—4+—4+—+--. 
no. n! no nn! 1! 2! 3! 


To find the radius of convergence we let a, = x"/n!. Then 


apii ge n! |x| 
= . = >0<1 
an (n+ 1)! x” n+1 


so, by the Ratio Test, the series converges for all x and the radius of convergence 
is R = œ, a 


E When Is a Function Represented by Its Taylor Series? 


From Theorem 5 and Example 2 we can conclude that if we know that e* has a power 
series representation at 0, then this power series must be its Maclaurin series 


œ n 
x 
C= > E 
n=0 n! 
So how can we determine whether e* does have a power series representation? 
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Let’s investigate the more general question: under what circumstances is a function 
equal to the sum of its Taylor series? In other words, if f has derivatives of all orders, 
when is it true that 


n) 
sf, 


n=0 


F(x) = a)" 
As with any convergent series, this means that f(x) is the limit of the sequence of partial 
sums. In the case of the Taylor series, the partial sums are 


(i) 
“2 e-a 


£@) 


” ert Lig gn Eig gpa = (x= a)" 


Notice that T, is a polynomial of degree n called the nth-degree Taylor polynomial of 
f ata. For instance, for the exponential function f(x) = e*, the result of Example 2 shows 
that the Taylor polynomials at 0 (or Maclaurin polynomials) with n = 1, 2, and 3 are 


x? x? x? 
Ti(x) =1+x Tx) = 1 +x + zT Py) =1+txt ot ay 
The graphs of the exponential function and these three Taylor polynomials are drawn in 
Figure 1. 
In general, f(x) is the sum of its Taylor series if 
y = T(x) f(x) = lim T,(x) 
If we let = 


FIGURE 1 
R,(x) = f(x) aa T(x) so that f(x) = T,(x) T R,(x) 
As n increases, T,(x) appears to 


approach e* in Figure 1. This suggests then R,(x) is called the remainder of the Taylor series. If we can somehow show that 
that e* is equal to the sum of its lim, —. R,(x) = 0, then it follows that 


anil lim Ty(x) = lim [ f(a) — R] =f) — lim R(x) =f) 


We have therefore proved the following theorem. 


Theorem If f(x) = T,(x) + R,(x), where T, is the nth-degree Taylor polyno- 
mial of f at a, and if 


lim R,(x) = 0 


for |x — a| < R, then f is equal to the sum of its Taylor series on the interval 
| x = a| <R. 


In trying to show that lim,,—.. R,(x) = 0 for a specific function f, we usually use the 
following theorem. 


[9] Taylor’s Inequality If | f"*?(x)| < M for |x — a| < d, then the remainder 
R,(x) of the Taylor series satisfies the inequality 


M 
| Ra) | 5s =—_ —— |: end for |x- a| <d 
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Formulas for the 

Taylor Remainder Term 

As alternatives to Taylor’s Inequality, 
we have the following formulas for 
the remainder term. If f"*” 
uous on an interval / and x € Z, then 


R(x) = Lp (x — A" (t) dt 


This is called the integral form of the 
remainder term. Another formula, 
called Lagrange’s form of the remain- 
der term, states that there is a num- 
ber z between x and a such that 
f2) 


———(x-a 


~ m+ D! yu 


R,(x) 


This version is an extension of the 
Mean Value Theorem (which is the 
case n = 0). 

Proofs of these formulas, together 
with discussions of how to use them 
to solve the examples of Sections 
11.10 and 11.11, are given on the 
website 


www.StewartCalculus.com 


Click on Additional Topics and then on 
Formulas for the Remainder Term in 
Taylor series. 


is contin- 
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PROOF We first prove Taylor’s Inequality for n = 1. Assume that | f”(x) | < M. In 
particular, we have f”(x) S M, so for a S x S a + d we have 


Ero dt < fm dt 


An antiderivative of f” is f’, so by Part 2 of the Fundamental Theorem of Calculus, we 


have 
fa -= f'a) S Max-a) o f(y) S f(a + M(x- a) 


Thus F fit) dt < F [ f(a) + M(t — a)] dt 


(x — a}? 


Fœ) = Fla) <f(a(x — a) + M z 


fla) -= fla) = flax = a) < F(x - a 


But Ri(x) = f(x) — Ti(x) = f(x) — fla) — f'(a)\(x — a). So 


M 
Rix) = > (x -= a)? 
2 
A similar argument, using f"(x) = —M, shows that 


R(x) = a- a)? 


So |Ri(x)| < |x- al 


M 
2 
Although we have assumed that x > a, similar calculations show that this inequality is 

also true for x < a. 
This proves Taylor’s Inequality for the case where n = 1. The result for any n is 


proved in a similar way by integrating n + 1 times. (See Exercise 95 for the case 
n= 2.) a 


NOTE In Section 11.11 we will explore the use of Taylor’s Inequality in approximating 
functions. Our immediate use of it is in conjunction with Theorem 8. 


When we apply Theorems 8 and 9 it is often helpful to make use of the following fact. 


n 


lim —=0 


lim = 


for every real number x 


This is true because we know from Example 2 that the series > x"/n! converges for all x 
and so its nth term approaches 0. 
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With the help of computers, research- 
ers have now accurately computed 
the value of e to trillions of decimal 
places. 


EXAMPLE 3 Prove that e* is equal to the sum of its Maclaurin series. 


SOLUTION If f(x) = e’, then f*"(x) = e* for all n. If d is any positive number and 
|x| < d, then | f*”(x) | = e* < e°. So Taylor’s Inequality, with a = 0 and M = ef, 
says that 


d 


e 
| R(x) | < a+ D! 


Edidi for |x| <d 
Notice that the same constant M = e“ works for every value of n. But, from Equa- 


tion 10, we have 
d 
e x 
lim |x |"*' = e4 lim Je. =0 
ne (n + 1)! n>» (n + 1)! 


n+l 


It follows from the Squeeze Theorem that lim,,—.. | R,(x) | = (0 and therefore 
lim,,—..R,(x) = 0 for all values of x. By Theorem 8, e* is equal to the sum of its 
Maclaurin series, that is, 


= 


for all x 
n! E 


m E 
n=0 


In particular, if we put x = 1 in Equation 11, we obtain the following expression for 
the number e as a sum of an infinite series: 


ad 1 1 


[12] e=>—=1+—+ ee 


n=0 N! 1! 2! 3! 


EXAMPLE 4 Find the Taylor series for f(x) = e* ata = 2. 


SOLUTION We have f™(2) = e° and so, putting a = 2 in the definition of a Taylor 
series (6), we get 


æ% (n) æ% 2 
PECE a 


n=0 n! n=0 n! 


Again it can be verified, as in Example 2, that the radius of convergence is R = ©. As 
in Example 3 we can verify that lim,,_... R,(x) = 0, so 


= Gao alls la 
EJ > 


We have two power series expansions for e”, the Maclaurin series in Equation 11 and 
the Taylor series in Equation 13. The first is better if we are interested in values of x near 
0 and the second is better if x is near 2. 


E Taylor Series of Important Functions 


In Examples 2 and 4 we developed power series representations of the function e*, and 
in Section 11.9 we found power series representations for several other functions, includ- 
ing In(1 + x) and tan™'x. We now find representations for some additional important 
functions, including sin x and cos x. 
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EXAMPLE 5 Find the Maclaurin series for sin x and prove that it represents sin x for 
all x. 


SOLUTION We arrange our computation in two columns: 


f(x) = sin x f(0) =0 
Figure 2 shows the graph of sin x ; , 
together with its Taylor (or Maclaurin) f’) = cos x f'0) = 1 
| ial 
Penner fx) = -sin x f" =0 
T(x) =X 
r f”(x) = —cos x f"(0) = -1 
x 
T: E = PEPA 
ER 3! fP) = sinx fO) =0 
Ts(x) =x — a + z Since the derivatives repeat in a cycle of four, we can write the Maclaurin series as 
31S! follows: 
Notice that, as n increases, T,(x) f'o) f") , F”), 
becomes a better approximation to O+ Tn t 3 * Toss 
sin x. 
x3 x’ x! æ% 2a+1 
= + +s i 
3 5 7 2( On + DI! 


Since f"'(x) is +sin x or +cos x, we know that | f'"*?(x) | < 1 for all x. So we can 
take M = 1 in Taylor’s Inequality: 


M | al _ lar 
n+ 1)! 


| Rix) | = ( 


By Equation 10 the right side of this inequality approaches 0 as n — %, so 
| R(x) | > 0 by the Squeeze Theorem. It follows that R,(x) — 0 as n —> %, so sin x is 
FIGURE 2 equal to the sum of its Maclaurin series by Theorem 8. E 


We state the result of Example 5 for future reference. 


ntl 


1)" for all 
Vari 


EXAMPLE 6 Find the Maclaurin series for cos x. 


SOLUTION We could proceed directly as in Example 5, but it’s easier to use Theorem 
11.9.2 to differentiate the Maclaurin series for sin x given by Equation 15: 


d Gun d xe 2 x x? 4 
cos x = sin x) = tae 
A dx a dx ‘i ! ! 


2 a 
3x2 5x* 7x8 yo xt y’ 


3! 5! m 21° 4 6! 
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The Maclaurin series for e*, sin x, and Theorem 11.9.2 tells us that the differentiated series for sin x converges to the deriva- 
cos x that we found in Examples 3, 5, tive of sin x, namely cos x, and the radius of convergence remains unchanged, so the 
and 6 were discovered, using different series converges for all x. | 
methods, by Newton. These equa- 

tions are remarkable because they say 

we know everything about each of We state the result of Example 6 for future reference. 


these functions if we know all its 


derivatives at the single number 0. 
E E a 
coral- ay e 
a 
x 
= =)" for all 
ZOD" opi i 


EXAMPLE7 Represent f(x) = sin x as the sum of its Taylor series centered at 77/3. 


SOLUTION Arranging our work in columns, we have 


f(x) = sin x (2) -2 
id= AT 
f'(x) = cos x (2) 5 
n a $ n T = 3 
We have obtained two different PO) = any f (=) E a 


series representations for sin x, the 

Maclaurin series in Example 5 and the 

Taylor series in Example 7. It is best to miN mi T\ 1 
use the Maclaurin series for values of f”(x) = —cos x f 3) 2 
x near 0 and the Taylor series for x 

near 77/3. Notice that the third Taylor 


polynomial 73 in Figure 3 is a good and this pattern repeats indefinitely. Therefore the Taylor series at 77/3 is 

approximation to sin x near 7/3 but 

not as accurate near 0. Compare it 

with the third Maclaurin polynomial "A L n T m| T 

a au f f E ; 
3 in Figure 2, where the opposite is T 3 3 T 3 T 

t f x + x + + 
TUG: 3 1! 3 2! 3 3! 3 


YA 


We 1 T nl a \? 1 TV 
= F x x x +... 
2 2-1! 3 2:2! 3 2:3! 3 


The proof that this series represents sin x for all x is very similar to that in Example 5. 
[Just replace x by x — 7/3 in (14).] We can write the series in sigma notation if we 
separate the terms that contain /3: 


sin x = > o, z)” + > a (: zy" E 


FIGURE 3 S 2(2n)! 3 £ 2(2n + 1)! 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


SECTION 11.10 Taylor and Maclaurin Series 803 


EXAMPLE 8 Find the Maclaurin series for f(x) = (1 + x)‘, where k is any real number. 
SOLUTION We start by computing derivatives: 


f(a) = (1 +)! f(0) = 1 
f(a) = K+ sO) =k 
f(x) = klk = DO + F'O = Kk ~ 1) 
sma) = kk = Wk = NO E F'O = k(k — Dk- 2) 


FO) = kk- (Kon t DL 40" FAO = kk- 1 k-n) 


Therefore the Maclaurin series of f(x) = (1 + x)* is 


n 


% n) oo = esa = 
$ a ey MRD ett) 


n=0 n=0 n ! 


This series is called the binomial series. Notice that if k is a nonnegative integer, then 
the terms are eventually 0 and so the series is finite. For other values of k none of the 
terms is 0 and so we can investigate the convergence of the series by using the Ratio 
Test. If the nth term is an, then 


anı | [ke 1) (k-n + Dem ae nl 

an (n + 1)! kk —1)---(k—-n + Ix" 
k 
1] — — 

leah) 8 |x| |x| as n> 

n+1 1 
1+ 
n 


Thus, by the Ratio Test, the binomial series converges if |x| < 1 and diverges 
if |x| > 1. E 


The traditional notation for the coefficients in the binomial series is 


(*) -een 


n n! 


and these numbers are called the binomial coefficients. 

The following theorem states that (1 + x)* is equal to the sum of its Maclaurin series. 
It is possible to prove this by showing that the remainder term R,(x) approaches 0, but 
that turns out to be quite difficult. The proof outlined in Exercise 97 is much easier. 


The Binomial Series If k is any real number and |x| < 1, then 


ato ERETTE oe Mk= VES) ax e. 


2! 3! 


n=0 


Although the binomial series always converges when |x| < 1, the question of whether 
or not it converges at the endpoints, +1, depends on the value of k. It turns out that the 
series converges at lif —1 < k < Oandat both endpoints ifk = 0. Notice that if k is a pos- 
itive integer and n > k, then the expression for (£) contains a factor (k — k), so (hha 0 
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for n > k. This means that the series terminates and reduces to the ordinary Binomial 
Theorem when k is a positive integer. (See Reference Page 1.) 


EXAMPLE9 For the function f(x) = 


, find the Maclaurin series and its 
radius of convergence. v4 —x 


SOLUTION We rewrite f(x) in a form where we can use the binomial series: 


1 _ 1 _ 1 at i x \ 712 
V4—x x x 2 4 
4l == 2g ee 


Using the binomial series with k = —4 and with x replaced by —x/4, we have 


=li) a 
si fos (2)(—2) + (2) aa 


1 l Led a ese 4 13 Se ee (n= 1) 
— 1 4 x+ ae, 5 xL +H- + x+. 
2 8 218° 318° n!8” 
We know from (17) that this series converges when | —x/4| < 1, that is, |x| < 4, so 
the radius of convergence is R = 4. a 


For future reference we collect in the following table some important Maclaurin series 
that we have derived in this section and in Section 11.9. 


Table 1 so 
Important Maclaurin Series =Sx"=1ltextvrrtxtee: 
and Their Radii of n=0 
Convergence 


2n+1 


1 = — 1)? ———— = 
= >( "Ont DI 


x2" 


“Ga 


1) 


2n+1 


tan“ lx = 1)” = 
Aa aT 


xX 


æ% n 


ind +2) = (Cpls 


n=1 n 


pk- Dk- 4, 
3! 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


SECTION 11.10 Taylor and Maclaurin Series 805 


E New Taylor Series from Old 


As we observed in Note 2, if a function has a power series representation at a, then the 
series is uniquely determined. That is, no matter how a power series representation for a 
function f is obtained, it must be the Taylor series of f. So, we can obtain new Taylor 
series representations by manipulating series from Table 1, rather than using the coeffi- 
cient formula given in Theorem 5. 

As we saw in the examples of Section 11.9, we can replace x in a given Taylor series 
by an expression of the form cx”, we can multiply (or divide) the series by such an 
expression, and we can differentiate or integrate term by term (Theorem 11.9.2). It can 
be shown that we can also obtain new Taylor series by adding, subtracting, multiplying, 
or dividing Taylor series. 


EXAMPLE 10 Find the Maclaurin series for (a) f(x) = x cos x and 
b) f(x) = In(1 + 3x”). 

SOLUTION 

(a) We multiply the Maclaurin series for cos x (see Table 1) by x: 


x2" x2ntl 


reosx =x > ( 1)" (On! x y= (On! for all x 


(b) Replacing x by 3x7 in the Maclaurin series for In(1 + x) gives 


na + 3x2) = Sy"! Bs Lasgo 


n=1 n=1 


We know from Table 1 that this series converges for |3x°| < 1, that is |x| < 1/V3, so 
the radius of convergence is R = 1/ af. 3. E 


2”x n 
EXAMPLE 11 Find the function represented by the power series 5 (-1)" . 


n=0 


SOLUTION By writing 


œ PHE i œ (—2x)" 
> ( 1)" = 
n=0 n! n=0 n! 
we see that this series is obtained by replacing x with —2x in the series for e* (in 
Table 1). Thus the series represents the function e ~. a 


1 1 1 1 
EXAMPLE 12 Find the sum of the series > + pr 
I+ 2 222° 32 4-2 


SOLUTION With sigma notation we can write the given series as 


lyr 
Soy- omt 


n=1 n=1 


Then from Table 1 we see that this series matches the entry for In(1 + x) with x = L, So 


= 1 


Sey 


—— = In(1 + $) = In3 a 
Sey =h +) =n 

One reason that Taylor series are important is that they enable us to integrate functions 
that we couldn’t previously handle. In fact, in the introduction to this chapter we men- 
tioned that Newton often integrated functions by first expressing them as power series and 
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We can take C = 0 in the 
antiderivative in part (a). 


The limit in Example 14 could also be 
computed using I’Hospital’s Rule. 


Sequences, Series, and Power Series 


x 


then integrating the series term by term. The function f(x) = e™ can’t be integrated by 
techniques discussed so far because its antiderivative is not an elementary function (see 
Section 7.5). In the following example we use Newton’s idea to integrate this function. 


EXAMPLE 13 


(a) Evaluate | e™™® dx as an infinite series. 
(b) Evaluate f e™™ dx correct to within an error of 0.001. 


SOLUTION 

(a) First we find the Maclaurin series for f(x) = ge, Although it’s possible to use the 
direct method, let’s find it by simply replacing x with —x? in the series for e* given in 
Table 1. Thus, for all values of x, 


P æ (—x?)" æ x?” x? xí xê 
-= = p=] Ş TPR 
. > n! > V IO 2 3! 
Now we integrate term by term: 
2 4 6 2n 
a pes Ea Se ae bh 
Je dx | I 2! 3! n! 
x3 x? x! 2n+1 
=C+ a oe be oe (ae ht 
a TS 5.21 7-3! (“D" Gre Dal 


x 


. . ea . —x2 
This series converges for all x because the original series for e ™ converges for all x. 


(b) The Fundamental Theorem of Calculus gives 


i x? x x! x 
—x? qd = + + bas 
Lean Seg a a ; 


1 1 1 1 a 1 1 1 L 
=] a GG m Fog EE | 3 + i0 gx + zg ~ 0.7475 


The Alternating Series Estimation Theorem shows that the error involved in this 
approximation is less than 


1 1 
——— = —— < 0.001 E 
11-5! 1320 oe 


Taylor series can also be used to evaluate limits, as illustrated in the next example. 
(Some mathematical software computes limits in this way.) 


ie eee 


x? 


EXAMPLE 14 Evaluate lim Í 


SOLUTION Using the Maclaurin series for e* from Table 1, we see that the Maclaurin 
series for (e* — 1 — x)/x7 is 


s= {f = 2 3 
oe ed Cee -he 
x 1! 2! 3! 


1 [x xe xt 1 x x? 
= 3 +—4+—4.-.-)=—4+—4—4.--. 
x \ 2! 3! 4! ! ! 
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Thus 
e= [=y . 1 x x? 
lim 5 = lim + + 
x0 x x0 \ 2! 3! 4! 
=—> +0 +0 + =— 
because power series are continuous functions. E 


E Multiplication and Division of Power Series 


If power series are added or subtracted, they behave like polynomials (Theorem 11.2.8 
shows this). In fact, as the following example illustrates, they can also be multiplied and 
divided like polynomials. We find only the first few terms because the calculations for 
the later terms become tedious and the initial terms are the most important ones. 


EXAMPLE 15 Find the first three nonzero terms in the Maclaurin series for (a) e* sin x 
and (b) tan x. 


SOLUTION 
(a) Using the Maclaurin series for e* and sin x in Table 1, we have 


x? x? 3 


x x 
1! 2! 3! 3! 


e“ sinx= |1 + 


We multiply these expressions, collecting like terms just as for polynomials: 


w 


l+x4+ 5x? +x +. 
x x = ex? ate 
Xr xX tix ttxt. 
173 1,4 _ 
ag — 6x 6x 
x+ x? 4+ ix? T 
Thus esinx=xtx?+4x3 4+... 
3 
(b) Using the Maclaurin series in Table 1, we have 
x? x 
sin x 3! 5! 
tan x = = z 7 
cos x x x 
te SS 
zi 4! 
We use a procedure like long division: 
toe + ax + 
1\2 tA 133 1,5 _ 
L= 5X0 FEX --)x gx + pox 
x= 5x3 + qx = 
13 145 
3% 30 * 
13 1.5 
3% 6 * 
Ax? poe 
_ 13 2.5 
Thus tanx =x +3x + Gr. a 
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Although we have not attempted to justify the formal manipulations that were used in 
Example 15, they are legitimate. There is a theorem which states that if both f(x) = È cnx” 
and g(x) = È b,x” converge for |x| < R and the series are multiplied as if they were 
polynomials, then the resulting series also converges for |x| < R and represents f(x) g(x). 
For division we require by # 0; the resulting series converges for sufficiently small | x |. 


11.10 | Exercises 


Er- b,(x — 5)" for all x, write a formula for bs. 


1. If f(x) = 
2. The graph of f is shown. 


YA 


(a) Explain why the series 1.1 + 0.7x? + 2.2x* + ---is not 
the Maclaurin series of f. 
(b) Explain why the series 


1.6 — 0.8(x 


1) + 0.4(x — 1? — O.1(x — 1} +- 


is not the Taylor series of f centered at 1. 
(c) Explain why the series 


2.8 + 0.5(x — 2) + 1.5(x — 2 — O.1(x — 2 + --- 
is not the Taylor series of f centered at 2. 


3. If f”(0) = (n + 1)! forn = 0, 1, 2,..., find the Maclaurin 
series for f and its radius of convergence. 


4. Find the Taylor series for f centered at 4 if 


(=1)"n! 


POO = FFD 


What is the radius of convergence of the Taylor series? 


5-10 Use the definition of a Taylor series to find the first four 


nonzero terms of the series for f(x) centered at the given value of a. 


1 
1+ 


5. f(x) = xe% a=0 6. f(x) = a=2 


7. fix) = ve, a=8 
9. f(x) =sinx, a= 7/6 


8. f(x) =Inx, a=1 
10. f(x) =cos*x, a=0 


11-20 Find the Maclaurin series for f(x) using the definition of a 
Maclaurin series. [Assume that f has a power series expansion. 
Do not show that R,,(x) — 0.] Also find the associated radius of 
convergence. 


11. f(x) = (1 — x)? 12. f(x) = ln(1 + x) 


13. f(x) = cos x 14. f(x) =e 
15. f(x) = 2x4 — 3x? +3 16. f(x) = sin 3x 
17. f(x) = 2" 18. f(x) = x cos x 
19. f(x) = sinh x 20. f(x) = cosh x 


21-30 Find the Taylor series for f(x) centered at the given value 
of a. [Assume that f has a power series expansion. Do not show 
that R,,(x) — 0.] Also find the associated radius of convergence. 


21. f(x) =x + 2x3 +x, a=2 


22. f(x) =x% —x4 +2, a=-2 

@ f(xy) =Inx, a=2 24. f(x) =1/x, a= -3 
@ f(y) =e", a=3 26. f(x) =1/x?, a=1 
D/o) = sinx, a= r 28. f(x) =cosx, a=7/2 
29. f(x)=sin2x, a=m 30. f(x)=Vx, a= 16 


31. Prove that the series obtained in Exercise 13 represents cos x 
for all x. 


32. Prove that the series obtained in Exercise 27 represents sin x 
for all x. 


33. Prove that the series obtained in Exercise 19 represents sinh x 
for all x. 


34. Prove that the series obtained in Exercise 20 represents cosh x 
for all x. 


35-38 Use the binomial series to expand the given function as a 
power series. State the radius of convergence. 


35. Vl—-—x 36. V8 +x 


1 
38. (1 — x)” 


37. ——, 
(2 + x)? 


39-48 Use a Maclaurin series in Table | to obtain the Maclaurin 


series for the given function. 
39. f(x) = arctan (x°) 40. f(x) = sin(ax/4) 


41. f(x) =xcos 2x 42. f(x) = e” -— e” 


43. f(x) = x cos(5x’) 44. f(x) =x°ln(1 + x°) 
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45. f(x) = — à 


x 


47. f(x) = sin’x [ Hint: Use sin2x = 5(1 — cos 2x), 


46. f(x) = 


x— sinx . 
= E 
48. f(x) = x 


if x=0 


49. Use the definitions 


erme e*+e* 
cosh x = ————— 
2 2 


sinh x = 


and the Maclaurin series for e* to show that 


æ x?”t! 
inhx= ee. 
a) Se > (Qn + 1)! 
pa x2" 
(b) cosh x = > On! 


50. Use the formula 


-1 1 La x 
tanh x In 
2 L= 


and the Maclaurin series for In(1 + x) to show that 


I<] 


% -2n+1 


tanh!x = X, ———_ 
> 2n + 1 


51-54 Find the Maclaurin series of f (by any method) and the 


associated radius of convergence. Graph f and its first few 
Taylor polynomials on the same screen. What do you notice 
about the relationship between these polynomials and f? 


51. f(x) = cos(x’) 52. f(x) =In(1 + x°) 
53. f(x) = xe™ 54. f(x) = tan '(x°) 


55. Use the Maclaurin series for cos x to compute cos 5° correct 
to five decimal places. 


56. Use the Maclaurin series for e* to calculate 1/ Ye correct to 
five decimal places. 


57. (a) Use the binomial series to expand 1/y1 — x?. 
(b) Use part (a) to find the Maclaurin series for sin” !x. 


58. (a) Expand 1/</1 + x as a power series. 
(b) Use part (a) to estimate 1/¥/1.1 correct to three decimal 
places. 


59-62 Evaluate the indefinite integral as an infinite series. 


59. 1+ x? dx 
Jv 


60. f xsin?) dx 


=i 
61. [= dx 62. f arctan(x*) dx 
x 
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63-66 Use series to approximate the definite integral to within 
the indicated accuracy. 


63. w x'arctanxdx (four decimal places) 
64. { sin(x*) dx (four decimal places) 


65. S V1 + x4 dx (|error| <5 x 10°) 


66. [Pend (Jerror| < 0.001) 


67-71 Use series to evaluate the limit. 


. x—In(l +x) . 1 — cosx 
67. lim 15 Y 68. lim ————— 
x>0 x x>0 | +x— e” 
| sinx — x + 3x3 
69. lim F 
x0 x 
Jl+x -1-3 
70. lim 4 ae 
x0 b ams 
— x8 — 3x + 3tan!x 
71. lim 5 
x0 x 


72. Use the series in Example 15(b) to evaluate 


tan x = x 


lim 5 


x0 x 


We found this limit in Example 4.4.4 using l’ Hospital’s 
Rule three times. Which method do you prefer? 


73-78 Use multiplication or division of power series to find the 
first three nonzero terms in the Maclaurin series for each function. 


73. y=e™* cosx 74. y= sec x 


75. y= 


: 76. y= e*ln(1 + x) 
sin x 


77. y = (arctan x)? 78. y= e” sin’x 


79-82 Find the function represented by the given power series. 


æ xf" æ x" 
79. S(-1)" — 80. X (1)! — 
n=0 n! n=1 n 
w% nt æ% 2n+1 
81. 1)” 82. 1)” 
> ) 22n + 1) 2 ) 2127 + 1)! 


83-90 Find the sum of the series. 


co (-1)" æ (=1)" m?” 
83. = 84. STETE 
> n! 2 6” (2n)! 
oo 3" æ% 3" 
85. > (11)! — 86. > 
n=1 n 5” n=0 S'n! 
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ay 5 (yg 96. (a) Show that the function defined by 
. = 4" 10n + 1)! er 
ev if x 
In2)? (In 2)? f(x) =f PUIA 
eee M gi 0 ifx=0 
2! 3! 
9 7 g1 is not equal to its Maclaurin series. 


89. 3 4 } t foes AY (b) Graph the function in part (a) and comment on its 


2! 3! 4! behavior near the origin. 
90. 1 1 | 1 l beai 97. Use the following steps to prove Theorem 17. 
122. B22" S-2? Jez (a) Let g(x) = S%_o(*)x". Differentiate this series to show that 
one . yy kg) 
91. Show that if p is an nth-degree polynomial, then g(x) = TIS -l<x<l 
x 
_ oy PP) T 
px+1)= > F (b) Let A(x) = (1 + x) *g(x) and show that h'(x) = 0. 


(c) Deduce that g(x) = (1 + x)‘. 


92. Use the Maclaurin series for f(x) = x/(1 + x’) to find 98. In Exercise 10.2.62 it was shown that the length of the ellipse 


feo) è 
` x = a sin, y = b cos@, where a > b > 0, is 
93. Use the Maclaurin series for f(x) = x sin(x’) to find f°"(0). 
B rnn 
94. If f(x) = (1 + x°)”, what is f9 (0)? L=4a f V1 —e?sin’6 do 


95. Prove Taylor’s Inequality for n = 2, that is, prove that if 

| f(x) | = M for |x — a| < d, then where e = ya? — b?/a is the eccentricity of the ellipse. 
l Expand the integrand as a binomial series and use the 
result of Exercise 7.1.56 to express L as a series in powers of 


M 
R(x) S — Ix- al orix- a| S i : 
(x) >. d 6 
6 the eccentricity up to the term in e°. 


DISCOVERY PROJECT AN ELUSIVE LIMIT 


This project deals with the function 


sin(tan x) — tan(sin x) 


f(x) 


arcsin(arctan x) — arctan(arcsin x) 


1. Use a computer algebra system to evaluate f(x) for x = 1, 0.1, 0.01, 0.001, and 0.0001. 
(A calculator may not provide accurate values.) Does it appear that f has a limit 
as x— 0? 


2. Use the CAS to graph f near x = 0. Does it appear that f has a limit as x > 0? 


3. Try to evaluate lim,— f(x) with l’Hospital’s Rule, using the CAS to find derivatives 
of the numerator and denominator. What do you discover? How many applications of 
l’Hospital’s Rule are required? 


4. Evaluate lim,—o f(x) by using the CAS to find sufficiently many terms in the Taylor series 
of the numerator and denominator. 


5. Use the limit command on the CAS to find lim, —o f(x) directly. (Most computer 
algebra systems use the method of Problem 4 to compute limits.) 


6. In view of the answers to Problems 4 and 5, how do you explain the results of 
Problems 1 and 2? 
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WRITING PROJECT | HOW NEWTON DISCOVERED THE BINOMIAL SERIES 


The Binomial Theorem, which gives the expansion of (a + b)*, was known to Chinese 
mathematicians many centuries before the time of Newton for the case where the exponent k 
is a positive integer. In 1665, when he was 22, Newton was the first to discover the infinite 
series expansion of (a + b)* when k is a fractional exponent (positive or negative). He didn’t 
publish his discovery, but he stated it and gave examples of how to use it in a letter (now 
called the epistola prior) dated June 13, 1676, that he sent to Henry Oldenburg, secretary of 
the Royal Society of London, to transmit to Leibniz. When Leibniz replied, he asked how 
Newton had discovered the binomial series. Newton wrote a second letter, the epistola 
posterior of October 24, 1676, in which he explained in great detail how he arrived at his 
discovery by a very indirect route. He was investigating the areas under the curves 
y=(1- x7)" from 0 to x for n = 0, 1, 2, 3, 4, . . . . These are easy to calculate if is 
even. By observing patterns and interpolating, Newton was able to guess the answers for 
odd values of n. Then he realized he could get the same answers by expressing (1 — x7)" 
as an infinite series. 

Write an essay on Newton’s discovery of the binomial series. Start by giving the state- 
ment of the binomial series in Newton’s notation (see the epistola prior on page 285 of [4] 
or page 402 of [2]). Explain why Newton’s version is equivalent to Theorem 11.10.17. Then 
read Newton’s epistola posterior (page 287 in [4] or page 404 in [2]) and explain the pat- 
terns that Newton discovered in the areas under the curves y = (1 — x7)". Show how he 
was able to guess the areas under the remaining curves and how he verified his answers. 
Finally, explain how these discoveries led to the binomial series. The books by Edwards [1] 
and Katz [3] contain commentaries on Newton’s letters. 


1. C. H. Edwards, Jr., The Historical Development of the Calculus (New York: Springer- 
Verlag, 1979), pp. 178-87. 


2. Jahn Fauvel and Jeremy Gray, eds., The History of Mathematics: A Reader (Basingstoke, 
UK: MacMillan Education, 1987). 


3. Victor Katz, A History of Mathematics: An Introduction, 3rd ed. (Boston: Addison- 
Wesley, 2009), pp. 543-82. 


4. D. J. Struik, ed., A Source Book in Mathematics, 1200-1800 (Cambridge, MA: Harvard 
University Press, 1969). 


11.11 | Applications of Taylor Polynomials 


In this section we explore two types of applications of Taylor polynomials. First we look 
at how they are used to approximate functions—computer scientists employ them 
because polynomials are the simplest of functions. Then we investigate how physicists 
and engineers use them in such fields as relativity, optics, blackbody radiation, electric 
dipoles, the velocity of water waves, and building highways across a desert. 


E Approximating Functions by Polynomials 


Suppose that f(x) is equal to the sum of its Taylor series at a: 


00 (n) 
fa) = > a-a 


n=0 
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In Section 11.10 we introduced the notation T,(x) for the nth partial sum of this series 
and called it the nth-degree Taylor polynomial of f at a. Thus 


n (i) 
12) = 54e- a 
“a "aq (n) 
= f(a) + ro (x— a) + ri ) (x-a tere + Og- a)" 


Since f is the sum of its Taylor series, we know that T,(x) —> f(x) as n —> ~ and so T, 
can be used as an approximation to f: f(x) ~ T,(x). 
Notice that the first-degree Taylor polynomial 


T(x) = fla) + fax — a) 


is the same as the linearization of f at a that we discussed in Section 3.10. Notice also 
that T, and its derivative have the same values at a that f and f’ have. In general, it can 
be shown that the derivatives of T, at a agree with those of f up to and including deriva- 
tives of order n. 
> To illustrate these ideas let’s take another look at the graphs of y = e* and its first 
few Taylor polynomials, as shown in Figure 1. The graph of T, is the tangent line to 
y = e* at (0, 1); this tangent line is the best linear approximation to e* near (0, 1). The 
graph of T is the parabola y = 1 + x + x/2, and the graph of T; is the cubic curve 
FIGURE 1 y = 1 + x + x?/2 + x°/6, which is a closer fit to the exponential curve y = e* than 7». 
The next Taylor polynomial 7; would be an even better approximation, and so on. 

The values in the table give a numerical demonstration of the convergence of the Tay- 
v= 02 z= 30 lor polynomials T,,(x) to the function y = e*. We see that when x = 0.2 the convergence 
is very rapid, but when x = 3 it is somewhat slower. In fact, the farther x is from 0, the 
more slowly T,(x) converges to e”. 

When using a Taylor polynomial T, to approximate a function f, we have to ask the 
questions: How good an approximation is it? How large should we take n to be in order 
to achieve a desired accuracy? To answer these questions we need to look at the absolute 
value of the remainder: 


T(x) 1.220000 | 8.500000 
T(x) 1.221400 | 16.375000 
T(x) 1.221403 | 19.412500 
T(x) 1.221403 | 20.009152 
T(x) | 1.221403 | 20.079665 


e* 1.221403 20.085537 


| R(x) | = | f(x) = Talx) | 


There are three possible methods for estimating the size of the error: 


1. We can use a calculator or computer to graph | R,(x) | = | f(x) — T,(x) | and 
thereby estimate the error. 


2. If the series happens to be an alternating series, we can use the Alternating Series 
Estimation Theorem. 


3. In all cases we can use Taylor’s Inequality (Theorem 11.10.9), which says that if 
| f°"? (x) | < M, then 


oM 
G+ i Ix 


| Ru(x) | < 


aa 


EXAMPLE 1 


(a) Approximate the function f(x) = Res by a Taylor polynomial of degree 2 at a = 8. 
(b) How accurate is this approximation when 7 <S x < 9? 
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FIGURE 2 


0.0003 


7 


0 


FIGURE 3 
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SOLUTION 
(a) f(x) = Ye = x" f8) = 


fia) = 5x? O= 
P'o = —9x 58 FOs 
fra) = x8 

Thus the second-degree Taylor polynomial is 


f'(8) f"(8) 
Ti aa ey 


=2 + (x 8) zx 8) 


T(x) = f(8) + 


(x — 8) 


The desired approximation is 


Yx = T(x) =2+ 5 (x 8) zx 8)? 


(b) The Taylor series is not alternating when x < 8, so we can’t use the Alternating 
Series Estimation Theorem in this example. But we can use Taylor’s Inequality with 
n=2anda=8: 


M 
IROI = Sx — 8° 


where | f” (x)| < M. Because x > 7, we have x*/? = 7° and so 


10 1 _ 10 
7 x83 O07 78 


"œ= < 0.0021 


Therefore we can take M = 0.0021. Also 7 S x < 9, so —1 Sx — 8 < 1 and 
|x — 8| < 1. Then Taylor’s Inequality gives 
0.0021 p= 0.0021 


| Ro(x)| S 31 


< 0.0004 
Thus, if 7 < x < 9, the approximation in part (a) is accurate to within 0.0004. a 


Let’s check the calculation in Example | graphically. Figure 2 shows that the graphs 
of y = </x and y = T(x) are very close to each other when x is near 8. Figure 3 shows 
the graph of | Ro(x) | computed from the expression 


| Ra) | = | — Tox) | 


We see from the graph that 
| Ro(x) | < 0.0003 


when 7 < x < 9. Thus the error estimate from graphical methods is slightly better than 
the error estimate from Taylor’s Inequality in this case. 


EXAMPLE 2 
(a) What is the maximum error possible in using the approximation 
Ho KP 
sin x = x- — + — 
3! 5! 


when —0.3 < x < 0.3? Use this approximation to find sin 12° correct to six decimal 
places. 
(b) For what values of x is this approximation accurate to within 0.00005? 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


814 CHAPTER 11 Sequences, Series, and Power Series 


SOLUTION 
(a) Notice that the Maclaurin series 


x 
sin x =x t porra 
3! oS! o ng 


is alternating for all nonzero values of x, and the successive terms decrease in size 


because | x | < 1, so we can use the Alternating Series Estimation Theorem. The error 
in approximating sin x by the first three terms of its Maclaurin series is at most 


x! 


7! 


|x| 


~ 5040 


If —0.3 < x < 0.3, then |x| < 0.3, so the error is smaller than 


(0.3)’ 


=~43 x 10% 
5040 


To find sin 12° we first convert to radian measure: 


. _ [ 12r : T 
sin 12° = sin = sin 
( 180 ) ( 15 


we TSL (7) x 02071169 
15 15) 3! 15) 5! 


Thus, correct to six decimal places, sin 12° ~ 0.207912. 
(b) The error will be smaller than 0.00005 if 


[x| 


5040 


< 0.00005 


4.3 X 1078 


Solving this inequality for x, we get 


|x| < 0.252 or = |x| < (0.252)'" = 0.821 


So the given approximation is accurate to within 0.00005 when |x| < 0.82. E 
—0.3 What if we use Taylor’s Inequality to solve Example 2? Since f”(x) = —cos x, we 
have | f”(x)| < 1 and so 
1 
FIGURE 4 | Rox) | < syll 
0.00006 


So we get the same estimates as with the Alternating Series Estimation Theorem. 
What about graphical methods? Figure 4 shows the graph of 


| R(x) | = | sin x (x rad + oat || 


and we see from it that | Re(x) | < 4.3 X 10-8 when |x| < 0.3. This is the same estimate 
that we obtained in Example 2. For part (b) we want | Re(x) | < 0.00005, so we graph 
both y = | Re(x) | and y = 0.00005 in Figure 5. From the coordinates of the right inter- 
section point we find that the inequality is satisfied when |x| < 0.82. Again this is the 
FIGURE 5 same estimate that we obtained in the solution to Example 2. 
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If we had been asked to approximate sin 72° instead of sin 12° in Example 2, it would 
have been wise to use the Taylor polynomials at a = 77/3 (instead of a = 0) because 
they are better approximations to sin x for values of x close to 77/3. Notice that 72° is 
close to 60° (or 7/3 radians) and the derivatives of sin x are easy to compute at 77/3. 

Figure 6 shows the graphs of the Maclaurin polynomial approximations 


3 


Ti(x) =x T3(x) = x — a 
x x x? x x! 
Px) =*— ar + oy TAX) = — apt ep ay 


to the sine curve. You can see that as n increases, T,(x) is a good approximation to sin x 
on a larger and larger interval. 


T 


FIGURE 6 


One use of the type of calculation done in Examples 1 and 2 occurs in calculators and 
computers. For instance, when you press the sin or e* key on your calculator, or when a 
computer programmer uses a subroutine for a trigonometric or exponential or Bessel 
function, in many machines a polynomial approximation is calculated. The polynomial 
is often a Taylor polynomial that has been modified so that the error is spread more 
evenly throughout an interval. 


E Applications to Physics 


Taylor polynomials are also used frequently in physics. In order to gain insight into an 
equation, a physicist often simplifies a function by considering only the first two or three 
terms in its Taylor series. In other words, the physicist uses a Taylor polynomial as an 
approximation to the function. Taylor’s Inequality can then be used to gauge the accu- 
racy of the approximation. The following example shows one way in which this idea is 
used in special relativity. 


EXAMPLE3 In Einstein’s theory of special relativity the mass m of an object moving 
with velocity v is 
mo 


V1 — v?/c? 


where mo is the mass of the object when at rest and c is the speed of light. The kinetic 
energy k of the object is the difference between its total energy and its energy at rest: 


m = 


K = me — me? 


(a) Show that when v is very small compared with c, this expression for K agrees 
with classical Newtonian physics: K = tmo’. 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


816 CHAPTER 11 Sequences, Series, and Power Series 


(b) Use Taylor’s Inequality to estimate the difference in these expressions for K 
when |v| < 100 m/s. 


SOLUTION 
(a) Using the expressions given for K and m, we get 


2 2\ -1/2 
moc v 
K = mc? — mc? = i 2 Te me = me (1 — =) = | 
afl Sor yer c 


The upper curve in Figure 7 is the With x = —v?/c?, the Maclaurin series for (1 + x)~”? is most easily computed as a 
graph of the expression for the kinetic binomial series with k = —}. (Notice that |x| < 1 because v < c.) Therefore we have 
energy K of an object with velocity v 

in special relativity. The lower curve 

shows the function used for K in clas- -1/2 


l+x?=1-5x4 + + 
sical Newtonian physics. When v is ( x) 2x 2! á 3! x 
much smaller than the speed of light, 
the curves are practically identical. =|- ix + 3x? = ax g a 
KA 
d K 2 pe e a 1 
an = Moc” z - eee = 
i 2c 8ct 16c 


If v is much smaller than c, then all terms after the first are very small when compared 
with the first term. If we omit them, we get 


K 1 2 1 2 
= moc’| —— | = 5mow 
FIGURE 7 oe (z ey ee 


(b) If x = —v7/c?, f(x) = moc?[(1 + x)? — 1], and M is a number such that 
| f"(x) | < M, then we can use Taylor’s Inequality to write 


We have f"(x) = 3moc?(1 + x)~*” and we are given that |v| < 100 m/s, so 


3moc? 3moc? 


41 — v/e > 4(1 — 1002/c?)9” 


| f"G) | = (=M) 


Thus, with c = 3 X 10° m/s, 


1 3moc? 1004 
2 41 — 1007c?) ct 


|Ri(x)| < < (4.17 X 107!) 


So when |v| < 100 m/s, the magnitude of the error in using the Newtonian expression 
for kinetic energy is at most (4.2 X 10° '°)mo. a 
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Another application to physics occurs in optics. Figure 8 depicts a wave from the 
point source § meeting a spherical interface of radius R centered at C. The ray SA is 
refracted toward P. 


n n y 
FIGURE 8 i gf 


Refraction at a spherical interface pee 


Using Fermat’s principle that light travels so as to minimize the time taken, one can 
derive the equation 


m] nı + m 1 / ms; Ni So 
lo £i R ti £, 


where n; and m are indexes of refraction and €,, fi, So, and s; are the distances indicated 
in Figure 8. By the Law of Cosines, applied to triangles ACS and ACP, we have 


— /p2 To 
Here we use the identity [2] fo = VR? + (s, + R)? — 2R(s. + R) cos $ 


cos(m — 6) = —cos p li = JR? + (si — RY + 2R(s; — R) cos bd 


Because Equation 1 is cumbersome to work with, Gauss, in 1841, simplified it by using 
the linear approximation cos ġ = 1 for small values of œ. (This amounts to using the 
Taylor polynomial of degree 1.) Then Equation | becomes the following simpler equa- 
tion [as you are asked to show in Exercise 34(a)]: 


nı 2 
+ AR 


The resulting optical theory is known as Gaussian optics, or first-order optics, and has 
become the basic theoretical tool used to design lenses. 

A more accurate theory is obtained by approximating cos ¢ by its Taylor polynomial 
of degree 3 (which is the same as the Taylor polynomial of degree 2). This takes into 
account rays for which @ is not so small, that is, rays that strike the surface at greater 
distances h above the axis. In Exercise 34(b) you are asked to use this approximation to 
derive the more accurate equation 


nı m Ny — n a| m 1 Iy m [ 1 1 \? 
[4] += +h f + 
So Si R 250 \So R 25: \R Si 
The resulting optical theory is known as third-order optics. 


Other applications of Taylor polynomials to physics and engineering are explored in 
Exercises 32, 33, 35, 36, 37, and 38, and in the Applied Project following this section. 
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11.11 | Exercises 


1. (a) Find the Taylor polynomials up to degree 5 for 
f(x) = sin x centered at a = 0. Graph f and these 
polynomials on a common screen. 

(b) Evaluate f and these polynomials at x = 7/4, 7/2, 
and r. 


(c) Comment on how the Taylor polynomials converge 


to f(x). 


2. (a) Find the Taylor polynomials up to degree 3 for 
f(x) = tan x centered at a = 0. Graph f and these 
polynomials on a common screen. 

(b) Evaluate f and these polynomials at x = 7/6, 7/4, 
and 7/3. 
(c) Comment on how the Taylor polynomials converge 


to f(x). 
3-10 Find the Taylor polynomial 7;(x) for the function f 


23. 


24. 


25. 


26. 


Use the information from Exercise 5 to estimate cos 80° 
correct to five decimal places. 


Use the information from Exercise 16 to estimate sin 38° 
correct to five decimal places. 


Use Taylor’s Inequality to determine the number of terms of 
the Maclaurin series for e* that should be used to estimate 
e°' to within 0.00001. 


How many terms of the Maclaurin series for In(1_ + x) do 
you need to use to estimate In 1.4 to within 0.001? 


[Ñ 27-29 Use the Alternating Series Estimation Theorem or 


Taylor’s Inequality to estimate the range of values of x for which 
the given approximation is accurate to within the stated error. 
Check your answer graphically. 


x? 


centered at the number a. Graph f and T; on the same screen. 27. sinx =x — = (| error| < 0.01) 
3. f(x) =e*, a=1 4. f(x) =sinx, a= 7/6 2o xt 
5. f(x) =cosx, a= m/2 6. f(x) =e"sinx, a=0 28. cos x = 1 — rt + 74 (| error | < 0.005) 
7. f(x) =Inx, a=1 8. f(x) =xcosx, a=0 xe 49 
ae E 29. arctan x = x — — + — (| error| < 0.05) 
9. f(x) =xe™, a=0 10. f(x) =tan'x, a=1 3 5 
11-12 Use a computer algebra system to find the Taylor poly- 30. Suppose you know that 


nomials T, centered at a for n = 2, 3, 4, 5. Then graph these 
polynomials and f on the same screen. 


11. f(x) =cotx, a= 7/4 


12. f(x) = V1 +x, a=0 


13-22 
(a) Approximate f by a Taylor polynomial with degree n at the 
number a. 
(b) Use Taylor’s Inequality to estimate the accuracy of the approx- 
imation f(x) = T,(x) when x lies in the given interval. 
FS (c) Check your result in part (b) by graphing | R,,(x) |. 


13. f(x) =1/x, a=1, n=2, 075x513 
14. fix) =x A", a=4, n=2, 35<x<45 


15. f(x) =", a=1, n=3, 08 <x<12 

16. f(x) =sinx, a=7/6, n=4, 0Sx< 7/3 

17. f(x) =secx, a=0, n=2, —-0.2<x<0.2 
18. f(x) =ln(1 + 2x), a=1, n=3, 05<x<1.5 
19. f(x) =e", a=0, n=3 
20. f(x) =xInx, a=1, n=3, 055x515 


= 
In 
= 

IN 
= 


21. f(x) =x sinx, a=0, n=4, -1<x<1 


22. f(x) =sinh2x, a=0, n=5, -l<x<1 


31. 


32. 


(—1)"n! 


IO = Fi 


and the Taylor series of f centered at 4 converges to f(x) 
for all x in the interval of convergence. Show that the fifth- 
degree Taylor polynomial approximates f(5) with error less 
than 0.0002. 


A car is moving with speed 20 m/s and acceleration 

2 m/s’ at a given instant. Using a second-degree Taylor 
polynomial, estimate how far the car moves in the next sec- 
ond. Would it be reasonable to use this polynomial to esti- 
mate the distance traveled during the next minute? 


The resistivity p of a conducting wire is the reciprocal of the 
conductivity and is measured in units of ohm-meters (Q-m). 
The resistivity of a given metal depends on the temperature 
according to the equation 


p(t) = poet?) 

where f is the temperature in °C. There are tables that list 

the values of «æ (called the temperature coefficient) and p20 

(the resistivity at 20°C) for various metals. Except at very 

low temperatures, the resistivity varies almost linearly with 

temperature and so it is common to approximate the expres- 

sion for p(t) by its first- or second-degree Taylor polynomial 

att = 20. 

(a) Find expressions for these linear and quadratic 
approximations. 
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M (b) For copper, the tables give a = 0.0039/°C and 


Pæ = 1.7 X 10-8 O-m. Graph the resistivity of copper 
and the linear and quadratic approximations for 
—250°C < t < 1000°C. 


M (c) For what values of ¢ does the linear approximation agree 


with the exponential expression to within one percent? 


33. An electric dipole consists of two electric charges of equal 
magnitude and opposite sign. If the charges are q and —q 
and are located at a distance d from each other, then the 
electric field £ at the point P in the figure is 


By expanding this expression for E as a series in powers of 
d/D, show that E is approximately proportional to 1/D* 
when P is far away from the dipole. 


q -q 
P ————— eee ee ° 
| D —— d — 


34. (a) Derive Equation 3 for Gaussian optics from Equation 1 
by approximating cos @ in Equation 2 by its first-degree 
Taylor polynomial. 

(b) Show that if cos ¢ is replaced by its third-degree Taylor 
polynomial in Equation 2, then Equation 1 becomes 
Equation 4 for third-order optics. [Hint: Use the first 
two terms in the binomial series for €;! and €;!. Also, 


use ọ ~ sin d.] 
35. If a water wave with length L moves with velocity v across a 
body of water with depth d, as shown in the figure, then 
> gb 2rd 


tanh 
2m L 


(a) If the water is deep, show that v = ygL/(27). 

(b) If the water is shallow, use the Maclaurin series for 
tanh to show that v ~ y gd . (Thus in shallow water 
the velocity of a wave tends to be independent of the 
length of the wave.) 

(c) Use the Alternating Series Estimation Theorem to show 
that if L > 10d, then the estimate v? = gd is accurate to 
within 0.014gL. 


v 


eim 


36. A uniformly charged disk has radius R and surface charge 
density ø as in the figure. The electric potential V at a point 
P at a distance d along the perpendicular central axis of the 
disk is 


V = 27ko (yd? + R — d) 


SECTION 11.11 Applications of Taylor Polynomials 819 


where ke is a constant (called Coulomb’s constant). Show that 


keR?. 
V= m for large d 


°P 


37. If a surveyor measures differences in elevation when mak- 
ing plans for a highway across a desert, corrections must be 
made for the curvature of the earth. 

(a) If R is the radius of the earth and L is the length of the 
highway, show that the correction is 


C = R sec(L/R) — R 


(b) Use a Taylor polynomial to show that 


(c) Compare the corrections given by the formulas in 
parts (a) and (b) for a highway that is 100 km long. 
(Take the radius of the earth to be 6370 km.) 


38. The period of a pendulum with length L that makes a maxi- 
mum angle ĝo with the vertical is 


ENE m a 
g J0 J1 — k sinx 


where k = sin(400) and g is the acceleration due to gravity. 

(In Exercise 7.7.42 we approximated this integral using 

Simpson’s Rule.) 

(a) Expand the integrand as a binomial series and use the 
result of Exercise 7.1.56 to show that 


L 1? 123? 12325? 
ra ae] Itok + a5 ht aa kot 
7 2 E 22467 


If ĝo is not too large, the approximation T ~ 2nJ/L/q, 
obtained by using only the first term in the series, is 
often used. A better approximation is obtained by using 
two terms: 


T= amy Et + 7k?) 
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(b) Notice that all the terms in the series after the first one 
have coefficients that are at most }. Use this fact to 


tial approximation x; we obtained successive approximations 


X2, X3,..., where 


compare this series with a geometric series and show E f (Xn) 
that Xni = Xn T fan) 
L Da E 4 — 3k? Use Taylor's Inequality with n = l,a = Xn and x = rto 
27 \/— (1 + tk?) <T<27 P show that if f”(x) exists on an interval J containing r, x, and 
g j Xni and | F") | = M, | f'(x)| = K for all x € Z, then 
(c) Use the inequalities in part (b) to estimate the period of M 5 
à — an r —_ 
a pendulum with L = 1 meter and 6) = 10°. How does Xn — r| S 2K |*" r| 


it compare with the estimate T ~ 2m yL/g? What if 
6) = 42°? [This means that if x, is accurate to d decimal places, then 

Xn+1 İs accurate to about 2d decimal places. More precisely, 
if the error at stage n is at most 10~”, then the error at stage 


n + 1 is at most (M/2K)10-2”".] 


39. In Section 4.8 we considered Newton’s method for approxi- 
mating a solution r of the equation f(x) = 0, and from an ini- 


RADIATION FROM THE STARS 


APPLIED PROJECT 


Any object emits radiation when heated. A blackbody is a system that absorbs all the radiation 
that falls on it. For instance, a matte black surface or a large cavity with a small hole in its wall 
(like a blast furnace) is a blackbody and emits blackbody radiation. Even the radiation from 
the sun is close to being blackbody radiation. 

Proposed in the late 19th century, the Rayleigh-Jeans Law expresses the energy density of 
blackbody radiation of wavelength A as 


8arkT 
Ne 


fA) = 


where A is measured in meters, T is the temperature in kelvins (K), and k is Boltzmann’s con- 
stant. The Rayleigh-Jeans Law agrees with experimental measurements for long wavelengths 
but disagrees drastically for short wavelengths. [The law predicts that f(A) — œ% as A — 0* 
but experiments have shown that f(A) — 0.] This fact is known as the ultraviolet catastrophe. 

In 1900 Max Planck found a better model (known now as Planck’s Law) for blackbody 
radiation: 


Luke Dodd / SCIENCE PHOTO LIBRARY / Getty Images 


8ahcA> 


FQ) = eiclAkT) — 4 


where A is measured in meters, T is the temperature (in kelvins), and 
h = Planck’s constant = 6.6262 x 10°“ J.s 


c = speed of light = 2.997925 x 10° m/s 


k = Boltzmann’s constant = 1.3807 x 107” J/K 
1. Use l’Hospital’s Rule to show that 


tim, fa) =0 and Jim fa) =0 


for Planck’s Law. So this law models blackbody radiation better than the Rayleigh-Jeans 
Law for short wavelengths. 
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> 


Use a Taylor polynomial to show that, for large wavelengths, Planck’s Law gives approxi- 
mately the same values as the Rayleigh-Jeans Law. 


[Ñ 3. Graph f as given by both laws on the same screen and comment on the similarities and dif- 
ferences. Use T = 5700 K (the temperature of the sun). (You may want to change from 
meters to the more convenient unit of micrometers: 1 ym = 10 ° m.) 


4. Use your graph in Problem 3 to estimate the value of A for which f(A) is a maximum 
under Planck’s Law. 


[Ñ 5. Investigate how the graph of f changes as T varies. (Use Planck’s Law.) In particular, 
graph f for the stars Betelgeuse (T = 3400 K), Procyon (T = 6400 K), and Sirius 

(T = 9200 K), as well as the sun. How does the total radiation emitted (the area under 
the curve) vary with T? Use the graph to comment on why Sirius is known as a blue star 
and Betelgeuse as a red star. 


EJ review 


CONCEPT CHECK 


Answers to the Concept Check are available at StewartCalculus.com. 


1. (a) What is a convergent sequence? (b) If a series is convergent by the Direct Comparison Test, 


(b) What is a convergent series? 
(c) What does lim,,—... a, = 3 mean? 
(d) What does Èr- a, = 3 mean? 


2. (a) What is a bounded sequence? 
(b) What is a monotonic sequence? 
(c) What can you say about a bounded monotonic sequence? 


3. (a) What is a geometric series? Under what circumstances is 
it convergent? What is its sum? 
(b) What is a p-series? Under what circumstances is it 
convergent? 


4. Suppose È a, = 3 and s, is the nth partial sum of the series. 
What is lim,» an? What is lim, Sn? 


5. State the following. 
(a) The Test for Divergence 
(b) The Integral Test 
(c) The Direct Comparison Test 
(d) The Limit Comparison Test 
(e) The Alternating Series Test 
(f) The Ratio Test 
(g) The Root Test 


6. (a) What is an absolutely convergent series? 
(b) What can you say about such a series? 
(c) What is a conditionally convergent series? 


7. (a) Ifa series is convergent by the Integral Test, how do you 
estimate its sum? 


10. 


11. 


12. 


how do you estimate its sum? 
(c) Ifa series is convergent by the Alternating Series Test, 
how do you estimate its sum? 


. (a) Write the general form of a power series. 


(b) What is the radius of convergence of a power series? 
(c) What is the interval of convergence of a power series? 


. Suppose f(x) is the sum of a power series with radius of 


convergence R. 

(a) How do you differentiate f? What is the radius of 
convergence of the series for f’? 

(b) How do you integrate f? What is the radius of conver- 
gence of the series for | f(x) dx? 


(a) Write an expression for the nth-degree Taylor polynomial 
of f centered at a. 

(b) Write an expression for the Taylor series of f centered at a. 

(c) Write an expression for the Maclaurin series of f. 

(d) How do you show that f(x) is equal to the sum of its 
Taylor series? 

(e) State Taylor’s Inequality. 


Write the Maclaurin series and the interval of convergence for 
each of the following functions. 
(a) 1/(1 — x) (b) e* 


(d) cos x (e) tan™'x 


(c) sin x 
(£) In(1 + x) 


Write the binomial series expansion of (1 + x)*. What is the 
radius of convergence of this series? 
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TRUE-FALSE QUIZ 


Determine whether the statement is true or false. If it is true, 11. If —1 <a < 1, then lim,...a” = 0. 
explain why. If it is false, explain why or give an example that 


; 12. If Sa, is divergent, then >| a, | is divergent. 
disproves the statement. 


13. If f(x) = 2x — x? + tx? — --- converges for all x, 


1. If lim,—. a, = 0, then È a, is convergent. then f”(0) = 2. 


sin 1 + 


2. The series 2-11 1s. convergent: 14. If {a,} and {b,} are divergent, then {a, + bn} is divergent. 
3. If lim,» an = L, then lim,» don+1 = L. 15. If {a,} and {b,} are divergent, then {a,b,} is divergent. 
4. If X c,6" is convergent, then  c,(—2)" is convergent. 16. If {a,}is decreasing and a, > 0 for all n, then {a,,} is 
5. If }c,6" is convergent, then »c,(—6)" is convergent. convergent. 
6. If È cx" diverges when x = 6, then it diverges when x = 10. 17. Ifa, > 0 and Xa, converges, then = (—1)"a, converges. 
7. The Ratio Test can be used to determine whether È 1/n* 18. If a, > O and lim,» (an+1/4n) < 1, then lim, 2 dn = 0. 
converges. 19. 0.99999... = 
8. The Ratio Test can be used to determine whether È 1/n! 20. If lim a, = 2, then lim (an+3 — an) = 0. 
converges. naa n>% l 
21. If a finite number of terms are added to a convergent series, 
9. If0 <a, < b, and Èb, diverges, then Xa, diverges. then the new series is still convergent. 
æ% (- 1)" 1 o œ% æ 
10. > =— 22. If X, a, = A and > b, = B, then >) a,b, = AB 
n=0 e n=1 n=1 n=1 
EXERCISES 
1-8 Determine whether the sequence is convergent or divergent. x 1 o n 
If it is convergent, find its limit. 15. X —— 16. > In 3n4 | 
= n/Inn n=1 n 
r 2 + n? j grt 
i ir S ae : a= œ œ 2n 
" 1+2 "10" cos 3n 
17. 18. Se 
TaD 1 + (1.2)" 2 (1 + 2n?)" 
3 ua 4 (n7/2) 
e An = 7 + An = COS\NT à 
1 +n? 1-3-5 (2n — 1) 
19. > 
x n=1 5”n! 
P ji ee 6 ga 
. n n? 4 1 . n ain z - m 
20. > | . 7 
7. {1 + 3/n)*"} 8. {(—10)"/n!} ae 
21 > (-1)""! vn 
9A sequence is defined recursively by the equations a; = 1, "a n+1 
an+1 = (a, + 4). Show that {an} is increasing and a, < 2 
for all n. Deduce that {a,} is convergent and find its limit. +5 PEL i= —_ n—-1 
F¥ 10. Show that lim, —.n*e~" = 0 and use a graph to find the E z 
smallest value of N chat corresponds to e = 0.1 in the pre- 
cise definition of a limit. 23-26 Determine whether the series is absolutely conver- 
gent, conditionally convergent, or divergent. 
11-22 Determine whether the series is convergent or divergent. a 7 
4 a gh 23. X, (-1)"'n 8 24. X (-1)"'nF 
n. >= 2,5 = = 
n=1 n? +1 n=1 n? +1 
= (1a + 1)3" Z (=)"vn 
a = (-1)" 25. — 26. > ———— 
13. > 14. nl 2 > Inn 


nè Ss 
5" n=l yn + 1 
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27-31 Find the sum of the series. 


29. > [tan '(n + 1) — tan 'n] 


n=1 


= (-1)"a" 
30. 
= Omi 3?"(2n)! 
e? e? e’ 
31. iset + 
2! 3! 4! 


32. Express the repeating decimal 4.17326326326...asa 
fraction. 


33. Show that cosh x > 1 + 5x? for all x. 


34. For what values of x does the series Èp- (In x)” converge? 


35. Find the sum of the series 


 (-1)"! 


5 ( 
n=1 
correct to four decimal places. 


36. (a) Find the partial sum ss of the series D7; 1/ n° and esti- 
mate the error in using it as an approximation to the sum 
of the series. 

(b) Find the sum of this series correct to five decimal places. 


37. Use the sum of the first eight terms to approximate the sum of 


the series Xf- (2 + 5”)7!. Estimate the error involved in this 
approximation. 


n” 


38. (a) Show that the series > Qn)! 
n=1 


n 


is convergent. 


(b) Deduce that jim ar On mg 


39. Prove that if the series >;=| a, is absolutely convergent, then 


the series 
J f(nt+l 
3 (22 )q 
am n 


is also absolutely convergent. 


40-43 Find the radius of convergence and interval of conver- 
gence of the series. 


x" (xt 2)" 
40. 1)" 
> (= ) n5" a >a n4" 
D(x pes 2)” oo 2"(x pay 3)” 
42. =Á l= 43. = 
2 (n + 2)! > Jn+3 
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44. Find the radius of convergence of the series 


(2n)! 
(n!)’ 


x” 


= 
45. Find the Taylor series of f(x) = sin x ata = 77/6. 


46. Find the Taylor series of f(x) = cos x ata = 77/3. 


47-54 Find the Maclaurin series for f and the associated radius 
of convergence. You may use either the direct method (definition 
of a Maclaurin series) or the Maclaurin series listed in Table 
11.10.1. 


47. f(x) = 48. f(x) = tan '(x?) 


Xx. 
49. f(x) = In(4 — x) 50. f(x) = xe™ 
51. f(x) = sin(x*) 


53. f(x) = 1/4/16 — x 


54. f(x) = (1 — 3x)? 


52. f(x) = 10" 


x 


e " 5 g 
55. Evaluate 1 — dx as an infinite series. 
x 


56. Use series to approximate ig V1 + xt dx correct to two 
decimal places. 


57-58 

(a) Approximate f by a Taylor polynomial with degree n at 
the number a. 

(b) Graph f and T, on a common screen. 

(c) Use Taylor’s Inequality to estimate the accuracy of the 
approximation f(x) ~ T,(x) when x lies in the given 
interval. 


FS (d) Check your result in part (c) by graphing | Ri (x) |. 


57. f(x) = Vx, a=1, n=3, 09<x<11 


58. f(x) =secx, a=0, n=2, 0Xx<7/6 


59. Use series to evaluate the following limit. 


60. The force due to gravity on an object with mass m at a 
height h above the surface of the earth is 


mgR? 


F= Rin 
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where R is the radius of the earth and g is the acceleration 61. Suppose that f(x) = Èz- cnx" for all x. 
due to gravity for an object on the surface of the earth. (a) If f is an odd function, show that 
(a) Express F as a series in powers of h/R. 

M (b) Observe that if we approximate F by the first term Co 2 === 


in the series, we get the expression F ~ mg that is 
usually used when h is much smaller than R. Use the 
Alternating Series Estimation Theorem to estimate the a=3=c¢=::-=0 
range of values of h for which the approximation 


(b) If f is an even function, show that 


F = mg is accurate to within one percent. (Use 62. If f(x) = a” show that £20) = (2n)! 
R = 6400 km.) ` i n! 
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Problems Plus 


Before you look at the solution of the 
example, cover it up and first try to 
solve the problem yourself. 


Problems 


oo ab n 
EXAMPLE Find the sum of the series 2 aia 


SOLUTION The problem-solving principle that is relevant here is recognizing some- 
thing familiar. Does the given series look anything like a series that we already know? 
Well, it does have some ingredients in common with the Maclaurin series for the 
exponential function: 

n 2 3 


z $1" xX 2 
P= Lere a 


We can make this series look more like our given series by replacing x by x + 2: 


S (ear 2)" +2) +2) 
(May T japi CaN ae 
no n! 2! 3! 


But here the exponent in the numerator matches the number in the denominator whose 
factorial is taken. To make that happen in the given series, let’s multiply and divide by 
(x + 2): 

(x + 2)" 1 2 (x + 2)"*? 


2 = 


o (n+ 3)!  (x+2P œ (n+ 3)! 


a+ | w+ r 


=e aof 3! 4! 


We see that the series between brackets is just the series for e**? with the first three 
terms missing. So 


= (a 2)" (x + 2) 
ely he =t gar 2) = E 
iame (n + 3)! =l ) ( ) 2! 
1. (a) Show that tan $x = cot $x — 2cotx. 
(b) Find the sum of the series 
Shwd 
P AN yp 
2. Let {P,,} be a sequence of points determined as in the figure. Thus| AP; | = 1, 
| Pa Pari | = 2"7', and angle AP, P,„+1 is a right angle. Find lim, >» 4P, AP„+1. 
P 4 a 
2 
P, 
8 l 
AIP 
P; 
825 
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3. 


rare 


FIGURE FOR PROBLEM 3 


a 


See Principles of Problem Solving 
following Chapter 1. 


826 


To construct the snowflake curve, start with an equilateral triangle with sides of length 1. 
Step 1 in the construction is to divide each side into three equal parts, construct an equi- 
lateral triangle on the middle part, and then delete the middle part (see the figure). Step 2 
is to repeat step 1 for each side of the resulting polygon. This process is repeated at each 
succeeding step. The snowflake curve is the curve that results from repeating this process 
indefinitely. 

(a) Let sn, ln, and p, represent the number of sides, the length of a side, and the total length 
of the nth approximating curve (the curve obtained after step n of the construction), 
respectively. Find formulas for sn, ln, and pn. 

(b) Show that p, > % as n > %. 

(c) Sum an infinite series to find the area enclosed by the snowflake curve. 


Note: Parts (b) and (c) show that the snowflake curve is infinitely long but encloses only a 
finite area. 


Find the sum of the series 


where the terms are the reciprocals of the positive integers whose only prime factors are 2s 
and 3s. 


(a) Show that for xy # —1, 


K= Y 
1+ xy 


arctan x — arctan y = arctan 


if the left side lies between — 7/2 and 7/2. 
(b) Show that arctan ie — arctan zy = 71/4. 
(c) Deduce the following formula of John Machin (1680-1751): 


1 1 T 
4 arctan 5 — arctan 335 = T 


(d) Use the Maclaurin series for arctan to show that 
0.1973955597 < arctan $ < 0.1973955616 


(e) Show that 
0.004184075 < arctan z5 < 0.004184077 


(£) Deduce that, correct to seven decimal places, m ~ 3.1415927. 


Machin used this method in 1706 to find 7 correct to 100 decimal places. Recently, with 
the aid of computers, the value of 7 has been computed to increasingly greater accuracy, 
well into the trillions of decimal places. 


(a) Prove a formula similar to the one in Problem 5(a) but involving arccot instead of 
arctan. 
(b) Find the sum of the series Èf- arccot(n” + n + 1). 


Use the result of Problem 5(a) to find the sum of the series 7, arctan (2 /n’°). 


If do + a) + a2 + +++ + ay = 0, show that 


lim (avn + ayn + 1 + a n+2 +- +ayntk)=0 


If you don’t see how to prove this, try the problem-solving strategy of using analogy. Try the 
special cases k = 1 and k = 2 first. If you can see how to prove the assertion for these cases, 
then you will probably see how to prove it in general. 
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FIGURE FOR PROBLEM 10 


FIGURE FOR PROBLEM 13 


FIGURE FOR PROBLEM 16 


9. Find the interval of convergence of Èp- n°x” and find its sum. 


10. Suppose you have a large supply of books, all the same size, and you stack them at the edge 


11 


12 


13. 


14 


15 


16 


17 


18 


of a table, with each book extending farther beyond the edge of the table than the one 
beneath it. Show that it is possible to do this so that the top book extends entirely beyond 
the table. In fact, show that the top book can extend any distance at all beyond the edge of 
the table if the stack is high enough. Use the following method of stacking: The top book 
extends half its length beyond the second book. The second book extends a quarter of its 
length beyond the third. The third extends one-sixth of its length beyond the fourth, and so 
on. (Try it yourself with a deck of cards.) Consider centers of mass. 


= 1 
Find the sum of the series X, n(1 = +). 
n 


n=2 


If p > 1, evaluate the expression 


1 1 1 
|e eerie cored dere aa 


2P 3P 4P 
1 1 1 
1 + 
2P 3P 4P 


Suppose that circles of equal diameter are packed tightly in n rows inside an equilateral 
triangle. (The figure illustrates the case n = 4.) If A is the area of the triangle and A, is the 
total area occupied by the n rows of circles, show that 


. An T 
lim — = — 
n>% A 24/3 


A sequence {a,} is defined recursively by the equations 


a=a=1 n(n — la, = (n — 1)(n — 2)an-1 — (n — 3)an-2 


Find the sum of the series S7~0 an. 


If the curve y = e ™™ sin x, x = 0, is rotated about the x-axis, the resulting solid looks like 


an infinite decreasing string of beads. 

(a) Find the exact volume of the nth bead. (Use either a table of integrals or a computer 
algebra system.) 

(b) Find the total volume of the beads. 


Starting with the vertices P;(0, 1), Po(1, 1), P3(1, 0), P4(0, 0) of a square, we construct 

further points as shown in the figure: Ps is the midpoint of P; P2, Ps is the midpoint of 

P»P3, P: is the midpoint of P;Ps, and so on. The polygonal spiral path P| P2P3P4P5PoP7... 

approaches a point P inside the square. 

(a) If the coordinates of P, are (xn, Yn), show that 5 Xn + Xn+1 + Xn¢2 + Xn43 = 2 and find a 
similar equation for the y-coordinates. 

(b) Find the coordinates of P. 


æ —]1 n 
Find the sum of the series 2 o 


Carry out the following steps to show that 


H t + -= ]n2 


(a) Use the formula for the sum of a finite geometric series (11.2.3) to get an expression for 


lurpe ce gc e e A 
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(b) Integrate the result of part (a) from 0 to 1 to get an expression for 


as an integral. 
(c) Deduce from part (b) that 


1 1 1 1 1 dx 
| es 
1-2 3:4 5:6 (2n — 1)(2n) ol+x 


1 
< f: x?" dx 


(d) Use part (c) to show that the sum of the given series is In 2. 


19. Find all the solutions of the equation 


[Hint: Consider the cases x = 0 and x < 0 separately. ] 


20. Right-angled triangles are constructed as in the figure. Each triangle has height 1 and its 
base is the hypotenuse of the preceding triangle. Show that this sequence of triangles makes 
infinitely many turns around P by showing that > 0, is a divergent series. 


21. Consider the series whose terms are the reciprocals of the positive integers that can be writ- 
ten in base 10 notation without using the digit 0. Show that this series is convergent and the 
sum is less than 90. 


22. (a) Show that the Maclaurin series of the function 


FIGURE FOR PROBLEM 20 f(x) = = = is. > fx" 
E ~ n=1 


where f, is the nth Fibonacci number, that is, fi = 1, h = 1, and fa = fazı + fa-2 
for n = 3. Find the radius of convergence of the series. [Hint: Write 


x/(1 — x — x°) = co + cix + Gx? +--+ and multiply both sides of this equation by 
l-x- x] 


(b) By writing f(x) as a sum of partial fractions and thereby obtaining the Maclaurin series 
in a different way, find an explicit formula for the nth Fibonacci number. 


Me ee, ee 
23. Let u=1+ 31 + 61 + 91 fees 
. x4 . x7 x! 
v er T 
4! 7! 10! 
x2 5 8 
w = OT + ay + er + 


Show that u? + v? + w? — 3uvw = 1. 


24. Prove that if n > 1, the nth partial sum of the harmonic series is not an integer. 


Hint: Let 2* be the largest power of 2 that is less than or equal to n and let M be the product 
of all odd integers that are less than or equal to n. Suppose that s, = m, an integer. Then 
M2*s, = M2'm. The right side of this equation is even. Prove that the left side is odd by 
showing that each of its terms is an even integer, except for one. 
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Index 


RP denotes Reference Page numbers at the front and back of the book. 


Abel, Niels, 213 
absolute maximum and minimum, 
280, 284 


absolute maximum and minimum values, 


280, 284, 1008, 1014, 1015 
absolute value, 14, 126, A6 
absolute value function, 14 
absolutely convergent series, 769 


business and economics, 341, 937, 943, 
973, 1027 

economics and biology, 587 

engineering, 576 

exponential functions, 48 

integration, 435, 559 

physics, 256, 815, 576 

Taylor polynomials, 811 


area, 2, 377 
of a circle, 502 
under a curve, 372, 377, 385 
between curves, 435, 436, 438, 439 
of an ellipse, 501 
by exhaustion, 2, 97 
by Green’s Theorem, 1156, 1157 
enclosed by a parametric curve, 675 


acceleration of a particle, 916 
components of, 919 
as a vector, 916 
acceleration as a rate of change, 160, 226 
adaptive numerical integration, 538 
addition formulas for sine and 


approach path of an aircraft, 209 
approximate integration, 529 
approximating cylinder, 449 
approximating functions by 
polynomials, 811 
approximating surface, 568 


of a plane region, 1156 

in polar coordinates, 661, 694, 1065 
of a region, 694 

of a sector of a circle, 694 

surface (see surface area) 

of a surface of a revolution, 567, 575 


cosine, A29 approximation area function, 398 
addition of vectors, 836, 840 by differentials, 254 area problem, 2, 372 
Airy, Sir George, 794 to e, 180, 390 arithmetic-geometric mean, 737 


Airy function, 794 
algebraic function, 29 
algebraic vector, 839 
allometric growth, 628 
alternating harmonic series, 767, 770 
alternating series, 765, 768, 769 
Alternating Series Estimation Theorem, 
768, 769 
Alternating Series Test, 766, 768, 780 
Ampeéere’s Law, 1144 
analytic geometry, A11 
angle, A24 
between curves, 277 


linear, 254, 976, 980 

by the Midpoint Rule, 391, 530 

by Newton’s method, 351 

by an nth-degree Taylor 
polynomial, 258 

polynomial, 260 

quadratic, 260 

by Riemann sums, 386 

by Simpson’s Rule, 534, 535 

tangent line, 254 

by Taylor polynomials, 811, 812 

by Taylor’s inequality, 812, 814 

by the Trapezoidal Rule, 531 


arrow diagram, 9 
astroid, 215, 673 
asymptote(s), 321, 322 

in graphing, 321 

horizontal, 127, 128, 321 

of a hyperbola, 706, A20 

slant, 321, 326 

vertical, 89 90, 321 
asymptotic curve, 329 
autonomous differential equation, 616 
average blood alcohol 

concentration (BAC), 208 

average cost function, 346 


of deviation, 289 

negative, A25 

between planes, 869 

positive, A25 

standard position, A25 

between vectors, 848, 849 
angular momentum, 925 
angular speed, 918 
antiderivative, 356, 357 
antiderivatives, graphing, 360 
antidifferentiation formulas, 358 
aphelion, 716 
apolune, 709 
application(s) 

areas between curves, 441 


Archimedes, 97, 418 
Archimedes’ Principle, 481, 1207 
arc length 
of a curve, 560 
of a parametric curve, 676 
of a polar curve, 697 
of a space curve, 904 
arc length contest, 567 
arc length formula, 561 
arc length formula for a space 
curve, 904 
arc length function, 563, 905 
arc length function for a parametric 
curve, 678 
arcsine function, 62 


average productivity, 238 

average rate of change, 146, 225 

average speed of molecules, 551 

average value of a function, 473, 594, 1047 
over a solid region, 1095 

average velocity, 4, 80, 143, 226 

axes, coordinate, 830, All 

axes of an ellipse, A19 

axis of a parabola, 703 


bacterial growth, 631, 636 
Barrow, Isaac, 3, 97, 152, 399, 404, 418 
base of a cylinder, 447 
base of a logarithm, 57, A51 
change of, 60 
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baseball and calculus, 476 
basis vectors, 841 
Bernoulli, James, 621, 646 
Bernoulli, John, 311, 319, 621, 796, 800 
Bernoulli differential equation, 646 
Bessel, Friedrich, 791 
Bessel function, 216, 791 
Bézier, Pierre, 684 
Bézier curves, 666, 684 
binomial coefficients, 803 
binomial series, 803 
discovery by Newton, 811 
binomial theorem, 175, 526, 811, RP1 
binormal vector, 909, 911 
biology, rates of change in, 230 
bird, minimizing energy of, 350 
blackbody radiation, 820 
blood flow, 232, 348, 588 
body mass index (BMI), 949, 965 
Bohr radius, 599 
boundary curve 
in double integrals, 1052 
positively oriented, 1154, 1195 
bounded sequence, 732, 733 
bounded set, 1014 
Boyle’s Law, 236, 253 
brachistochrone problem, 667 
Brahe, Tycho, 921 
branches of a hyperbola, 706, A20 
Buffon’s needle problem, 604 
bullet-nose curve, 206 


C! transformation, 1109 
cable (hanging), 262 
calculator, graphing with 329, 690 
calculus, 8 
differential, 4 
integral, 3 
invention of, 8 
calculus of rainbows, 289 
cancellation equations 
for inverse functions, 56 
for inverse trigonometric functions, 
58, 62 
for logarithms, 57 
can, minimizing manufacturing cost 
of, 349 
Cantor, Georg, 750 
Cantor set, 750 
capital formation, 591 
cardiac output, 589 
cardioid, 215, 688 


carrying capacity, 238, 301, 318, 607, 633 


Cartesian coordinate system, 684, 
688, All 
relationship to polar coordinates, 686 


Cartesian plane, A11 
Cassini, Giovanni, 694 
catenary, 262, 566, 846 
Cauchy, Augustin-Louis, 109, 1044, 
1111, A47 
Cauchy principal value of an 
integral, 551 
Cauchy-Schwarz Inequality, 854, 1028 
Cauchy’s Mean Value Theorem, A47 
Cavalieri, 535 
Cavalieri’s principle, 459 
center of curvature, 910 
center of gravity, 578. See also center 
of mass 
center of mass, 558, 578, 1070, 
1071, 1134 
of a lamina, 1071 
of a plate, 581 
of a solid, 1091 
of a surface, 1184 
of a wire, 1134 
centripetal acceleration, 930 
centripetal force, 930 
centroid, 580 
of a curve, 586 
of a plane region, 562 
of a solid, 1091 
Chain Rule, 199, 200, 201, 205 
for several variables, 985, 
987, 988 
change of base, formula for, 60 
change of variable(s) 
in a double integral, 1109, 1112 
in integration, 419 
in a triple integral, 1097, 1098, 1104, 
1114, 1115 
chaotic behavior of a sequence, 738 
charge, electric, 228, 1070, 1091 
charge density, 1070, 1091 
chemical reaction, 229 
circle, A16 
area of, 502 
equation of, A17 
osculating, 910 
circle of curvature, 910 
circular cylinder, 447 
circular paraboloid, 880 
circulation of a velocity field, 1198 
cissoid of Diocles, 215, 671, 693 
Clairaut, Alexis, 967 
Clairaut’s Theorem, 967, A2 
Clarke, Author C., 926 
Clarke geosynchronous orbit, 926 
clipping planes, 874 
closed curve, 1146 
closed interval, A3 


Closed Interval Method, 282 
for a function of two variables, 
1014, 1015 
closed set, 1014 
closed surface, 1188 
Cobb, Charles, 936 
Cobb-Douglas production function, 937, 
943, 973, 1027 
graph of, 938 
level curves for, 943 
cochleoid, 720 
coefficient(s) 
binomial, 803 
of friction, 198, 288 
of inequality, 445 
leading, 25 
of a polynomial, 25 
of a power series, 782 
of a series, 782 
of static friction, 887 
coffee cups as surfaces of 
revolution, 587 
collision and intersection 
of particles, 671 
of particles in space, 897 
collision point, 671 
combinations of functions, 40 
comets, orbits of, 718 
common polar curves, 691 
common ratio of a geometric series, 742 
comparison properties of the integral, 393 
comparison test for improper 
integrals, 548 
Comparison Test for series, 760, 779 
Comparison Theorem for 
integrals, 548 
Completeness Axiom, 734 
component of b along a, 851 
component function, 890, 1125 
components of acceleration, 919 
components of a vector, 838, 851, 919 
composition of functions, 41, 200 
continuity of, 121, 958 
derivative of, 201 
compound interest, 241, 317 
compressibility, 230 
concavity, 300 
Concavity Test, 300, A47 
concentration, 229, 289 
conchoid, 668, 693 
conditionally convergent series, 769, 
770, 774 
conductivity (of a substance), 1192 
conductivity, thermal, 629 
cone, 702, 879 
parametrization of, 1174 
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conic section, 702, 711 
directrix, 703, 711 
eccentricity, 711 
focus, 703, 704, 711 
in polar coordinates, 711 
polar equation, 713 
shifted, 707, A21 
unified description, 711 
vertex (vertices), 703 
conics, 702 
connected region, 1113 
conservation of energy, 1150 
conservative vector field, 1129, 1147, 
1148, 1163 
constant force, 852 
constant function, 174 
Constant Multiple Law of limits, 
95, 728 
Constant Multiple Rule, 177 
constant spring, 468 
constraint, 1020, 1025 
consumer surplus, 587 
continued fraction expansion, 738 
continuity 
of a function, 115 
of a function of three variables, 959 
of a function of two variables, 957 
on an interval, 118 
from the left or right, 117 
of a vector function, 891 
continuous function, 98, 115 
integration of, 520 
continuous random variable, 592 
contour curves, 939 
contour map, 939, 940 
convergence 
absolute, 774 
conditional, 774 
of an improper integral, 543, 546 
interval of, 783 
radius of, 783 
of a sequence, 726 
of a series, 740 
convergent improper integral, 
546, 549 
convergent sequence, 726, 740 
convergent series, 740 
properties of, 728, 746 
conversion of coordinates 
cylindrical to rectangular, 1096 
rectangular to cylindrical, 1096 
rectangular to spherical, 1102 
spherical to rectangular, 1102 
cooling tower, hyperbolic, 881 
coordinate axes, 830, All 
coordinate planes, 830 


coordinate system, A2 

Cartesian, A11 

cylindrical, 1096 

polar, 684 

rectangular, A11 

spherical, 1102 

three-dimensional rectangular, 830, 831 
coplanar vectors, 860 
Coriolis acceleration, 929 
corner reflector, 846 
Cornu’s spiral, 682 
cosine function, A26 

derivative of, 194 

graph of, 30, A33 

power series for, 800, 802 
cost, marginal, 233 
cost function, 233, 341 
Coulomb’s constant, 819 
Coulomb’s Law, 328 
critical number, 282, 284 
critical point(s), 1009, 1019 
cross product, 855 

direction of, 857 

geometric characterization of, 858 

length of, 857 

magnitude of, 858 

properties of, 857, 859 
cross-section, 447 
cross-section of a surface, 875 
cubic function, 26 
curl of a vector field, 1161, 1162 
current, 228 
curvature, 683, 906, 907, 908, 911 
curvature of a plane parametric 

curve, 914 

curve(s), 664 

angle between, 277 

area between, 436 

asymptotic, 328 

Bézier, 666, 684 

boundary (see boundary curve) 

bullet-nose, 206 

cissoid of Diocles, 693 

closed, 1146 

contour, 939 

Cornu’s spiral, 682 

demand, 587 

devil’s, 213 

dog saddle, 949 

Ebbinghaus forgetting curve, 239 

epicycloid, 673 

equipotential, 949 

families of implicit, 217 

grid, 1172 

helix, 892, 900 

learning, 234, 612, 647 


INDEX A145 


length of, 560, 904 
level, 939 
longbow, 670 
monkey saddle, 949 
orientation of, 1136, 1154 
orthogonal, 216 
ovals of Cassini, 694 
parametric, 662 
piecewise-smooth, 1133 
polar, 691 
serpentine, 190 
simple, 1147 
smooth, 560, 906 
space, 891 
strophoid, 700, 721 
swallowtail catastrophe, 672 
toroidal spiral, 893 
trochoid, 670 
twisted cubic, 894 
witch of Maria Agnesi, 671 
curve fitting, 23 
curve-sketching 303, 
procedure for, 320 
cusp, 673 
cycloid, 666 
cylinder, 4, 832, 875 
parabolic, 875 
parametrization of, 1173 
rulings of, 875 
cylinders, intersection of, 1101 
cylindrical coordinate system, 1096 
conversion equations for, 1096 
triple integrals in, 1097 
cylindrical coordinates, 1096 
cylindrical shell, 460, 463 
cylindrical shells, method of, 460 


decay, exponential, 239 
decay, law of natural, 239 
decay, radioactive, 241 
decreasing function, 16, 17 
decreasing sequence, 732 
definite integral, 384 
evaluating, 387 
properties of, 391 
review of, 1038 
Substitution Rule for, 423 
of a vector function, 901 
definite integration 
by parts, 486, 487, 488, 489 
by substitution, 423 
degree of a polynomial, 25 
del (V), 997, 999 
delta (A) notation, 146 
demand curve, 341, 587 
demand function, 341, 587 
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density 
of a lamina, 1069 
linear, 228, 413 
liquid, 576 
mass vs. weight, 576 
of a solid, 1091 
dependent variable, 9, 934, 987 
derivative(s), 140, 144 
of a composite function, 200 
of a constant function, 174 
directional (see directional derivative) 
domain of, 153 
of an even function, 165 
of exponential functions, 174, 204, 
A56 
as a function, 153 
higher, 159 
higher partial, 966 
of hyperbolic functions, 261, 263 
of an increasing or decreasing 
function, 297 
of an integral, 399 
of an inverse function, 217 
of an inverse hyperbolic function, 265 
of inverse trigonometric functions, 
217, 220, 223 
left-hand, 165 
of logarithmic functions, 217, A57 
of natural exponential function, 180 
normal, 1169 
notation, 156, 963 
of an odd function, 165 
partial, 961 
of a polynomial, 174 
of a power function, 174 
of a power series, 789 
of a product, 185, 186 
of a quotient, 187 
as arate of change, 140 
right-hand, 165 
second, 159, 900 
second directional, 1007 
second partial, 967 
and the shape of a graph, 296 
as the slope of a tangent, 140, 147 
third, 160 
of trigonometric functions, 191, 194 
of a vector function, 898, 900 
Descartes, René, Al 1 
descent of aircraft, determining 
start of, 209 
determinant, 855, 856 
deviation, angle of, 289 
devil’s curve, 215 
Difference Law of Limits, 95, 728 
difference quotient, 10 


Difference Rule, 178 
difference of vectors, 838 
differentiable function, 156 
failure to be, 158 
of two variables, 977 
differential, 254, 256, 420, 979, 981 
differential calculus, 4 
differential equation, 183, 239, 359, 605, 
606, 608, 609 
autonomous, 616 
Bernoulli, 646 
family of solutions, 606, 607, 610 
first-order, 608 
general solution of, 610 
linear, 642 
logistic, 633 
modeling population growth with, 606 
order of, 608 
partial, 968 
second-order, 608 
separable, 621 
solution of, 608 
differentiation, 156, 173 
formulas for, 189, RPS 
formulas for vector functions, 900 
implicit, 209, 210, 966, 990 
as an inverse process of integration, 405 
logarithmic, 220 
partial, 961, 962, 963, 966 
of a power series, 788 
term-by-term, 788 
of a vector function, 898, 900 
differentiation operator, 156 
diffusion equation, 972 
Direct Comparison Test, 760 
Direct Substitution Property, 98 
directed line segment, 836, 839 
direction angles, 850 
direction cosines, 850 
direction field, 612, 613 
direction of most rapid decrease, 1006 
direction numbers, 866 
directional derivative, 994, 995, 
996, 999 
maximum value of, 1000 
second, 1007 
of a temperature function, 994, 996 
directrix, 703, 711 
discharge (flux), 589 
discontinuity, 115, 116 
discontinuous function, 115 
discontinuous integrand, 546 
disk method for approximating 
volume, 449 
disks and washers vs. cylindrical shells, 
computing volume by, 463 


dispersion, 289 
displacement, 143, 413 
displacement vector, 836, 837, 852 
distance 
between parallel planes, 871, 874 
between point and line in space, 
854, 863 
between point and plane, 863, 
870, 871 
between points in a plane, A11 
between points in space, 833 
between real numbers, A7 
between skew lines, 871 
distance formula, A12 
in three dimensions, 833 
distance problem, 379 
distinct linear factors, 508 
divergence 
of the harmonic series, 750 
of an improper integral, 543, 546 
of an infinite series, 740 
of a sequence, 726 
of a vector field, 1165 
Divergence, Test for, 744, 779 
Divergence Theorem, 1201, 1208 
divergent improper integral, 543, 546 
divergent sequence, 726 
divergent series, 740 
division of power series, 807 
DNA, helical shape of, 892 
dog saddle, 949 
domain, determining in curve sketching, 
320, 322 
domain convention, 13 
domain of a function, 8 
of three variables, 944 
of two variables, 934 
of a vector function, 890 
domain sketching, 934 
doomsday equation, 640 
Doppler effect, 993 
dot product, 847 
in component form, 847 
properties of, 848 
in vector form, 848 
double-angle formulas, A29 
double helix, 892 
double integral(s), 1038, 1040 
applications of, 1069 
change of variables in, 1063, 
1109, 1112 
over general regions, 1051 
Midpoint Rule for, 1042 
in polar coordinates, 1063, 
1064, 1065 
properties of, 1058, 1059 
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over rectangles, 1038 
volumes and, 1038 
double Riemann sum, 1041 
Douglas, Paul, 936 
drug response curve, 308 
dye dilution method, 589 


e (the number), 50, 180, A54 

as a limit, 221 

as a sum of an infinite series, 800 
Ebbinghaus, Hermann, 239 
Ebbinghaus forgetting curve, 239 
eccentricity, 711 
economic applications, rates of 

change in, 233 
Einstein’s theory of special 
relativity, 815 

electric charge, 1070, 1091 
electric circuit, 620, 623, 644 
electric current to a pulse laser, 79 
electric field (force per unit charge), 1128 
electric field E, 895, 1204 
electric flux, 1191, 1204 
electric force, 1128 
element of a set, A3 
elementary function, integrability of, 521 
elimination of a parameter, 663 
ellipse, 215, 704, 711, A19 

area, 501 

directrix, 711 

eccentricity, 711 

foci, 704, 711 

major axis, 705, 716 

minor axis, 676 

polar equation, 713, 716 

reflection property, 705, 710 

rotated, 216 

vertices, 705 
ellipsoid, 877, 879 
elliptic paraboloid, 879 

parametrization of, 1174 
elusive limit, evaluation of, 810 
empirical model, 23 
end behavior of a function, 139 
endpoint extreme values, 281 
energy 

conservation of, 1150 

kinetic, 477, 1151 

potential, 1151 
epicycloid, 672, 673 
epistola posterior, 811 
epistola prior, 811 
epitrochoid, 682, 722 
equation(s) 

cancellation, 56 

of a circle, A17 


of degree n, 213 
diffusion, 972 
of an ellipse, 705, 713, 716, A19 
of a graph, A16, A17 
heat conduction, 972 
of a hyperbola, 706, 707, 713, A20 
integral, 627 
Laplace’s, 968, 1112 
of a line, A12, A13, A14, A16 
of a line in space, 865 
of a line through two points, 866 
linear, A14 
linear, of a plane, 868 
logistic difference, 738 
logistic differential, 607 
Lotka-Volterra, 649 
nth-degree, 213 
of a parabola, 703, 713, A18 
parametric, 662, 865, 891 
of a plane, 868 
of a plane through three points, 869 
point-slope, A12 
polar, 687, 713 
predator-prey, 649 
second-degree, A16 
of a space curve, 891 
of a sphere, 833 
slope-intercept, A13 
symmetric, 866 
two-intercept form, A16 
van der Waals, 972 
vector, of a line, 865, 867 
wave, 968 
equilateral hyperbola, A21 
equilibrium point, 651 
equilibrium solution, 607, 650 
equipotential curves, 949 
equivalent vectors, 836 
error 
in approximate integration, 532, 533 
percentage, 258 
relative, 258 
in Taylor approximation, 812 
error bounds, 531, 533 
error estimate 
for alternating series, 768 
for the Midpoint Rule, 532, 533 
for Simpson’s Rule, 537 
for the Trapezoidal Rule, 532, 533 
error function, 408 
error tolerance, 106 
escape velocity, 551 


estimate of the sum of a series, 755, 763, 


768, 775 
of an alternating series, 768, 775 
Euclid, 97 
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Eudoxus, 2, 97, 418 
Euler, Leonhard, 52, 279, 618, 752, 
759, 1121 
Euler’s method, 612, 616, 617 
evaluating definite integrals, 387 
even function, 16, 320 
expected values, 1076, 1077 
exponential decay, 239 
exponential function(s), 31, 48, 179, 204, 
A53, A55, RP4 
with base b, A55 
derivative, of 174, 201, A55 
graphs of, 45 
integration of, 389, 419, 420, 805, 806 
limits of, 127, A54 
power series for, 796 
properties of, A54, A56 
exponential graph, 44 
exponential growth, 239, 636 
exponents, laws of, 47, A54, A56 
extended product rule for three 
functions, 191 
extrapolation, 25 
extreme value, 280 
Extreme Value Theorem, 281, 1014 


family 
of epicycloids and hypocycloids, 
672, 673 
of exponential functions, 45 
of functions, 27, 333, 334 
of implicit curves, 217 
of parametric curves, 667 
of polar curves, 694 
of solutions, 606, 607 
fat circles, 214, 567 
Fermat, Pierre, 3, 152, 282, 418, A11 
Fermat’s Principle, 347 
Fermat’s Theorem, 282, 283 
Fibonacci, 725, 737 
Fibonacci sequence, 725, 737 
field 
conservative, 1129, 1147, 1148, 1163 
electric (force per unit charge), 1128 
force, 1124, 1128 
gradient, 1128 
gravitational, 1128, 1145 
incompressible, 1166 
irrotational, 1164 
scalar, 1125 
vector (see vector field) 
velocity, 1124, 1164 
First Derivative Test, 298 
for Absolute Extreme Values, 339 
first-degree Taylor polynomial, 1019 
first octant, 830 
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A148 INDEX 


first-order linear differential equation, 608, 


641, 642 
first-order optics, 817 
fixed point of a function, 172, 296 
floor function, 101 
flow lines, 1131 
fluid flow, 1127, 1164, 1165, 1166, 
1198, 1205 
flux, 589, 1189, 1191 
flux integral, 1189 
FM synthesis, 333 
foci, 704, 706 
focus, 704, 711 
of a conic section, 711 
of an ellipse, 704, 705, 711 
of a hyperbola, 706, 711 
of a parabola, 703, 711 
folium of Descartes, 210, 721 
force, 467 
centripetal, 930 
constant, 852 
exerted by fluid, 577 
resultant, 842 
torque, 861, 925 
force field, 1124, 1128 
Fourier, Joseph, 234 
Fourier series, finite, 500 
four-leaved rose, 689 
fractions (partial), 507, 508 
Frenet-Serret formulas, 915 
Fresnel, Augustin, 402 
Fresnel function, 402 
friction, coefficient of, 198 
frustum, 457, 458 
Fubini, Guido, 1044 
Fubini’s Theorem 
for double integrals, 1044 
for triple integrals, 1083 
function(s), 8 
absolute value, 14 
Airy, 794 
algebraic, 29 
arc length, 560, 905 
arcsine, 62 
area, 398 
arrow diagram of, 9 
average cost, 346 


average value of, 473, 594, 1047, 1095 


Bessel, 216, 791 


Cobb-Douglas production function, 937, 


938, 943, 973, 1027 
combinations of, 40 
component, 890, 1125 
composite, 41, 199, 958 
constant, 174 
continuity of, 115, 891, 957, 959 


continuous, 891, 957, 959 

continuous, integration of, 520 

continuous properties, 117 

cost, 233, 341 

cubic, 26 

decreasing, 16 

demand, 341, 587 

derivative of, 144, 153 

differentiability of, 156, 977 

discontinuous, 115 

domain of, 8, 890, 934, 944 

elementary, 521 

empirical, 23 

end behavior of, 139 

epicycloids, 672 

error, 408 

escape velocity, 629 

even, 16, 165, 320 

exponential, 31, 45, 48, 51, 179, A53, 
A55, RP4 

extreme values of, 280 

family of, 27, 333, 334 

fixed point of, 172, 296 

Fresnel, 402, 408 

Gompertz, 638, 641 

gradient of, 997, 999 

graph of, 9, 937 

greatest integer, 101 

harmonic, 968, 1169 

Heaviside, 45 

homogeneous, 993 

hyperbolic, 263 

implicit, 209 

increasing, 16, 17 

integrable, 1040 

inverse, 54, 55 

inverse cosine, 63 

inverse hyperbolic, 264 

inverse sine, 62 

inverse tangent, 63 

inverse trigonometric, 61, 64, 222, 223 

joint density, 1074, 1091 

limit of, 83, 105, 951, 952, 959 

linear, 22, 937 

logarithmic, 31, 57, A51, A56 

machine diagram of, 11 

marginal cost, 233, 341, 413 

marginal profit, 341 

marginal revenue, 341 

maximum and minimum values of, 
280, 1008 

of n variables, 945 

natural exponential, 51, 180, A53 

natural logarithmic, 59, A51 

nondifferentiable, 158 

normal density, 308 


odd, 16, 165, 320 
one-to-one, 54 
periodic, 321 
piecewise defined, 14 
polynomial, 25 
polynomial, of two variables, 955 
position, 142 
potential, 1129 
power, 27, 174 
power series representation for, 791 
probability density, 592, 1074 
profit, 336 
quadratic, 25 
ramp, 45 
range of, 8 
range, of two variables 934 
rational, 29, 518 
rational, of two variables 955 
reciprocal, 28 
reflected, 37 
representation as a power series, 787 
representation by a Taylor series, 797 
representations of, 8, 10 
revenue, 341 
root, 27 
rules for defining, 13 
of several variables, 934, 944, 
945, 966 
shifted, 37 
signum, 103 
sine integral, 408 
smooth, 560 
step, 16 
stretched, 37 
symmetric, 424 
tabular, 11 
of three variables, 944, 966 
transcendental, 30 
transformation of, 36 
translation of, 37 
trigonometric, 30, A26 
of two variables, 934 
value of, 8, 9 
vector, 890 
function notation, 8 
Fundamental Theorem of Calculus, 
399, 405 
for double integrals, 1154 
for line integrals, 1144 
Part 1, 399, 400 
Part 2, 402, 403 
summary of higher-dimensional 
versions, 1208 
for surface integrals, 1195 
for vector functions, 902 
future value of income, 591 
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G (gravitational constant), 236, 472 
Gabriel’s horn, 551, 574 
Galileo, 667, 676, 703 
Galois, Evariste, 213 
Gause, G. F., 636 
Gauss, Karl Friedrich, 817, 1201, A37 
Gaussian optics, 817 
Gauss’s Law, 1191, 1205 
Gauss’s Theorem, 1201 
general region, integration over, 1052 
geometric series, 742, 779 
geometric vector, 836, 839 
geometry of a tetrahedron, 864 
geosynchronous orbit, 926 
Gibbs, Josiah Willard, 842 
Gini, Corrado, 445 
Gini coefficient, 445 
Gini index, 445 
global maximum and minimum, 280 
Gompertz function, 638, 641 
grad f, 997, 999 
gradient, 997, 999 
gradient, velocity, 732 
gradient vector, 997, 998, 999, 1004 
gradient vector field, 1004, 1128 
graph(s) 
of an equation, A16, A17 
of equations in three dimensions, 
831, 832 
of exponential functions, 46, 179, RP4 
of a function, 9 
of a function of two variables, 937 
of logarithmic functions, 61, 62 
of a parametric curve, 662 
of a parametric surface, 1184 
polar, 687, 691 
of power functions, 27, RP3 
of a sequence, 730 
of a surface, 1184 
of trigonometric functions, 30, A32, RP2 
gravitation law, 236, 472 
gravitational acceleration, 467 
gravitational field, 1128, 1145 
great circle, 1107 
greatest integer function, 101 
Green, George, 1155 
Green’s identities, 1169 
Green’s Theorem, 1154, 1208 
extended versions, 1157 
for a union of simple regions, 
1157, 1158 
vector forms, 1167 
Gregory, James, 200, 497, 535, 
790, 796 
Gregory’s series, 790 
grid curves, 1172 


ground state, 599 
growth, exponential, 239 
growth, law of natural, 239, 631 
growth, population, 240 
growth rate, 239, 413 
relative, 240, 632 
guidelines for curve sketching, 320 
guidelines for integration, 517 


half-angle formulas, A30 
half-life, 48, 241 
half-space, 944 
Halley, Edmund, 931 
Hamilton, Sir William Rowan, 855 
hare-lynx system, 653 
harmonic function, 968, 1169 
harmonic series, 744, 754 
harmonic series, alternating, 767 
heat conduction equation, 972 
heat conductivity, 1192 
heat equation, 972 
heat flow, 1192 
heat index, 961 
Heaviside, Oliver, 86 
Heaviside function, 45 
helix, 892, 900 
hidden line rendering, 875 
higher derivatives, 159 
higher partial derivatives, 967 
homogeneous function, 993 
Hooke’s Law, 468, 607 
horizontal asymptote, 127, 321 
horizontal line, equation of, A13 
Horizontal Line Test, 54 
horizontal plane, 831 
horizontal shift of a function, 37 
Hubble space telescope, 287 
humidex, 947, 961 
Huygens, Christiaan, 667 
hydrostatic pressure and force, 576 
hydro-turbine optimization, 1030 
hyperbola, 215, 706, 711, A20 
asymptotes, 706, A20 
branches, 706, A20 
directrix, 711 
eccentricity, 711 
equation, 706, 707, 713, A20 
equilateral, A21 
foci, 706 711 
polar equation, 713 
reflection property, 710 
vertices, 706 
hyperbolic cosine, 261 
hyperbolic function(s), 261 
derivatives of, 263 
inverse, 264, 265 
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hyperbolic identities, 262 
hyperbolic paraboloid, 878, 879 
hyperbolic sine, 261 

hyperbolic substitution, 503, 504 
hyperboloid, 878, 879, 880, 881 
hypersphere, volume of, 1095 
hypervolume, 1089 
hypocycloid, 672 


i (standard basis vector), 841 
I/D Test, 297 
ideal gas law, 232, 972 
identities 
hyperbolic, 262 
product, for trigonometric integrals, 498 
trigonometric, 500, A28 
image of a point, 1109 
image of a region, 1109 
implicit differentiation, 209, 210, 966, 990 
implicit function, 209, 210 
Implicit Function Theorem, 990, 991 
improper integral, 543, 546 
comparison test for, 548 
convergence or divergence of, 544, 546 
impulse of a force, 477 
incompressible velocity field, 1166 
Increasing/Decreasing Test, 321 
increasing function, 16 
increasing sequence, 732 
increment, 146, 981 
indefinite integral(s), 409 
Substitution Rule for, 419 
table of, 410 
independence of path, 1145, 1146 
independent random variable, 1076 
independent variable, 9, 934, 987 
indeterminate difference, 314 
indeterminate forms of limits, 309, 
313, 314 
indeterminate powers, 315 
indeterminate product, 313 
index of summation, A36 
inequalities, rules for, A4 
inequality, coefficient of, 445 
inertia, moment of. See moment of inertia 
infinite discontinuity, 116 
infinite interval, 542, 543 
infinite limit, 89, 112, 133 
of a sequence, 728 
infinite sequence. See sequence 
infinite series. See series 
inflection point, 301, 321 
initial condition, 610 
initial point 
of a parametric curve, 663 
of a vector, 836 
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initial value of a growth function, 240 
initial-value problem, 610, 632 
inner product, 847 
input of a function machine, 9 
instantaneous rate of change, 80, 
146, 225 
instantaneous rate of growth, 230 
instantaneous rate of reaction, 229 
instantaneous velocity, 81, 143, 226 
integer, A2 
integrable function, 384, 1040 
integral(s) 
approximations to, 390 
change of variables in, 419, 1064, 
1097, 1103 
comparison properties of, 393 
conversion to cylindrical coordinates, 
1097, 1098 
conversion to polar coordinates, 1064 
conversion to spherical 
coordinates, 1103 
definite, 384 
definite, review of, 1038 
derivative of, 400 
double (see double integral(s)) 
equation, 627 
evaluation of, 387 
improper, 542 
indefinite, 409, 486 
iterated, 1043 
line (see line integral) 
patterns in, 528 
properties of, 391 
surface (see surface integral) 
of symmetric functions, 424 
table of, 485, 517, 523, RP6-10 
trigonometric, 493 
triple (see triple integral(s)) 
units for, 415 
integral calculus, 3 
integral equation, 627 
integral sign, 384 
Integral Test, 753, 780 
proof of, 757 
integrand, 384, 493 
discontinuous, 546 
integrating factor, 643 
integration, 384, 405 
approximate, 529 
of exponential functions, 
389, 422 
formulas, 485, 517, RP6—10 
indefinite, 409 
limits of, 384 
numerical, 538 
partial, 1043 


by partial fractions, 507 
by parts, 486, 487, 488, 489, 518 
of a power series, 788 
of powers of secant and tangents, 495 
of powers of sine and cosine, 493 
of rational functions, 507 
by a rationalizing substitution, 514 
with respect to x, 436 
with respect to y, 439 
reversing order of, 1043 
over a solid, 1084 
substitution in, 419 
with tables, 523 
techniques of, 485 
with technology, 523, 525 
term-by-term, 788 
of trigonometric functions, 493 
of a vector function, 901 
intercepts, 320, 322, A19 
interest compounded continuously, 243 
Intermediate Value Theorem, 122 
intermediate variable, 987 
interpolation, 25 
interpretations of a derivative, 234 
intersection 
of objects in space, 897 
of planes, 869 
of polar graphs, area of, 696 
of three cylinders, 1101 
intersection and collision of 
particles, 671 
intersection of sets, A3 
interval, A3 
interval of convergence, 783 
intervals of increase or decrease, 322 
invention of calculus, 8 
Newton and Leibniz, priority dispute 
between, 418 
inverse cosine function, 63 
inverse function(s), 54, 55 
inverse hyperbolic functions, 264 
inverse processes, differentiation and 
integration as, 405 
inverse sine function, 62 
inverse square field, 1153 
inverse square law, 28 
inverse tangent function, 63 
inverse transformation, 1110 
inverse trigonometric functions, 61, 62, 
217, 222, 223 
involute, 684 
irrational number, A2 
irreducible quadratic factor, 511 
repeated, 513 
irrotational vector field, 1164 
isobar, 940 


isothermal, 940 
isothermal compressibility, 230 
iterated integral, 1043 


j (standard basis vector), 841 
Jacobi, Carl Gustav Jacob, 1111 
Jacobian of a transformation, 1111 
jerk, 161 
joint density function 

of three variables, 1091 

of two variables, 1074 
joule, 467 
jump discontinuity, 116 


k (standard basis vector), 841 
kampyle of Eudoxus, 215 
Kepler, Johannes, 715, 921, 925 
Kepler’s Laws, 715, 921, 925 
kinetic energy, 477, 1151 
Kirchhoff’s laws, 614 


Lagrange, Joseph-Louis, 293, 294, 1021 
Lagrange multiplier, 1020 
with one constraint, 1020, 1021 
with two constraints, 1025 
Lagrange’s form of the remainder 
term, 799 
lamina, 580 
lamina (of variable density) 
center of mass of, 1071 
density at a point on, 1069 
moment about an axis, 1070, 1071 
moment of inertia about an axis, 1072 
radius of gyration about an axis, 1074 
laminar flow, law of, 232, 588 
Laplace, Pierre, 968 
Laplace operator, 1167 
Laplace transform, 552 
Laplace’s equation, 968, 1122, 1167 
lattice point, 278 
law, inverse square, 28 
law of conservation of angular 
momentum, 925 
Law of Conservation of Energy, 1151 
law of cooling, 242 
law of cosines, A31 
law of gravitation, 472 
law of laminar flow, 232, 588 
law of natural growth or decay, 239, 631 
Law of Universal Gravitation, 921, 926 
laws of exponents, 47, A53 
laws of logarithms, 58, A51 
leading coefficient, 25 
learning curve, 234, 612, 647 
least squares method, 24, 1018 
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least upper bound, 734 
left endpoint approximation, 530 
left-hand derivative, 165 
left-hand limit, 86, 110 
Leibniz, Gottfried Wilhelm, 3, 156, 399, 
418, 627, 811 
Leibniz formula for m, 790 
Leibniz notation, 156, 622 
lemniscate, 215 
length 
of a curve, 560 
of a line segment, A7, A12 
of a parametric curve, 676 
of a polar curve, 696 
of a space curve, 904 
of a vector, 839 
level curves, 939 
level surface, 945 
tangent plane to, 1002 
l Hospital, Marquis de, 311 
l’Hospital’s Rule, 309, 310, 311, 
319, A48 
origins of, 319 
libration point, 356 
limaçon, 690 
Limit Comparison Test, 762 
Limit Laws, 94, 95, 111, A41 
for functions of two variables, 955 
for sequences, 728 
limit(s), 2, 83 
calculating, 94 
e (the number) as, 221 
evaluation of, 97 
of exponential functions, 133, A54 
of a function, 83 
of a function of three variables, 959 
of a function of two variables, 951, 952 
graphical evaluation, 83 
infinite, 89, 112, 132 
at infinity, 127, 128, 130, 132, 134, 137 
of integration, 384 
intuitive definition, 83, 86 
left-hand, 86, 110 
of logarithmic functions, 91, A53 
one-sided, 86, 110 
precise definitions, 105, 106, 110, 113, 
134, 135, 137 
properties of, 94 
properties of, for vector functions, 898 
right-hand, 86, 110 
of a sequence, 5, 374, 726, 727 
involving sine and cosine functions, 
192, 193, 194 
of a trigonometric function, 195 
of a vector function, 890, 898 
limiting value, 81 


line integral 
Fundamental Theorem for, 1144 
of the normal component of F, 1168 
for a plane curve, 1131, 1132 
with respect to arc length, 1132, 
1135, 1137 
with respect to x and y, 1132, 1135 
for a space curve, 1137 
of the tangential component of F, 1167 
of vector fields, 1138, 1140, 1141 
work defined as, 1139 
line(s) in the plane, 78, A12 
equations of, A12, A13, A14 
horizontal, A13 
normal, 177 
parallel, A14 
perpendicular, A14 
secant, 78, 79 
slope of, A12 
tangent, 78, 79, 141 
line(s) in space, 863, 864 
equation of, through two points, 866 
normal, 1002 
parametric equations of, 865 
skew, 867 
symmetric equations of, 866 
tangent, 898 
vector equation of, 865 
linear approximation, 254, 976, 980 
linear density, 228, 413 
linear differential equation, 642 
linear equation, A14 
linear equation of a plane, 868 
linear function, 22, 937 
linear model, 22 
linear motion of an object, 360 
linear regression, 24 
linearization, 254, 976 
liquid force, 577 
Lissajous figure, 665, 672 
lithotripsy, 706 
local maximum and minimum, 280, 
321, 322, 1008 
logarithm(s), 31, 57, A56 
laws of, 58, A52 
natural, 59, A51 
notation for, 59 
logarithmic differentiation, 217 
logarithmic function(s), 31, 57, A51 
with base b, 60, A56 
derivatives of, 220, A52, A57 
graphs of, 58, 63 
limits of, 91, A53 
properties of, 58, A52 
logistic difference equation, 738 
logistic differential equation, 607, 633 
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logistic distribution, 598 
logistic equation, 318 
logistic model, 607, 632 

vs. natural growth model, 636 
logistic sequence, 738 
longbow curve, 670 
LORAN system, 709 
Lorenz curve, 445 
Lotka-Volterra equations, 649 
lower limit of integration, 384 
lower sum, 377 
LZR Racer, 984 


machine diagram of a function, 9 
Maclaurin, Colin, 796 
Maclaurin series, 795, 796, 802 
table of, 804 
magnetic field B, 961 
magnitude of a vector, 839 
major axis of ellipse, 705 
marginal cost function, 146, 233, 
341, 413 
marginal productivity of capital, 973 
marginal productivity of labor, 973 
marginal profit function, 341 
marginal propensity to consume or 
save, 749 
marginal revenue function, 341 
market equilibrium, 591 
mass 
of a lamina, 1069 
of a solid, 1090 
of a surface, 1184 
of a wire, 1134 
mass, center of. See center of mass 
mathematical induction, 71, 72, 734 
principle of, 71, 72, A38 
mathematical model, 11, 21 
maximum and minimum values, 
280, 1008 
mean life of an atom, 551 
mean of a probability density 
function, 595 
Mean Value Theorem, 290, 291, 293 
for double integrals, 1062 
for integrals, 474 
mean waiting time, 595 
median of a probability density 
function, 596 
method of cylindrical shells, 460 
method of exhaustion, 2, 97 
method of Lagrange multipliers 
with one constraint, 1020, 1021 
with two constraints, 1025 
method of least squares, 24, 1018 
method of partial fractions, 507 
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Midpoint Formula, A16 
for points in space, 835 
midpoint rule, 390, 530, 531 
for double integrals, 1042 
error in using, 532 
for triple integrals, 1093 
minor axis of ellipse, 705 
mixing problems, 625 
Mobius, August, 1187 
Mobius strip, 1181, 1187 
modeling 
with differential equations, 606 
motion of a spring, 607 
population growth, 48, 240, 606, 632, 
638, 657 
model(s), mathematical, 11, 21 
comparison of natural growth 
vs. logistic, 636 
of electric current, 614 
empirical, 23 
exponential, 31, 45 
Gompertz function, 638, 641 
linear, 22 
logarithmic, 31 
polynomial, 25 
for population growth, 240, 606, 
631, 638 
power function, 27 
predator-prey, 649 
rational function, 29 
seasonal-growth, 641 
trigonometric, 30, 31 
von Bertalanffy, 657 
moment(s) 
about an axis, 579, 1070 
of a lamina, 580, 1070 
of a mass, 579 
about a plane, 1090 
polar, 1073 
second, 1072 
of a solid, 1090 
of a system of particles, 579 
moment of inertia, 1072, 1091 
about axes, 1143 
about the origin, 1073 
momentum of an object, 477 
monkey saddle, 949 
monotonic sequence, 732 
Monotonic Sequence Theorem, 733, 752 
motion of a projectile, 918 
motion in space, 916 
movie theater seating, 478 
multiple integrals, 1037. See also 
double integral(s); triple 
integral(s) 
multiplication, scalar, 837, 840 


multiplication and division of power 
series, 807 
multiplier (Lagrange), 1020, 1021, 1025 
multiplier effect, 749 
natural exponential function, 51, 
179, A53 
derivative of, 177, A55 
graph of, 181 
power series for, 796 
properties of, A54 
natural growth law, 239, 631 
vs. logistic model, 636 
natural logarithm function, 59, 61, A51 
derivative of, 217, A52 
limits of, A53 
properties of, A52 
n-dimensional vector, 840 
negative angle, A25 
negative of a vector, 838 
net area, 385 
Net Change Theorem, 412 
net investment flow, 591 
newton (unit of force), 477 
Newton, Sir Isaac, 3, 8, 97, 152, 399, 
418, 811, 921, 926 
Newton’s discovery of the binomial 
series, 811 
Newton’s Law of Cooling, 242, 612 
Newton’s Law of Gravitation, 236, 472, 
922, 926, 1127 
Newton’s method, 351 
for functions of two variables, 1035 
Newton’s Second Law of Motion, 467, 
477, 918, 922, 926 
Newton-Raphson method, 351 
Nicomedes, 668 
nondifferentiable function, 158 
nonparallel planes, 870 
normal component 
of acceleration, 919, 920 
of F, line integral of, 1168 
normal derivative, 1169 
normal distribution, 597 
normal line, 177 
normal line to a surface, 1002 
normal plane, 910 
normal vector, 868, 909 
normally distributed random variable, 
probability density function of, 1077 
nth term of a sequence, 724 
nth-degree Taylor polynomial, 798 
n-tuple, 840 
nuclear reactor, cooling towers of, 881 
number 
integer, A2 
irrational, A2 


rational, A2 
real, A2 
numerical integration, 529 


O (origin), 830 
octant, 830 
odd function, 16, 320 
Ohm’s Law, 614 
one-sided limits, 86, 110 
one-to-one function, 54 
one-to-one transformation, 1109 
open connected region, 1146 
open interval, A3 
open interal, differentiability on, 56 
optics 

first-order, 817 

Gaussian, 817 

third-order, 817 
optimization problems, 280, 336 
orbit of a planet, 921 
orbital, 599 
order of a differential equation, 608 
order of integration, reversed, 1045 
ordered pair, A10 
ordered triple, 830 
Oresme, Nicole, 745 
orientation of a curve, 1136, 1154 
orientation of a surface, 1187 
oriented surface, 1187 
origin, 830, A2, A10 
orthogonal curves, 216 
orthogonal projection of a 

vector, 854 

orthogonal surfaces, 1008 
orthogonal trajectory, 216, 624 
orthogonal vectors, 849 
osculating circle, 910 
osculating plane, 910 
Ostrogradsky, Mikhail, 1201 
output of a function rule, 9 
ovals of Cassini, 694 


Pappus, Theorem of, 583 
Pappus of Alexandria, 583 
parabola, 703, 711, A18 
axis, 703 
directrix, 703 
equation, 675, 703 
focus, 703, 711 
polar equation, 713 
reflection property, 274 
vertex, 703 
parabolic cylinder, 875 
paraboloid, 277 
circular, 880 
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elliptic, 877 

hyperbolic, 878 
paradoxes of Zeno, 724 
parallel lines, A14 
parallel planes, 869 
parallel vectors, 838, 858 
parallelepiped, 447 

volume of, 860 
Parallelogram Identity, 854 
Parallelogram Law, 837 
Paramecium, 636, 637 
parameter, 662, 865, 891 
parametric curve, 662, 664, 667 

arc length of, 662 

area under, 675 

slope of tangent line to, 673 


parametric equations, 662, 865, 891 


of a line in space, 865 

of a space curve, 891, 905 

of a surface, 1170 

of a trajectory, 919 
parametric surface, 1170, 1183 

graph of, 1165, 1172 

smooth, 1176 

surface area of, 1177 

surface integral over, 1183 

tangent plane to, 1175 

given by a vector function, 1171 


parametrization of a space curve, 905 


with respect to arc length, 905 
smooth, 906 
paraxial rays, 256 
Pareto’s law of income, 592 
partial derivative(s), 961 
of a function of more than three 
variables, 966 
of a function of more than two 
variables, 966 


of a function of two variables, 961, 963 


interpretations of, 964 
at maximum and minimum 
values, 1009 

notations for, 963 

as a rate of change, 962 

with respect to x, 962, 963 

with respect to y, 963 

rules for finding, 963 

second, 967 

as slopes of tangent lines, 964 
partial differential equation, 968 


partial differentiation, 961, 962, 963, 966 


partial fractions, 507, 508 
partial integration, 486, 487, 488 

for double integrals, 1043 
partial sum of a series, 740 
particle, motion of, 916 


particular antiderivative, 526 

parts, integration by, 486, 487, 488 
pascal (unit of pressure), 576 

path, 1145 

patterns in integrals, 528 


pendulum, approximating the period 


of, 256, 260 
percentage error, 258 
perihelion, 709 
perilune, 681 
period, 321 
period of a particle, 930 
periodic function, 321 
perpendicular lines, A14 
perpendicular vectors, 849 
phase plane, 651 
phase portrait, 651 
phase trajectory, 651 
physics applications, 256, 815 
rates of change in, 226 
piecewise defined function, 14 
piecewise-smooth curve, 1133 
planar curve, 915 
Planck’s law, 820 
plane(s), 868 
angle between, 869 
coordinate, 830 
distance between, 874 
distance from point to, 870, 871 
equation of, 868 


equation of, through three points, 869 


horizontal, 831 

line of intersection, 869 

linear equation of, 868 

normal, 910 

osculating, 910 

parallel, 869 

scalar equation of, 868 

tangent to a surface, 974, 1175 

vector equation of, 868 

vertical, 831 
plane, descent of, 209 
plane, minimizing energy of, 350 
plane region of type I or type II, 

1053, 1054 

planetary motion, laws of, 715, 921 
planimeter, 1157 
point of inflection, 301, 321 
point(s) in space 

coordinates of, 830 

distance between, 833 

projection of, 831 
point-slope equation of a line, A12 
Poiseuille, Jean-Louis-Marie, 232 
Poiseuille’s Law(s), 260, 348, 589, 

592, 972 


INDEX 


polar axis, 685 


polar coordinate system, 684, 685, 1062 


arc length in, 697 
area in, 694 

calculus in, 694 
conic sections in, 711 


conversion of double integral to, 1063, 


1064, 1065 


conversion equations for Cartesian 


coordinates, 686 
relationship to Cartesian 
coordinates, 686 
tangents in, 698 
polar curve, 687, 694 
arc length of, 697 
of a conic, 713, 923 
graph of, 687 
graphing with technology, 690 
parametric equations for, 697 
polar equation(s), 686 
symmetry in, 689 
table of, 691 
tangent line to, 698 
polar equation(s), 686 
of a conic, 713, 923 
graph of, 687 
polar graph, 687 
using technology, 690 
polar moment of inertia, 1073 
polar rectangle, 1063 
polar region, area of, 694 
pole, 685 
polynomial, 25 
polynomial approximations, 260 
polynomial function, 25 
of two variables, 955 
population growth, 48, 240, 606 
of bacteria, 631, 636 
of insects, 516 
models, 631 
world, 49 
position function, 142 
position vector, 839 
positive angle, A25 
positive orientation 
of a boundary curve, 1195 
of a closed curve, 1154 
of a surface, 1188 
potential, 555 
potential energy, 1151 
potential function, 1129 
pound (unit of force), 467 
power, 148 
power function(s), 27 
derivative of, 174 
Power Law of Limits, 96, 729 
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Power Rule, 175, 176, 200, 220 
power series, 781, 782, 789 
coefficients of, 782 
for cosine and sine, 801 
differentiation of, 788 
division of, 807 
for exponential function, 800 
integration of, 788 
interval of convergence, 783 
multiplication of, 807 
radius of convergence, 783 
representations of functions as, 787 
predator-prey equation, 649 
predator-prey model, 238 
predator-prey systems, 649 
present value of income, 591 
pressure exerted by a fluid, 576 
prime notation, 144, 178 
principal unit normal vector, 909 
principle of mathematical induction, 
71, 72, 734, A38 
probability, 592, 1074 
probability density function, 592, 
593, 1074 
problem-solving principles, 70, 825 
carrying out a plan, 71 
introducing something extra, 70, 419 
looking back on a solution, 71, 249 
recognizing patterns, 70 
recognizing something familiar, 
70, 825 
taking cases, 70, 73, 291 
thinking of a plan, 70 
understanding the problem, 7 
uses of, 171, 363, 419, 432 
using analogy, 70 
problem-solving strategy, 249 
producer surplus, 591 
product 
cross, 855 (see also cross product) 
dot, 847 (see also dot product) 
scalar, 847 
scalar triple, 860 
triple, 860 
product identities, A29 
product identities for trigonometric 
integrals, 498 
Product Law of Limits, 95, 728 
Product Rule, 185, 186 
extended to three functions, 191 
profit function, 341 
projectile, path of, 672, 918 
projectile motion, 918 
parametric equations for, 919 
projection, 831, 851 
orthogonal, 854 


proof of the Chain Rule, 205 

properties of continuous functions, 117 

properties of convergent series, 746 

properties of a definite integral, 391 

properties of limits, 94 

p-series, 754, 779 

Pyramid, Great, of Khufu, 472 

Pythagorean Theorem, 501 
three-dimensional version of, 864 


quadrant, A11 
quadratic approximation, 260, 1019 
quadratic factor, 511 
quadratic function, 25 
quadratic model, 648 
quadric surface(s), 875, 876 
cone, 879 
ellipsoid, 877, 879 
elliptic paraboloid, 877, 879 
hyperbolic paraboloid, 878, 879 
hyperboloid, 878, 879 
paraboloid, 877 
standard form of equation for, 876 
table of graphs, 879 
quaternion, 843 
quotient, symmetric difference, 152 
Quotient Law of Limits, 95, 728 
Quotient Rule, 185, 187, 188 


radian measure, 30, 85, A24 
radiation from stars, 820 
radioactive decay, 241 
radiocarbon dating, 246 
radius of convergence 
of a Maclaurin series, 804 
of a power series, 783 
radius of gyration of a lamina, 1074 
rainbow, formation and location 
of, 289 
rainbow angle, 289 
ramp function, 45 
range of a function, 8 
of two variables, 934 
rate of change 
average, 146, 225 
derivative as, 140 
instantaneous, 81, 146, 225 
interpretations of, 234 
in natural science, 225 
in social sciences, s225 
rate of growth, 230, 413 
rate of reaction, 148, 229, 413 
rates, related, 247 
ratio, common, of a geometric 
series, 742 


Ratio Test, 774, 780 
rational function, 29, 518 
continuity of, 118 
integration of, 507 
of two variables, 955 
rational number, A2 
rationalizing substitution for 
integration, 514 
Rayleigh-Jeans law, 820 
real line, A3 
real number, A2 
rearrangement of a series, 771, 772 
reciprocal function, 28 
Reciprocal Rule, 191 
rectangular coordinate system, A11 
rectangular coordinate system, 
three-dimensional, 831 
conversion to cylindrical 
coordinates, 1096 
conversion to spherical 
coordinates, 1102 
rectangular parallelepiped, 447 
rectifying plane, 915 
recurrence relation, 734 
red blood cell loss during surgery, 247 
reduction formula, 489, 490, 494 
reflecting a function, 37 
reflection property 
of conics, 710 
of an ellipse, 705 
of a hyperbola, 711 
of a parabola, 274, 275 
region 
connected, 1146 
under a graph, 372, 377 
open, 1146 
plane (of type I or II), 1053, 1054 
simple plane, 1155 
simple solid, 1201 
simply-connected, 1148 
solid (of type 1, 2, or 3), 1084, 1086 
between two graphs, 436 
regression, linear, 24 
related rates, 247 
relationship between polar and Cartesian 
coordinates, 686 
relative error, 258 
relative growth rate, 240, 632 
remainder, 755 
remainder estimates 
for the Alternating Series, 768 
for the Integral Test, 755 
remainder of the Taylor series, 798 
removable discontinuity, 116 
repeated irreducible quadratic factor, 513 
repeated linear factors, 510 
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representation(s) of a function, 10, 11 
using geometric series, 787 
as a power series, 787 
resultant force, 842 
revenue function, 341 
reversing order of integration, 1043 
revolution, solid of, 449 
revolution, surface of, 567 
Riemann, Georg Bernhard, 385 
Riemann sum(s), 385, 530 
double, 1041 
triple, 1083 
right circular cylinder, 446 
right-hand derivative, 165 
right-hand limit, 86, 110 
right-hand rule, 830, 857 
Roberval, Gilles de, 404, 676 
rocket equation, 492 
rocket stages, determining optimal 
masses for, 1028 
Rolle, Michel, 290 
roller coaster, design of, 184 
roller derby, 1108 
Rolle’s Theorem, 290 
root function, 27 
Root Law of Limits, 96 
Root Test, 776, 777, 780 
ruled surface, 882, 883 
ruling of a surface, 876 
rumor, rate of spread, 234 


saddle point, 1010 
sample point, 377, 384, 1039 
satellite dish, parabolic, 881 
scalar, 837 
scalar equation of a plane, 868 
scalar field, 1125 
scalar multiple of a vector, 837, 840 
scalar product, 847 
scalar projection, 851 
scalar triple product, 860 
geometric characterization of, 860 
scatter plot, 11 
sea ice, 629 
seasonal-growth model, 620 
secant function, A33 
derivative of, 194 
graph of, A33 
secant line, 3, 78, 79, 81 
secant vector, 898 
second derivative, 159 
of an implicit function, 213 
of a vector function, 900 


second-degree Taylor polynomial, 1019 


Second Derivative Test, 302 
Second Derivatives Test, 1010, 1015 


second directional derivative, 1007 
second moment of inertia, 1072 
second partial derivative, 967 


second-order differential equation, 608 


Second Theorem of Pappas, 586 
sector of a circle, area of, 694 
sensitivity, 238 
separable differential equation, 621 
sequence, 5, 724 
bounded, 732, 733 
convergent, 726 
decreasing, 732 
divergent, 726 
Fibonacci, 725 
graph of, 730 
increasing, 732 
limit of, 5, 368, 726, 727 
logistic, 738 
monotonic, 732 
of partial sums, 740 
Squeeze Theorem for, 729 
term of, 724 
series, 6, 738 
absolutely convergent, 774 
alternating, 765, 780 
alternating harmonic, 7740, 773 
binomial, 803 
coefficients of, 782 
Comparison Test for, 779 
conditionally convergent, 774 
convergent, 740, 760 
divergent, 740, 760 
geometric, 742, 779 
Gregory’s, 790 
harmonic, 744, 754 
infinite, 739 
Maclaurin, 795, 796, 802 
p-, 754, 779 
partial sum of, 740 
power, 781. 782, 789 
rearrangement of, 771 
strategy for testing, 779 
sum of, 740 
Taylor, 795, 796, 802 
term of, 739 
trigonometric, 782 
serpentine (curve), 190 
set, bounded or closed, 1014 
set notation, A3 
Shannon index, 1018 
shell method for approximating 
volume, 460 
shift of a function, 37 
shifted conic, 709, A21 
shifted logistic model, 640 
Sierpinski carpet, 751 
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sigma notation, 378, A36 
signum function, 103 
simple curve, 1147 
simple harmonic motion, 207 
simple plane region, 1155 
simple solid region, 1201 
simply-connected region, 1148 
Simpson, Thomas, 535, 1035 
Simpson’s Rule, 534, 535, 542 
error bounds for, 537 
sine function, A26 
derivative of, 193, 194 
graph of, 30, A33 
power series for, 801 
sine integral function, 408 
sink, 1205 
sketching curves, guidelines for, 320 
skew lines, 867 
slant asymptote, 316, 326 
slope, A12 
of a curve, 141 
slope field, 613 
slope-intercept equation of a 
line, A13 
smooth curve, 560, 906 
smooth function, 560 
smooth parametrization of a space 
curve, 906 
smooth surface, 1176 
Snell’s law, 347 
snowflake curve, 826 
solid, 466 
solid, volume of, 446, 447, 1040 
solid angle, 1213 
solid region (of type 1, 2, or 3), 1084, 1086 
solid of revolution, 449 
rotated on a slant, 575 
volume of, 454, 461, 575 
solution curve, 613 
solution of a differential equation, 608 
solution of predator-prey 
equations, 649 
source, 1205 
space, three-dimensional, 830 
space curve, 891 
arc length of, 904 
graph of, 893 
parametrization of, 893 
speed of a particle, 147, 678, 916 
Speedo LZR racer, 984 
sphere, 833 
equation of, 834 
flux across, 1190 
graph of, 1173 
parametrization of, 1173 
surface area of, 1178 
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spherical coordinate system, 1102 
conversion equations for, 1102 
triple integrals in, 1103 

spherical wedge, 1103 

spherical zones, 603 

spring constant, 468, 607 

Squeeze Theorem, 101, A44 
for sequences, 729 

standard basis vectors, 841 
properties of, 859 

standard deviation, 579 

standard position of an angle, A25 

stationary points, 1009 

stellar stereography, 551 

step function, 16 

Stiles-Crawford effect, 318 

Stokes, Sir George, 1195 

Stokes’ Theorem, 1195, 1208 

strategy 
for integration, 517, 518 
for optimization problems, 336, 

337, 338 
for problem solving, 70, 249 
for related rates, 247 
for testing series, 779 
for trigonometric integrals, 
495, 496 

streamlines, 1131 

stretching of a function, 37 

strophoid, 700, 721 

Substitution Rule, 419, 420, 423 
for definite integrals, 423 
for indefinite integrals, 420 

substitution, trigonometric, 500 

substitution, Weierstrass, 516 

subtraction formulas for sine and 

cosine, A29 

subtraction of vectors, 838, 840 

sum, 377 
of a geometric series, 742 
of an infinite series, 740 
lower, 377 
of partial fractions, 508 
Riemann, 386 
telescoping, 741 
upper, 377 
of vectors, 836, 837 

Sum Law of limits, 95, 111 
for sequences, 728 

Sum Rule, 178 

summation notation, A36 

supply function, 591 

surface(s), 831 
closed, 1188 
graph of, 1184 
level, 945 


oriented, 1187 
orthogonal, 1008 
parametric (see parametric surface) 
positive orientation of, 1188 
quadric, 876 
smooth, 1176 
traces of, 875 
surface area, 569, 679 
of a function of two variables, 
1079, 1080 
of a graph of a function, 
1178, 1179 
of a parametric surface, 679, 1177 
of a sphere, 1178 
surface integral, 1182 
over a parametric surface, 1183 
of a vector field, 1188, 1189 
surface of revolution, 567 
parametric representation of, 1175 
surface area of, 569 
swallowtail catastrophe curve, 672 
symmetric difference quotient, 152 
symmetric equations of a line, 866 
symmetric functions, integrals 
of, 424 
symmetry, 320, 332, 424 
in polar graphs, 689 
symmetry principle, 580 


T and T~! transformations, 1109, 1110 
table of antidifferentiation 
formulas, 358 
table of differentiation formulas, 
189, RPS 

table of integrals, 517, 523, RP6—10 

use of, 523 
table of trigonometric substitutions, 500 
tabular function, 11 
tangent function, A26 

derivative of, 193 

graph of, 32, A33 
tangent line(s), 140, 141 

to a curve, 3, 78, 141 

early methods of finding, 152 

to a parametric curve, 673, 674 

to a polar curve, 698 

to a space curve, 898 

vertical, 159 
tangent line approximation, 254 
tangent plane, 974, 975 

to a level surface, 1002 

to a parametric surface, 1175, 1176 

to a surface z = f(x, y), 974, 975 
tangent plane approximation, 976 
tangent problem, 3, 78, 144 
tangent vector, 898, 1176 


tangential component of acceleration, 
919, 920 
tangential component of F, line integral 
of, 1167 
tautochrone problem, 667 
Taylor, Brook, 796 
Taylor polynomial, 261, 798, 812, 1010 
applications of, 811 
Taylor remainder term, 799 
Taylor series, 795, 796, 802 
obtaining a new series, 805 
Taylor’s inequality, 798, 812, 814 
techniques of integration, summary, 518 
technology, graphing with 
function of two variables, 939 
gradient vector field, 1004 
level curves, 944 
parametric curves, 665 
parametric equations, 690 
parametric surface, 1172, 1173, 1176 
polar curve, 690 
space curve, 893, 894 ,895 
vector field, 1126, 1127 
technology, pitfalls of using, 88 
technology, using, 88, 540, 525, 555, 
665, 791 
for integration, 791 
telescoping sum, 741 
temperature-humidity index, 947 
term of a sequence, 724 
term of a series, 739 
term-by-term differentiation and 
integration, 788 
terminal point 
of a parametric curve, 663 
of a vector, 836 
terminal velocity, 628 
Test for Divergence, 744 
tests for convergence and divergence 
of series 
Alternating Series Test, 766 
Direct Comparison Test, 760 
Integral Test, 751 
Limit Comparison Test, 762 
Ratio Test, 774 
Root Test, 776, 777 
summary of tests, 779 
tetrahedron, 864 
thermal conductivity, 629 
third derivative, 160 
third-order optics, 817 
Thomson, William (Lord Kelvin), 
1155, 1195 
three-dimensional coordinate systems, 
830, 831 
three-dimensional vector, 839 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. WCN 02-200-203 


Copyright 2021 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 


Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


TNB frame, 909 
toroidal spiral, 893 
torque, 861, 925 
Torricelli, Evangelista, 676 
Torricelli’s Law, 236 
torrid zone, 603 
torsion of a space curve, 911, 912, 913 
torus, 458, 583, 1182 
total differential, 979 
total electric charge, 1070, 1091 
total fertility rate, 170 
total surplus, 591 
trace of a surface, 875 
trajectories, orthogonal, 216 
trajectory, parametric equations for, 919 
transcendental function, 30 
transfer curve, 929 
transform, Laplace, 552 
transformation, 1109 
of a function, 36 
inverse, 1110 
Jacobian of, 1111 
one-to-one, 1109 
of a root function, 38 
translation of a function, 37 
Trapezoidal Rule, 530, 531 
error in, 532 
tree diagram, 987 
trefoil knot, 893, 897 
Triangle Inequality, 111, A8 
for vectors, 854 
Triangle Law, 836 
trigonometric forms of integrals, 524 
trigonometric functions, 30, 518, A26 
derivatives of, 191, 193 
graphs of, 30, 31, A32, A33 
integrals of, 409, 493 
inverse, 61, 222, 223 
limits involving, 195, 196 
trigonometric identities, 500, A28 
trigonometric integrals, 493 
strategy for evaluating, 495, 496 
trigonometric series, 782 
trigonometric substitutions, 500, 
503, 504 
table of, 500 
triple integral(s), 1082, 1083 
applications of, 1089 
change of order of integration 
in, 1088 
change of variables in, 1114, 1115 
in cylindrical coordinates, 1095, 
1097, 1098 
over a general bounded region, 1084 
Midpoint Rule for, 1093 
over a rectangular box, 1082, 1083 


in spherical coordinates, 1102, 1104 
over type I or type II plane region, 
1084, 1085 

type 1, 2, or 3 solid region, 1084, 1086 
volume in, 1089 

triple product, 860 

triple Riemann sum, 1083 

trochoid, 670 

Tschirnhausen cubic, 215, 444 

twisted cubic, 894 

type I or type II plane region, 1053, 1054 

type 1, 2, or 3 solid region, 1084, 1086 


ultraviolet catastrophe, 820 
unified description of conics, 711 
uniform circular motion, 930 
union of sets, A3 

unit normal vector, 909, 911 

unit tangent vector, 899, 911 

unit vector, 842 

upper limit of integration, 384 
upper sum, 377 


value, initial, 240 
value of a function, 8 
van der Waals equation, 216, 972 
variable(s) 
change of, 420 
continuous random, 592 
dependent, 9, 934, 987 
independent, 9, 934, 987 
independent random, 1076 
intermediate, 987 
variables, change of. See change of 
variable(s) 
vascular branching, 348 
vector(s), 836 
acceleration, 916 
addition of, 836, 840 
algebraic, 839 
angle between, 848, 849 
basis, 841 
binormal, 909, 911 
components of, 838 
coplanar, 860 
cross product of, 855 
difference, 838 
displacement, 836, 837, 852 
dot product, 847, 848 
equality of, 836 
geometric representation of, 836, 839 
gradient, 997, 998, 999, 1004 
gravitational force, 1127 
i, j, and k, 841 
length of, 839 
magnitude of, 839 
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multiplication of, 837, 840 
n-dimensional, 840 
normal, 868, 909 
orthogonal, 849 
orthogonal, projection of, 851 
parallel, 838, 858 
perpendicular, 849 
position, 839 
properties of, 840 
representation of, 839, 840 
scalar multiple of, 837, 840 
secant, 898 
standard basis, 841 
subtraction of, 838, 840 
tangent, 898, 1176 
three-dimensional, 839, 840 
triple product, 860 
two-dimensional, 840 
unit, 842 
unit normal, 909, 911 
unit tangent, 899, 911 
velocity, 916 
zero, 836 
vector equation 
of a line, 867 
of a plane, 868 
vector field, 1124, 1125 
component functions, 1125 
conservative, 1129, 1147, 
1148, 1163 
curl of, 1161, 1162 
divergence of, 1165 
electric flux of, 1191, 1204 
flux of, 1189, 1191 
force, 1124, 1128 
gradient, 997, 998, 999, 1128 
gravitational, 1128 
incompressible, 1166 
irrotational, 1164 
line integral of, 1138, 1139 
potential function, 1129 
surface integral of, 1188, 1189 
velocity, 1124, 1164 
vector function, 890 
component functions of, 890 
continuity of, 891 
differentiation of, 898, 900 
integration of, 901 
limit of, 890, 898 
second derivative, 900 
vector product, 855 
properties of, 857, 859 
vector projection, 851 
vector triple product, 861 
vector-valued function. See vector 
function 
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velocity, 3, 80, 142, 226, 413 
average, 4, 81, 143, 226 
escape, 551, 629 
instantaneous, 81, 143, 226 

velocity field, 1124, 1127 
airflow, 1124 
ocean currents, 1124 
wind patterns, 1124 

velocity gradient, 232 

velocity problem, 80, 143 

velocity vector, 916 

velocity vector field, 1124, 1164 

Verhulst, Pierre-Frangois, 607 

vertex of a parabola, 703 

vertical asymptote, 89, 90, 321 

vertical line, A13 

Vertical Line Test, 13 

vertical plate, 577 

vertical shift of a graph, 37 

vertical tangent line, 159 

vertical translation of a graph, 35 

vertices of an ellipse, 705 

vertices of a hyperbola, 706 

vibration of a drumhead, computer 

model for, 792 


visual representations of a function, 8, 10 
volume, 446 
by cross-sections, 454, 455, 589 
by cylindrical shells, 460 
definition of, 446, 448 
by disks, 449, 453 
by double integrals, 1038 
of a hypersphere, 1095 
of a parallelepiped, 860 
by polar coordinates, 1065 
of a solid, 446, 1040 
of a solid of revolution, 449, 575 
of a solid on a slant, 575 
by triple integrals, 1089 
by washers, 451, 453 
Volterra, Vito, 649 
von Bertalanffy model, 657 


Wallis, John, 3 

Wallis product, 492 

washer method, 451 

wave equation, 968 

wave height as a function of two 
variables, 947 

Weierstrass, Karl, 516 


Weierstrass substitution, 516 

weight (force), 467 

wind patterns in San Francisco Bay 

area, 1124 

wind-chill index, 935, 936 

witch of Maria Agnesi, 190, 671 

work (force), 467, 468, 852 
defined as a line integral, 1139 

Wren, Sir Christopher, 678 


x-axis, 830, A10 
x-coordinate, 830, A10 
x-intercept, A13, A19 
X-mean, 1077 


y-axis, 830, A10 
y-coordinate, 830, A10 
y-intercept, A13, A19 
Y-mean, 1077 


z-axis, 830 
z-coordinate, 830 
Zeno’s paradoxes, 724 
zero vector, 836 

zone of a sphere, 574 
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